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lepeamoBa

3anporoHoBaHMIT MOCIOHMK MICTUTD 3MICTOBY YaCTUHY
IpOrpaMy KOMIUIEKCHOTO €K3aMEHY 3 BUILOI MaTeMAaTUKMU IiJCyM-
KOBOI arecranii cTyfeHTiB Iepuioro (6akasaBpcbKOro) OCBITHbOTO
piBHA crenjianbHOCTI 111 «MaTeMaTuka» Ta TeOPETUYHMII MaTepiasn
3 OKpeMUX TeM TUX MaTeMaTMYHUX JUCHUIUIIH, AKi 0 Hel BK/IIOYEeHi.
[Tomanuit MaTepiam — 1je AK MOXK/IMBUIL BapiaHT BiflTIOBifli CTymeHTa
Ha eK3aMeHi. Taki 3MOJ€IbOBaHi BifITIOBiZli MOXYTb CIY>KUTU TOMY,
XTO €K3aMEHYETbCA, NIEBHVM OPiEHTMPOM IOJO0 IVIAHYBAHHA Ta I10O-
OymoBu CBOEI BifilIOBini. 30KpeMa, sIK BUAIIATY TONOBHE, iHTerpyBa-
TU, CUCTEMATU3YBATH 11 y3ara/IbHIOBATU (aKTH, AKi BUBYA/INCA B Pi3-
HIX TeMaX, a TO il y Pi3HMX JUCHUIUIHAX, 106 3a 0OMe>XeHMIl Jac
BI/I6Y,HYBaTI/[ apryMeHTOBaHY, Li/IiCHY, IIOBHY J1 JIOTIYHY BiIOBiAb Ha
JOCUTD IIVPOKe MUTAHHA. 3a3HAYNMO, 1110, OYAYI0UM CBOIO BifIOBi/b
Ha TeOpeTHYHEe HMUTAHHs, sIKe OXOIUIIE OaraTo BayKMMBKX (akTiB,
CTY[IEHT He ITOBMHEH YCi IX JOBOAUTH, JOCTATHBO JIOBECTH OfHY-/Bi
TeopeMM (3a/IeKHO Bifi TOTO, HACKI/IBKM 1Ii JOBefleHHA IpOoMisfiki) Ha
BJIACHMII BUOIp, IKIIO HEMA€E 3aBIaHHA JOBECTY TY UM iHITY KOHKpeT-
Hy Teopemy. CTOCOBHO iHINMX (aKTiB — MO>KHA OOMEXUTHUCA ife€r0
IOBENEHHsI, TEOMETPUYHOI0 imocTpanieo Tomo. 11106 3abesneuntn
MOYX/IMBICTb TaKOTO BUOOPY, OIIBIIICTD HaBeJIeHNX Y MOCIOHMKY Ba-
piaHTiB BifIOBifei MiCTATH HOBeIEeHH: 6araTbox TEOpeM.

ABTOpU CHOAIBAIOTBCA, IO MOCIOHMK CTaHe y NPUTOAi CTyHeH-
TaM-MaTeMaTMKaM IIpY IiATOTOBLi IO MifICYMKOBOI arecrauii. Bin
MOXKe OYTM KOPUCHMM TaKOX CTyIZEeHTaM MaTeMaTU4HOI CIIeljiasib-
HOCTI MijJ yac BUBYEHHS HACTYIHUX JUCLUIUIH: JIiHIIHOI anrebpu,
BUIIIO1 a}Ire6pM Ta TeOopii YMces; aHAMITUYHOI, KOHCTPYKTUBHOI, IIPO-
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€KTVBHOI Ta mydepeHLia/bHOI TeOMeTpill; MaTeMaTMYHOTO AHATI3Y;

KOMIUIEKCHOTO aHaTi3y; AnudepeHIiaIbHIX PiBHAHb.

Indopmania mpo aBTOPCTBO MarepialiB Jpyroro pospimry
(«ITpmxsmajy BifIOBifeil Ha TeOpeTWYHI MMTAaHHA») HaBeleHa y Tab-

JINALI.

2.1. Anre6pa

2.1.1. Jliniiti (BexTOpHi) mpocTopu, mifnpoctopu. basuc i pos-
MipHICTb CKIHUEHHOBMMiPHOTO BEKTOPHOIO IIPOCTOPY

C.I1. Pamuenko

2.1.2. OcHoBHa Teopema anreOpu Ta HaCIifKN 3 Hel

C.II. Paguenko

2.2. Teomerpisa

2.2.1. IIpami Ta myIOLMHY y IPOCTOPi: piBHAHHA, B3aEMHE pO3-
MillleHHS

C.II. Paguenko

2.2.2. Imapxi xpusi. Ilpupopnna napamerpusanisa ninii. Kpusnna
KpUBOIL

C.I1. Pauenko

2.2.3. IIpoexTUBHI KOOpAMHATI

O.C. JlutBun

2.2.4. IlpyHIMI ABOICTOCTI B IPOEKTUBHOMY ITPOCTOPI

O.C. JIutBun

2.3. MaTeMaTUIHIIT aHATi3

2.3.1. [paHnus nocnigoBHOCTI AiliCHUX YMCen

M.M. Actad’eBa

2.3.2. O3Haky 36DKHOCTI AIICHNX YMCTIOBUX PSI/IiB

M.M. Acrad’eBa

2.3.3. TlokasHnkoBa Ta norapudmivna GyHKuii AificHOI i KOMII-
JIEKCHOI 3MiHHOI: O3HaYEeHH s, BIACTUBOCTL

M.M. Actad’eBa
10.1. Camoitnenko

2.3.4. HesamexxHicTb KpMBOJiHINIHOrO iHTerpama Bin dopmu
LIAXY iHTerpyBaHHA

M.M. Acrad’eBa

2.3.5. Toromop i ¢ynkiii. fapmoniuni ¢yHKIii

10.1. Camoitienko

2.3.6. CtemneHeBi pAay 3 [ifiICHUMI Ta KOMIUIEKCHUMU YI€HaAMM.
MHoxnHa (0671acTh) i pajiyc 361KHOCTI CTeIIeHEBOTO PALY

M.M. Actad’eBa
10.1. Camoitnenko

2.3.7. Poskmap romomopdHoi YHKIiI B cTelmeHeBMil pAf.
Teopema Jliysinna

10.1. Camoitnenko

2.3.8. Hyni ronomopunx ¢ynxuiit. Pag Jlopana

10.1. Camoitnenko

2.3.9. JInmxu, TeopeMu Ipo CyMy UIIKiB

10.1. CamoitneHko

2.4. IudepennianbHi piBHAHHSI

2.4.1. YMoBU icHyBaHHA i €[VHOCTI po3B’A3KY 3ajaudi Ko gia
nudepeHIiabHOrO PiBHAHHS MEPIIOro HOPALKY

M.M. Actad’eBa

2.4.2. CriiikicTp niHiitHUX cucTeM fudepeHiiaTbHIX PiBHAHD 3
cramumu KoedilieHTamMu

C.O. Cemensika




Po3pin 1. 3MICTOBA YACTUHA NMPOTPAMHU
KOMMJIEKCHOTO EK3AMEHY
3 BULLOT MATEMATUKM

1.1. Temu, W0 BUHOCATbCA HA eK3aMeH

ITporpama KOMIIZIEKCHOTO €K3aMeHY 3 BUILIOI MaTeMaTVKI
MiCTUTD OCHOBHI IMTaHHA 3 PyHZaMEeHTATbHMX Ta PaXOBUX MaTeMa-
TUYHUX AMCUMIDIIH: JIiHiTHOI anre6py, BUIol anredpu Ta Teopii uu-
CeJI; aHAITUYHOI, KOHCTPYKTUBHOI Ta AudepeHLialTbHOI reoMeTpil;
MaTeMaTMYHOTO Ta KOMIUIEKCHOIO aHamidy; AudepeHIiaTbHNIX
piBHAHB. Y mporpaMi BoHU 06’ €JHaHI B YOTUPU pO3finu: «Anredpar,
«Teomerpist», «MaremaTrunuit aHamis», «[udepennianpHi pis-
HAHHSA».

Anre6pa

1. Harypanbai uncina (axciomu Ileano). IIpymHumm mare-

MaTu4HOI iHAYKIii, pisHi dopmu iHAYKIIiI.

2. Ipynm, npuMKmIagu TpyI, HAMOPOCTili BIACTUBOCTI IPyIL
[ligrpymu: o3sHaY€HHA 1 KpUTEPIil.

3. Kinbue, migkinble: 03Ha4e€HHA i KpUTepili, HaiIpoCTili B1a-
CTUBOCTI.

4. Ilone, mignosne. HalmpocTimi BacTMBOCTI MOJA.

5. Tlome xommekcHMX umcen. AnrebpaiuyHa Ta TPUTOHOMETPIYHA
bopMu KOMITJIEKCHOTO YMCTIa.

6. Cucremnu niniriaux piBHAHb. Kpurepiit cymicHOCTI i Bu3Haue-
HOCTi CuCTeMU JIHIHUX piBHAHB. Po3B’A3yBaHHA CHUCTeM JiHITHMX
PiBHAHD METO/IOM IIOC/TiJOBHOTO BUK/ITIOYEHHS HEBiIOMUX.
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7. ApudmernuHnit n-BuUMipHMit BeKTOpHMit mpoctip. JliHirHa
3aJIeKHICTD i /iHiIHA He3a/IeXHICTh cucTeMn BeKTOpiB. PaHr i 6asnc
CUICTEMU BEKTOPiB.

8. IcHyBaHHA HEHYIBOBUX PO3B A3KIB CUCTEMM JiHITHMX OJHO-
pizHux piBHAHDb. OyHIaMeHTa/IbHA CHCTEMA PO3B A3KIB CHCTEMM JIi-
HITHUX OZHOPiJHNX PiBHAHD, ii MOOYAOBA.

9. Ob6epuena MaTpuns. Po3ss’sa3yBaHHA CUCTeMM JIHIMHUX piB-
HAHb MaTpu4HUM criocobom. ®opmymu Kpamepa.

10. BexropHi nmpocropu, nmignpocropu. basuc i po3MipHiCTb CKiH-
YEHHOBJMMIiPHOTO BEKTOPHOTO IIPOCTOPY.

11.JIiniftHi onepatopu. Marpunsa niHiitHoro omeparopa. Brachi
3HAUeHHs i B/IacHi BekTopu. Teopema mpo 3B’130K XapaKTepucTUd-
HIX YMCeN i BJIaCHUX 3HAYeHb JIiHIIHOTO ollepaTopa. 3BefeHH:A Ma-
TPUIL [0 AiarOHa/JIbHOTO BUITIALY.

12. Teopema mpo [fieHHs 3 ocTavero B Kbl minux uncen. HCJJ
i HCK nBox umcern i 38’130k Mk HuMu. Anroput™m EBkirizia.

13.1Ipocti 4mucna. HecKiHUE€HHICTD MHOXMHU IPOCTUX YUCETL.
KaHoHiuHMIT po3K/Iaj] CKIageHoro Yic/a y BUMIAAL JOOYTKY IIPOCTUX
4yICe/ Ta €ANHICTb TaKOro po3KaafAy. KaHoHiuHMIT 3ammc Ta 3acToCy-
BaHHA Takoro 3anucy o sHaxomxkeHHAa HCJI i HCK uncen.

14.O3HavyeHHA I OCHOBHI BJIACTMBOCTI KOHTPYEHTHOCTi LiIMX
yucesn. [IoBHa i 3BefleHa ciucTeMa NMMIIKIB, iX BaacTuBOCTi. Teopemu
Eiinepa i ®epma.

15.JIinifiHi KOHTPyeHLIii 3 OHMM HEBiIOMUM, T€OpEMa IIPO YMCIIO
po3B’A3KiB. Crioco6u po3B’sA3yBaHHA JIiHITHNX KOHTPYeHIIilL.

16. MHOTOWIeHN Haj mojieM. TeopeMa Mpo [ileHHA 3 OcCTauel.
HC]I gBox MHOTOUNIeHiB. Anroput™ EBkiifa.

17. OcHOoBHa TeopeMa anreOpy Ta HACIIAKA 3 Hel.

18. MHorounenn 3 giiicanmu Koedinientamm. CIpsKeHICTb yAB-
HIIX KOP€HIB TaKIX MHOrO4/1eHiB. He3BigHi Hap ImoeM HiliCHUX YMCert
MHOTOYIEHM Ta KAHOHIYHMII PO3K/IaJ, MHOTOYIECHIB HaJl IIOIEM Jilic-
HIIX YVCeIL.

19. MHoro4IeHM Hajp 1ojeM palioHanbHuX umcen. Llini i1 pauio-
HaJ/IbHi KOpeHi MHoOroyYeHa 3 [inumu Koedinientamu. HesBinHi Hax
II0JIEM PalliOHAJIbHUX YMCET MHOTOY/IEHMN.
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l[eomeTpia

1. PisHi Bupm cucreM KOOpAMHAT Ha IUIOLIVHI.
TeomeTpuuHMit 3MiCT KOOpAMHAT TOYKM. Teopisd NpAMMX Ha IJIOMIMHI
(B aHAMITMYHOMY BUK/Iaf).

2. Ening, rinep6ona, mapabora, iXx KaHOHIYHI PiIBHAHHSA 1 BIacTu-
BocTi. Kmacudikanisa anre6paiyHnx KpuBUX 2-ro MOPAAKY Ha €BKIIi-
TOBiVl T/IOLIVHI.

3. Teopis npamux y npoctopi. KyT Mixx npsamyummu (B aHa/miTUMHO-
MY BUKJIafi).

4. Teopia nmnomun y npocropi. Kyt Mix ninomyaaMu. Bigctanb
Bifl TOUKM JIO IUIOMIVMHY (B aHAITUIHOMY BUKJIAf;).

5. B3aeMHe po3sMillleHHsI [BOX IUIOUIMH, NPAMOI i IVIOIIMHM Ta
IBOX MPSAMUX Y IPOCTOpi (B aHA/TITUMHOMY BUKITAT]).

6. EnmeMeHTV BeKTOpHOI anre6py B TPUBMMIPHOMY €BK/ITiOBOMY
npoctopi. CKansapHuii, BEKTOPHUI i MillaHWI JOOYTKM BEKTOPiB, iX
BJIACTUBOCTI J1 3aCTOCYBaHHA.

7. IloBepxHi obepranHsA. l[mmiHApuYHI Ta KOHIYHI HOBEpXHI
(B aHAJIITUYHOMY BUKIIAf]).

8. Enincoin, rinep6onoigu i mapabonoign (B aHaJIITUYHOMY BU-
Kiazi).

9. Ipyna pyxiB IUIOLIMHY, iX aHATITMYHWIT 3anuC i Kaacupikaris.
OcHoBHi migrpynu. 3acTocyBaHHs PyXiB /1O pO3B’A3yBaHHA 3a/iay.

10.Ipyma meperBopeHp mopibHOCTI IwromyuM i i migrpymm.
[Toni6bnicTp iryp. 3acTocyBaHHS IepeTBOpeHb MORIOHOCTI [0
PO3B’A3yBaHHA 3a/lau.

11.1IpoexTNBHI KOOpAMHATK TOYKM i mpsAMoi. [TpoexTnBHi nepe-
TBOPEHHA IIPOCTOPY.

12. OcHOBHI TeopeMM IPOEKTUBHOI reoMeTpii: [lesapra, npo rap-
MOHIYHI BIaCTMBOCTI YOTUPUBEPIUMHHNKA, [Tackana ta bpianmona,
ix 3aCTOCYBaHHA [I0 pO3B A3yBaHHA 3a/lad Ha OOYIOBY.

13. Akcioma mapajenbHOCTi it riommyHa JlobadeBcpkoro. Bsaemue
po3MileHHs1 mpsMux Ha momuHi JlobaveBcpkoro. BmactmBocTi
HapajenbHuX i po3bixHMX npaMux. HecynepewmsicTs cucteMn ak-
ciom mrouau JIo6adeBCbKOTO.
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14. Ornap teopii BUMipoBaHHs (TOBXMH BifIpi3KiB, IJIOI MHOTO-
KYTHJKIB, 06’€MiB MHOTOI'PaHHIVKIB).

15.mapgxi xpusi. Ilpupopna mapamerpusania ninii. Kpusuna
KpUBOIL.

16. CkpyT kpuBoi. Tpurpannuk @pene.

17.mapki noBepxHi B eBKIiloBoMY IIpocTopi. [lepina kBagpaTny-
Ha ¢opMa noBepxHi Ta ii 3acrocyBaHHA. IIOHATTA PO BHYTpIlIHIO
reOMETPII0 TIOBEPXHI.

18. TononoriuHe nepeTBopeHHs:. EiliepoBa XxapakTepuUCTHKA 3aM-
KHeHNX NoBepxoHb. Teopema Eiiniepa 114 MHOrOrpaHHUKIB.

MatemaTuuHui aHani3

1. YmucnoBi MHOXXMHN. MeXi, TOYHI MeXi YMCIIOBOI MHO-
uHu. MHoxuHM Harypanbaux (N), uimux (Z), pauionansanx (Q),
mivicaux (R) Ta kommekcHux (C) 4ncert, IX BIaCTUBOCTI.

2. IloHATTA 4MCNIOBOI MOCHIAOBHOCTI. IpaHuIA MOCTiIOBHOCTI.
OcHOBHi BmacTMBOCTI rpaHnip. [paHni oOMexeHOI MOHOTOHHOI
nocaimoBHocTi. Yucro e.

3. Ilonarra ¢yskuii opniel sminnoi. Ipanung ¢yHkuii B ToUmi.
BnactuBocTi rpanuib. [Jesdki BayxamBi rpaHuli.

4. Ilonarta ¢yHkuil 6aratbox 3MiHHMX (Ha mpukaaji QyHKII
IBOX 3MiHHUX). [panung ¢ynkuii B Touni. [ToBTopHi rpaHui.

5. HemepepsricTb y Tou1i pyHKILiit AilicHOI 3MiHHOI. BracTnBocTi
HenepepBHMX QYHKIIi. BractuBocTi QyHKIIiM, HellepepBHNUX Ha Bifi-
pisKy.

6. HenepepBHicTb QyHKIIiI KiTbKOX 3MiHHMX Ta (QYHKIIiNl KOMII-
JIEKCHOI 3MiHHOI. BracTuBoCTi QyHKIIiI, HenepepBHUX B 0OMEKEHiit
3aMKHEHil MHOXKIHI.

7. TlomarTsa noxignoi mia yHkuii gificHol 3mMinHOI. Iudepeniri-
JioBHiCTh QYHKIIT B TOUI}i, HEOOXifHI Ta ocTaTHI YMOBU udepeH-
niniosHocti. [IpaBuna gudepenniroBanHs.

8. IloxigHi ocHOBHMX eneMeHTapHMX (yHkii. [ToxigHa dyHkmii
KOMITeKCHOI 3MiHHOI. JomomopdHi PpyHKIII.
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9. Teopemu Pomns, Jlarpamxa, Komri.

10. YMOBU cTanocti i MOHOTOHHOCTI (QYHKLi OfHi€l 3MiHHOI.
Exctpemymu ¢ynkuiit opnieil 3aminHoi. HeoOxinHi Ta gocTatHi ymo-
B iICHYBaHHA eKCTpeMyMy. Hanpsamu ommykiocTi Ta TOUKM IepernHy.
AcumnToTn.

11.ITonarrsa pudepennitoBHocTi ¢QyHKNii 6araTbox 3MiHHKX.
Judepennian ta yactunHi noxigni. Excrpemym ¢ynkuiit 6ararbox
aminHux. HeoOxinHi Ta focTaTHi yMOBY iCHYBaHHS €KCTPEMYMY.

12.TlepBicHa Ta ii BmactuBocTi. HeBusnayennit interpan. OcHOBHi
METOJY iHTerpyBaHHA.

13.Interpan Pimana mas ¢yHkuil opguiei sminnoi. HeoOxinHi Ta
IOCTaTHI yMOBM iHTerpoBHOCTI QyHKIiN opHiel 3miHHOI. OcHOBHI
MeTomV 0OYMCIIeHH: iHTerpatiB. 3aCTOCYBaHHA iHTerpaja 1o po3B -
3yBaHHA 3aja4 reoMeTpil Ta PisnKm.

14. Interpanu Pimana mis GyHKLUIN ZBOX Ta TPhOX 3MiHHMX (03Ha-
JeHH:, YMOBU iCHYBaHHA Ta 004MC/IeHH:). 3aCTOCYBaHHA ITOABITHIX
i moTpiltHMX iHTerpaiB 10 po3B’A3yBaHHA 3a7ad reoMetpii Ta Qisn-
KIL.

15.TToHATT KpUBOJiHIHOrO iHTerpama misa ¢yHKUil AilicHOI
3MiHHOI Ta KOMIUIEKCHOI 3MiHHOI. BracTuBocTi, 064uncineHHs Ta 3a-
CTOCYBaHHA KPMBOJIHIIHUX IHTETpasIiB.

16.IToxasHuKoBa (QYHKIiA HAificHOI Ta KOMIUIEKCHOI 3MiHHMX
(03HaYeHHH, BIACTUBOCTI).

17.Jlorapndmivna ¢QyHKIiA AifICHOI Ta KOMIIIEKCHOI 3MiHHMX
(03HAYEHHS, BIACTUBOCTI).

18. TpuronomeTpnyHi Ta OoOepHeHI TPUTOHOMETPWUYHI QYHKIII
IiVICHOI Ta KOMITIEKCHOI 3MiHHMX (O3HAYeHHS, BTACTUBOCTI).

19.Y9ucnoBi pAfM 3 [iICHUMM Ta KOMIUIEKCHUMM 4YIeHaMIH.
OcHoBHI noHATTA. IeomeTpyyHa mporpecia Ta rapMOHIYHUIT PAL.
BractuBoCTi 361KHUX psAAiB.

20.O3Haky 30DKHOCTI HOJATHUX YMCTIOBUX PsAiiB. AGCOMIOTHO Ta
YMOBHO 30DKHI pAny, iX BAacTUBOCTi. 3JHAKO3MiHHI pamy, ix 361k-
HicTb. Pap JleitbHina.

21.CremneHeBi psApyM 3 AiICHUMM Ta KOMIUIEKCHUMU YJI€HaMIU.
Iarepsan (Kpyr) Ta pagiyc 30DKHOCT.
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22.Po3BUHEHHS B CTeINleHeBMII P:AJ, OCHOBHUX €leMEHTapHUX
byHKLI. 3aCTOCYBAaHHA CTEIEHEBMX PAJIB KO HAOMDKeHMX 06umCc-
nenb. @opmynu Eitnepa.

23.Pamgn Oyp’e.

24 Jlvuky, Gopmynu s oOYNMC/IeHb JUIIKIB B 130/1bOBaHMX
ocobmuBux Toukax. Teopemnu Ko mpo cymy muikiB Ta ix 3actocy-
BaHHs IIpYU 00YNC/IeHH] BUSHAYEHNX IHTeTPaJIiB.

[lnpepeHuianbHi piBHAHHA

1. OcHOBHI HOHATTSA Teopii fudepeHIiaTbHUX PiBHAHb:

— HOHATTA JudepeHIiaIbHOTO PiBHAHHSA, 3BUYAlHOrO aude-
peHIia/IbHOTO PiBHAHHS, JIOTO PO3B’A3KY; iHTerpasbHA KPUBA;

— TOPAAOK AndepeHIliaTbHOTO PiBHAHHS;

— mudepeHnianbHi piBHAHHA Ta MaTeMaTWYHE MOJIETIOBaHHS;
IPUK/IAIN 3334, AKi IPUBOAATH O AudepeHIiaIbHNX PiBHAHb;

— I10JIe HaIIPAAMiB; i3OK/IiHN.

2. YMOBM iCHYBaHHA i €IMHOCTI posB’ﬂsKy 3amaui Ko gos mu-
¢epeHI1ia/IbHOTO PiBHAHHSA IEPIIOTO MOPAAKY:

— 3araJIbHMII Ta YaCTMHHUI PO3B’SA3KM AudepeHIiiaTbHOro piB-
HAHHA; 3a/ja4a Kolili; reoMeTpMYHMIT 3MICT IOYAaTKOBUX YMOB JIA IN-
¢depeHITiaTbHMX PiBHAHD IEPILIOTO Ta APYTOTO MOPAIKIB;

— TeopeMa iCHyBaHHA i €fUMHOCTI po3B’sa3Ky 3ajaui Komi mma
HOPMAJIbHOTO JiuiepeHIIiaTbHOTO PiBHAHHA 1-TO IOPSLKY;

— HOHATTA NP0 0COOMMBMIT PO3B’A30K uepeHIiaTbHOTO PiB-
HAHHA.

3. IudepenuianpHi piBHAHHA HEpUIOTO IOPANKY, AKi iHTerpy-
I0TbCA B KBaJjpaTypax:

— mudepeHianbHi piBHAHHA 3 BiJOKPEMIIIOBAaHVMM 3MiHHMMUI
Ta 3BiHI 70 HUX;

— OfHOpifHI Ta KBasiogHOPiAHI AudepeHIianbHi piBHAHHSA;

— JmiHiVHI gudepeHnnianbHi piBHAHHA; piBHAHHA bepHyi;

— nudepeHIianbHi PiBHSIHHS B MOBHUX AudepeHIlianax; iHTe-
TPyBaJIbHUI MHOXXHUK.
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4. JTudepenuianbHi piBHAHHA NEpIIOTO MOPANKY, He PO3B’A3aHi
BITHOCHO ITOXiZHOI:

— OCHOBHi IIOHATTS; TeOpeMa PO iCHYBaHHS Ta €XHICTD PO3B 13-
Ky 3ajaui Komri;

— Harmpocrimi T gudepeHIiaIbHNX PiBHAHD NIEPIIOTO I10-
PAIKY, He PO3B’A3aHMX BiTHOCHO IIOXiJTHOT;

— piBHaAHHA Jlarpanka i Knepo;

— o0cobnusi po3B’;131<M, YMOBU iX iCHYBaHHSA; NUCKPUMIiHaHTHA
KpUBa; 00BigHA.

5. InTerpyBanHs audepeHIiaTbHUX PIBHAHD BUIIMX TOPSMIKIB:

— OCHOBHi HOHATTA: 3araJlbHMUII BUIIAL AudepeHIiabHOTO
PIBHAHHSA 71-TO HMOPAAKY, JIOTO pO3B’S30K; 3ara/JIbHNUI, YaCTVHHMI
PO3B’A3KY; IOYATKOBI YMOBY, 3afjada Komi;

— TeopeMa IIpo iCHyBaHHA i eAMHICTh po3B’ 3Ky 3anaqi Komi;

— iHTerpyBaHHA Ta 3HIDKEHHS IOPSAKY AeAKMX TUIIB ayudepeH-
Lia/IbHMX PiBHAHDb BUILVX MOPAJKIB.

6. 3aranbHa Teopid MiHINHUX AnMdepeHUiabHUX PiBHAHb M-TO
MOPAJIKY:

— TeopeMa IIPO iCHyBaHHs Ta €UHICTh PO3B 3Ky 3afaui Kouri;

— JIiHilHA 3a/IeKHICTh Ta He3a/lIeXHICTh cucTeMy (QYHKIi, BU-
3Ha4HUK BpoHcbKoro;

— PpO3B’s13KM JTiHIHOTO OFHOPIHOTO PiBHAHHS, X BIaCTUBOCTI;

— ¢yHaMeHTa/IbHA CHCTeMa PO3B A3KiB, Il iCHyBaHHS;

— BJIACTUBICTH BPOHCKiaHa crcTeMM PO3B’sI3KiB JIiHIITHOTO Of{HO-
piHOrO piBHSHHS; TeopeMma IPO 3arajJibHMUII PO3B’A30K JIiHITHOTO
OTHOPi[THOTO piBHAHHS;

— dopmyna Ocrporpancpkoro-Jliysinms.

7. JliniitHi ogHOpinHi fudepeHnianbHi piBHAHHA 3i CTamMMu Koe-
¢inientamm:

— XapaKTepUCTUYHE PiIBHAHHS;

— BUI/IAJ YaCTVMHHMX PO3B’A3KIiB JIiHITHOTO OfHOpifHOTO aM-
¢epeHIiaTbHOTO PiBHAHHA 31 cTamuMM KoediljieHTaMM y BUIIAJKaX:
a) yci KopeHi XapaKTepUCTUYHOTO piBHAHHA NPOCTI AilicHi; 6) cepen
KOPEHIB XapaKTEPUCTUYHOIO PIiBHAHHA € KOMIUIEKCHO-CIIPSDKEHI;
B) XapaKTepUCTUYHE PiBHAHHA Ma€ KPaTHi KOpPeHi;
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— 3araJibHMI PO3B’sI30K JIHITHOTO OHOPigHOrO AubepeHLiaTb-
HOTO piBHSHHSA 3i cTanumu KoedirieHTamn.

8. JliniitHi HeomHOpigHI AudepeHianpHi piBHAHHA 3i cTamMMu
xoedinienTamu:

— CTPYKTypa 3arajibHOTO PO3B’s3KY JIiHITHOTO HEOJHOPiZHOTO
PiBHAHHA;

— MeTOf Bapiallil JOBIIbHUX CTA/INX;

— J1iHiliHe piBHAHHA 3i cnenianbHO (y BUITIA/I KBasinoniHoMa)
IIPaBOI0 YaCTMHOK; BifIIYKaHHS YacCTMHHOTO PO3B’A3KY METOOM
HeBJM3HAUYeHNX KoedillieHTiB (Hepe3oHaHCHMII Ta pe30HAHCHMII BM-
MAfIKN);

— MareMaTM4Hi Mofeni Ha OCHOBI JiHIHUX AVdepeHIiaTbHNX
PiBHAHD SPYTOro MOPALKY.

9. Cucremyu 3BM4aiiHNX gudepeHIiaTbHNX PiBHAHD:

— 3ara/ibHi NOHATTS IPO CUCTEMY 3BUYANHUX AydepeHIianb-
HIX PiBHAHD: O3HA4E€HHA, OPALOK; KAHOHIYHA, BEKTOPHA, HOPMaJIb-
Ha (aBTOHOMHa, HeaBTOHOMHa) (POpMIL; PO3B 30K i JI0ro reoMeTpud-
Ha Ta KiHeMaTU4Ha iHTepIpeTaLis;

— TeopeMa iCHYBaHHA i €AMHOCTI po3B’A3Ky 3ajaui Komri msa
HOPMaJIbHUX CUCTeM AndepeHLiabHIX PiBHSIHB;

— cuUcTeMMU TiHINHUX AudepeHianbHNX PiBHAHD (OXHOpPIAHI Ta
HEOJHOPifHI), CTPyKTypa 3ara/ibHOTO PO3B’A3KY JIiHIITHOI OFHOPiAHOI
CUCTEMU PiBHAHD;

— cucTeMM iHIHNX audepeHIiaTbHUX PIBHAHD 31 CTaIMMU KO-
edinieHTaMu Ta MeTOAM IX PO3B’A3YBAaHHA: METOJ, 3BEeIEHHS CYCTEeMM
IO OHOTO CKaJIAPHOTO PiBHAHHSA, MeTOf, Eitntepa;

— CTIVIKICTb JTiHIHUX cucTeM gudepeHIiaTbHNX PiBHAHD: O3Ha-
yeHHs (aCHMIITOTMYHOI) CTiVIKOCTI 3a JIAIyHOBYMM, KpuTEpiit CTiiiKO-
CTi (ACMMOTOTUYHOI CTIIKOCTI) NMiHIMHUX cUcTeM AydepeHIiaTbHIX
piBH:HB, Kmacuikallisi TOYOK CIIOKOI Ta TeOMeTpUYHe IPefCTaB-
neHHs (a3oBUX KPUBUX CUCTEMIU.
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1.2. Pe3synbTaTi HaBYaHHA

ITlig 9ac ek3aMeHy CTY[EHT IIOBMHEH IIOKa3aTy 3arajibHe
PO3YMIiHHA BifIIOBIZHOI MaTeMaTUYHOI Teopil, JEMOHCTPYBaTU CBi-
JOMe BOJIOMIIHHA MaTeMAaTUYHUMM TOHATTAMU, PO3YMiHHA B3aEMO-
3B A3KiB i OpraHiYHOI €HOCTI IIOHATD, PAKTiB, YMIiHHA OKa30BO ap-
TYMEHTYBATM, HAaBOAUTHU MNPUKIAAM i KOHTPIPUKIALM, iMrocTpanii,
3[aTHICTDb 3aCTOCYBATy TEOPETUYHI 3HAHHA 10 PO3B A3YBaHHA 3a/ay,
BOJIOJiHHA CTAHJAPTHUMM METORAMM, IPUITOMaMM, aJITOPUTMAMMU,
a TaKOXX CIIPOMOXXHICTb iHTerpyBaTH, CUCTEMATU3yBaT! 1 y3arajb-
HIOBaTM iH(opMalilo, BMOYAyBaTH IIiIiCHY, ITIOBHY 11 JIOTiYHY BifII0-
Bifib. Pe3ynbTaTi Mo k0)XKHOMY 6/10KOBi IIporpaMu HaBefleHi HIDKYe.

Anre6pa

Ex3aMeHOBaHI IOBMHHI BOJIOAITY TE€OPETUKO-MHOXVH-
HOIO 1 JIOTiYHOI0 CYMBOJIIKOI0, OCHOBHVMY HOHATTSIMU anredpu i te-
opii umcen (anrebpaiyna onepanis, rpymna, Kijiblie, 1oje, BEKTOPHMIL
NIpOCTip, JiHiMIHA 3aJIEKHICTb 1 HE3a/JIeXXHICTh, JIiHINHI OllepaTopu,
MaTpHUIli i BUSHAYHUKM, IIPOCTI YMCTIA, TOAI/TbHICTh, KOHTPYEHTHICTbD,
MHOTOY/IEH)), MaT! 4YiTKe YSAB/IE€HHS IPO OCHOBHI YNMCIIOBi cucTeMMu
i ix 6ynoBy, BONOAITY HaBMYKAMM PO3B’A3YBaHHS CUCTEM JIiHIHUX
PiBHSHD, 3HATU OCHOBHi apMMeTIYHi 3aCTOCyBaHHA Teopii KOHTPY-
eHITiI.

[eometpia

Ex3aMeHOBaHi TOBMHHI BOJIOMITY MeTOHAMM aHaIiTUIHOI
reoMeTpii, 6yTV 03HaIOM/IEHMMIU fIK 3 TPYIIOBOIO, TaK i 3 CTPYKTYyp-
HOIO TOYKOIO 30py Ha T€OMETPiI0, 3 CYYaCHUM aKCIOMaTUYHUM METO-
IOM, OCHOBHMMU (pakTamu reometpii Jlo6a4eBCbKOT0, IPOEKTUBHOI
reoMeTpii, MaTy 3arajibHi yABJAEHHA PO Pi3HI HEEBKIIiJOBi reome-
Tpii, BUKOPUCTOBYBATH 3HaHHA TOIOJIOTII IpY O3HAa4YeHHi JIiHil i mo-
BEPXOHb, BMiTI 3aCTOCOBYBAT/ TEOPETUYHI 3HAHHA Ha IMPaKTUILi, 30-
KpeMa JI0 JOBefieHH: TeopeM i pos3B’sA3yBaHHA 3ajad. lle osHauae,
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110 IIPY BifiIIOBifi CTYZAEHTY IOBMHHI IPOAEMOHCTPYBATI JOCTATHHO
HIMPOKUIA Ta CUCTEMHMII IOIJIAL, Ha TeOMeTPilo.

MatemaTtuuHui aHani3

Ex3aMmeHOBaHi MOBMHHI BOMOMITM OCHOBHUMMN MOHSTTS-
MM MaTeMaTUYHOTO aHasi3y (PYHKIiA, HOCIiJOBHICTD, pAJI, TPAHNLIA,
HellepepBHICTb, IOXi/IHA, IHTETPaI); MaTy YSAB/ICHHA IIPO MeTPUIHMIT
IPOCTip Ta OCHOBHi eleMeHTapHi (PyHKIil AifiCHOI JI KOMIUIEKCHOI
3MIiHHOI; BOJIOHITY HaBUYKAMU OOYMCIIEHHS IPaHNIb, NOXITHNX, iH-
TerpaiB; 3HATM 3aCTOCYBaHHA AM¢epeHLiaIbHOTO Ta iHTerpaIbHOTO
YJCIEHHS IO PO3B’sI3yBaHH: IIPAKTUYHUX 3ajad.

[lndpepeHuianbHi piBHAHHA

Ex3aMeHoBaHi IIOBMHHI BOIOAITY OCHOBHMMM ITIOHATTSAMU
Teopii 3BMYaHNX AndepeHIiaTbHUX piBHAHD, SHAHHAMM YMOB iCHY-
BaHHA Ta €INHOCTI po3B’A3Ky 3afjaui Kori, BlacTuBOCTEN pO3B A3KiB
JTiHIHYUX piBHAHD Ta CUCTEM, YMIiHHAMY pO3B’s3yBaTyl 3BUYAIIHI JyI-
depenIianbHi piBHAHHSA HEPIIOTO MOPAAKY, 110 IHTEIPYIOTHCS B KBa-
IpaTypax, HalIpocTimi ayrdepeHIianbHi piBHAHHA MePIIOTo IOP:AL-
Ky, He pO3B’sA3aHi BifJHOCHO HOXifgHOI, 30KkpeMa piBHAHHA Jlarpamka
ta Kiepo, niniitui gudepentianbhi piBHAHHSA BULIVX TOPS/IKIB, 34aT-
HICTIO BUPI3HATH 3-NIOMDX iHIIMX IpUPOAHI, (isnyHi, ekoHOMiuHi Ta
iHIi AVMHAMIYHI ABUINA i IpoIecH, /I MOJENIOBAHHA AKUX MOXYTh
OyTy BUKOpUCTaHi Ay epeHIianbHi piBHAHHS, 3aTHICTIO po3po06a-
TV MOJIeJli TaKVX IIPOIIeCiB, aHA/II3yBaTy i TPAKTyBaTy PO3B’sI30K.



Po3gin 2.NPUKNAZN BIANOBIAEN
HA TEOPETUYHI MUTAHHA

2.1. Anre6pa

2.1.1. ixiini (BekTOpHI) npoctopu, nignpoctopu. basuc
i PO3MipHiCTb CKIHUEHHOBUMIPHOr0 BEKTOPHOr0 NPOCTOpY

(03HauerHs ninitiHo20 (8ekmMopH020) npocmapy. basuc ma po3mipHicme
JliHitiHo20 npocmopy. Teopemu npo 6a3uc)

€ pisHi nigxoau 0o BU3HAUYEHHA NOHATTA JIiHITHOTO IIPO-
cTOpy i pisHi Mogeni nmiHiiHMX mpoctopiB. Hailmpocrimum npu-
K/IQJIOM JIiHIJIHUX NPOCTOPIB € TPUBMMIPHUI BEKTOPHUI €BKIIiJliB
IPOCTip, Ha AKOMY, HaIlpUK/Iafl, IPYHTYETbCA 3Ha4YHa KiIbKICThb pe-
3y/IbTATiB aHaMITUYHOI reomerpii. Ciif 3a3HaUMTH, IO JiHiNHI Ipo-
CTOPYU MOXKYTb CK/IQJIATICS 3 €/IeMEeHTIiB pi3HOI Ipupoau, He 060B 13-
KOBO «T'€OMETPMYHMX» BEKTOpiB. Hanpmkmaj, — 3 HelepepBHUX Ha
BifIpi3Ky QyHKLiil Y1 MaTpMLb 3ajlaHOI po3MipHOCTI. Baxkmuso Tinb-
KU, 06 BoHMU (11i e/IeMeHTH) BOIOAI/IN IIEBHUMM BIaCTUBOCTAMI.

A. Lo make ninitiHuti (a6o sekmopHuti) npocmip?

Osnavennsa 2.1.1. KaxyTp, 110 MHOXIMHA P yTBOpIOE J1i-
HiltHWIT (a00 BeKTOpHMIT) IpocTip Haj noeM F, AKiio y 1jiit MHOXXMHI
BM3HaueHa OiHapHa omnepanisa P x P — P «gopaBanHA (+)» (ToOTO A1
OyZb-sAKVX IBOX €leMeHTIB d, b € P icHye efieMeHT a + b, sikuit Ha3u-
BA€TBHCA iX CyMOI0, i a + b € P), a Takox yHapHa oneparisa F x P — P
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«MHOXeHHH (-)» (ToOTO 1151 6yIb-s1KOTO eneMeHTa d € P ta 6ynb-sKo-
ro eieMeHTa o € FicHye ix ;06yTOK a - a (un aa) i a-a € P). 3a takoi
YMOBM CIIPaB/KYIOTbCSA TaKi BIACTUBOCTI (akciomm):

1. a+b=b+aVabeP;
2. a+(b+c)=(a+b)+c VYa,bceP ;

3. 30 e€P:a+0=a VaeP (enement 0 HasUBA€ETLCA HymEM NPo-
cmopy P);

4. YaeP EI(—a) €P:a +(—a) =0 (eneMeHT «-a» Ha3UBAETbCA
IPOTUIEKHUM JI0 elIeMEHTA d;

5. YVaeP:1l-a=a, pge 1 — ogunauns (3a «MHOKEHHAM») 11071 F;

6. o(Ba)=(ap)a VaePi Va,B eF;
7. ala+b)=oa+ab Va,beP i Va €F;
8. (a+Pla=oca+Pa VaeP i Va,p €F .

EnemenTu niniitHOro nmpocropy (HesanexHo Bif ix mpuponu) Ha-
31BalOThcA BekTopamu. Haityacrimnre nomem F, Hafi AKUM poO3I/Afia-
I0Tb JIiHIVTHI TPOCTOPY, € T0JIe AiNICHNX 260 paljioHaIbHUX YVCeTL.

b. JliHiliHa 3anexHicmeo (He3anexHicms) enemeHmis
NiHiliH020 npocmopy

[ToHATTS MiHINHOI 3a/IeKHOCTI 3’ ABNAETHCA IPU BUBYEH-
Hi reoMeTpuyHMx BekTopiB. IIpym mo6ymoBi reoMeTpmMyHMX IMpo-
CTOPiB BUKOPUCTOBYIOTb CUCTEMY JIiHIIHO He3aJeXHUX BEKTOPIB.
Dopmanisalig bOro MOHATTA Ia€ MOXK/IMBICTD 3aCTOCYBaTU BJIACTH-
BICTb JTiHIMTHOI 3a/IEXKHOCTI /15 €JIEMEHTIB JOBI/IBHOTO JIIHITHOTO BeK-
TOPHOTO IPOCTOPY.

OsnavyeHHa 2.1.2. CykynHicTb efeMeHTiB (BeKTOpiB)
a;a,; ...;a NniHiitHOro nmpocropy P Haj monem F Ha3sUBAEThCS JliHill-
HO 3a71eXHO10, AKIIO iCHYIOTD eneMenTy (umcma) A Aj; ... 5 A 3 mons
F, cepeq AKuX He BCi IOPiBHIOIOTH HYIIIO IJbOTO IO/, TaKi, IPU AKUX
CTIpaBJXKYETbCA CriBBiiHOMEHHA A a, + Aa, + ... + Aa = 0, ;e
0 — Hynb niHiHOTO pOCTOPY P.
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Osnavennsa 2.1.3. CykynHicTb efneMeHTIB (BEeKTOpiB)
a;ay...;a JMHITHOTO MpocTopy P Hay roneM F Ha3uBa€ThCs NiHitiHO
He3asexnHow, SIKIO BOHA He € JiHITHO 3aJIEXKHOI0.

[HaKe Kaxydn, AKIO CHiBBigHOMeHHA N @, + Aa, + ... +A a =0
BUKOHYETHCS /I 32 YMOBH, IO BCi eeMeHTV A3 Aj; ... 5 A 3 mons
F mopiBHIOIOTD HYIIIO.

Osnavenna 2.1.4. Jlinifinmii mpoctip P HasuBaeTbcA
N-6UMipHUM, AKIIIO y HbOMY MOYKHA 3HAJITH X04a 6 OHY CYyKyIIHICTb
1 TiHIHO He3a/leXXHUX BEKTOPiB, a Oyb-AKa CYKYIHICTb €/lIeMeHTiB,
Ki/IbKiCTb AKMX IIEPEBUIYE 1, € JIIHITHO 3a/IEXKHOIO.

B. basuc ninitiHo2o npocmopy

OsnavenHs 2.1.5. CykynHicTh (AKIo BOHA icHye) n -
HilHO He3aJIeXKHUX eIeMEHTIB (BEKTOPIB) d; 4, ... ; 4, JniHiitHOro
npocTopy P HasuBaeTbcs 6asucom MPOCTOPy P, AKINO KOXKHA CYKyTI-
HICTb, AKa HaJIivye Oi/bIle HIX 7 €IeMEHTIB IIbOTO IPOCTOPY, € JIiHiil-
HO 3aJIEXKHOIO.

OsnaveHnH# 2.1.6. JIiHiliHNIT TPOCTip Ha3MBAETHCA CKiH-
YeHHOBUMIPHUM, SKIIO BiH Ma€ CKiHYeHHMII 6asuc.

Osnauenns 2.1.7. KinpkicTb enemeHTiB 6a3ucy ckiHyeH-
HOBJVIMiPHOTO HPOCTOPY HA3UBAETHCA JIOTO PO3MIPHICHIIO.

BusiBisieThcs, 10 € 3B’A30K MK e/IeMeHTaM JIiHITHOTO IPOCTOPY
11 efieMeHTaMy 6a3UCy IIbOTO IIPOCTOPY.

Teopema 2.1.1

Bynb-sKuit elleMeHT iHITHOTO 1-BMMipPHOTO IPOCTOPY 3 6asucoMm
a;ay ...;a MOXe Oy Ty HOfaHMil Y BUITIA/] /IiHIHOT KOMOiHAIil
Aa, +\a,+...+\a ereMeHTiB 1IbOTO 6a3NCy.

Jlosedenns. Hexalt x — [iesAKUil elleMeHT JIiHITHOTO 1-BUMIp-

HOTO TIPOCTOpPY 3 6asmcom a; a,; ... ; a,. PosrmsaHemo Taky cy-
KYITHICTD €/IEMEHTIB LbOTO JIHIHOTO MIPOCTOPY d; A3 ... ; 4 ; X.
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I1s cucTema efleMeHTIB € JTiHIITHO 3a/1eXKHOI0, OCKiTbKY CKJTaIa€Th-
ca 3 n + 1 enemenTis. Lle o3Havae, mo B noyi F icHYI0Tb efileMeHTI
K5 My .3 s WL, HE BCI PiBHI HYJIEBI, TaKi, 1[0 BUKOHYETHCS PiB-
HICTb:

wa, +1,a, +..+pa, +u,,,x=0 (2.1.1)

3Bificu po6MMO BUCHOBOK, 1110 W, ., # 0. Copaspi, axuo npuiry-

CTUTH, 1O L =0, 01 W=W,=...=n,=0, 60 piBHICTH

n+ 1

Wa, +1,a, +..+n,a, =0 iHakme He MOXXe BUKOHYBATIHCS,

OCKiNIbKY €/IeMEHTH a5 d,; ... ; 4, YTBOPIOKTb 6a3MC, TOOTO € MiHiit-
HO HesanexHumu. Topi mMycumo BuU3HaTH, W0 piBHICTB (2.1.1)

MOXX/IMBA JIMIIE 33 YMOBY, O W, =W, =..=W, =W =0, a e

O3HAYA€ JTiHIHY HE3A/IEXXHICTD €IEMEHTIB d 5 A,; ... 5 A 5 X JIHITHO-
ro npocropy. e cynepeunTs yMOBi IO Te, 110 MPOCTIp 1-BUMip-
Huit. Oxe, u  # 0. Iloginumo o6uzBi yacTuum pisHocTi (2.1.1)
Hap

n+1"

LalJr e a2+...+ia”+x=9.

“‘ n+l “ n+l “ n+l

i

[TosHauuBIM A; =— ,aei=1,2,..., n,i3 0CTaHHBOI PiB-

n+l

HOCTi OTPUMAEMO:
x=Aa, +Aa,+..+1a,.

OTKe, elleMeHT X OfjaHMIT y BUIJIS/] MiHiHOI KOMOiHAaIil erte-
MEHTIB 6asucy.
Teopemy moBeneHo.

Mo>KHa IOBECTH €JVHICTD TAKOTO PO3K/IA/ly €IEMEHTA X Y 3a/laHO-
My 6asuci. Tomy f1 eneMeHTiB JIiHITHOTO IPOCTOPY P BBOAATD I0-
HATTA KOOPJMHAT SAK YIOPALKOBAHUX KOPTEXiB Yucen 3 mons F

Mae wmicre it o6epHeHe TBepKeHHs [0 Teopemn 2.1.1.
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Teopema 2.1.2

Sxmo 6ynb-AKui e1eMeHT JiHITHOro IPOCTOPY MOKe OyTH mopia-
HMi y BUTTIAN]L MiHiiiHOT KoMOinawii A a, + Aa, + ... + A a mniHiii-
HO HE3AJIE)KHUX eJIEMEHTIB 4 ; A5 ... 5 @ [[bOTO POCTOPY, TO CUCTE-
Ma IJUIX eJIeMeHTiB € 0a311COM JIiHIJTHOTO #1-BUMiPHOTO IIPOCTOPY.

Jlosedenns. B yMOBi TeopeMu He CKa3aHO HiYOTO PO PO3Mip-
HicTb niHiitHOTO MpocTOpy. ToMy, 06 BCTAaHOBUTH, IO CHCTEMA
€/IEMEHTIB a; a,; ... 5 4 YTBOPIOE 6a3NC, JOBEIEMO CIIOYATKY, [0
JI0TO PO3MipHICTb JOPIBHIOE PiBHO 1.

Is HaBefeHMX BuIle O3HAYEHb Ta YMOBM TEOPEMM BUIIMBAE,
110 PO3MIPHICTh HAIIOrO JIiHITHOTO IPOCTOPY NOPiBHIOE 1 TiIbKI
y TOMY BUIIQfIKy, KO/ Oyfib-sIKa cucteMa n + 1 elleMeHTiB 1[bOro
IIPOCTOPY € JIiHITHO 3aJIEXKHOI0. BisbMeMO OBIZIbHO 71 + 1 eflemMen-

TiB X;3X,5...3X,5X,,,, JiHiltHOrO mpocropy. Togi 3rifHO 3 yMOBOIO

TeOpeMM MOXKEMO 3aIlNCaTV CUCTEMY PiBHOCTEIL:
My +Ahya, +...+Aa, =% ,nei=12,...,n+1.

Panr BigmoBigHoi Matpuni A = (k is) 1€l cucTeMu He MOXKe TIe-

peBUILIYBATH 1, OCKIIbKY 1+ 1> n. OTXKe, CYKYITHICTb ii CTOBITYN-
KiB € JIIHIMTHO 3a/lIe)KHOI0. A Ile O3Haya€, IO OfVH 3 HUX MOXXe
OyTu niHiTHO0 KOMOIHAIII€I0 HIINX.

Teopemy goBemeHoO.

Teopema 2.1.3

Bynb-aKa cyKynHICTb MiHITHO He3a/IeXKHUX €/IEMEHTIB CKIHY€HHO-
BUMIPHOTO JIiHiITHOr0 IpocTOpy P € MiAMHOXIHOIO JIesIKOT0 6a31-
CY LIbOTO IIPOCTODY.

Jlosedenns. Hexait mpoctip P — ckinueHHOBUMipHUIL. | Hexait
a,30,5...;8, — JIedKa CYKYIHICTb JiHITHO He3a/Ie)KHMX €/IEMEHTIB

bOro IpocTopy. MHOXMHa BCix 7iHiHMX — KoMOiHarLii
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Ma, +A,a, +...+Aa; 3 uux eeMeHTiB i BCIX MOXIMBUX YNCET
3 o715t F yTBOPIOIOT JIiHITHMI TIPOCTIP P, AKMil €, 04EBUIHO, TIifI-
npocropom npoctopy P. Moro posmipicts — s. SIKio P =P, 10
a,3a,5...;4, — 6asuc npocropy P, a s — jtoro posmipHicTs. Tobro,
KOV KOXKEH e/IeMeHT NPOoCTopy P € niHiitHOo0 KoMbiHallieo TUIry

Ma, +A,a, +..+Xa, . Ko X 3HAIETbCS eneMeHT dg,, €P ra-
KU, IO CYKYIIHICTb €JIEMEHTIB d;d,;...;4,;4,,, € JIHIIIHO He3a-

nexHow, 10 P, P,a P, € P.Yu 36KUTbCA 3 HUM ITAMHOXU-

Ha P, mpocropy P 3aneXuThb BiJj TOTO, 4/ 3HANAETHCS B LIbOMY
IIpOCTOPi eneMeHT d,,, TaKWii, IO CYKYIHICTb €JIeMEHTiB
a,3a,5..5430,,34,, Oyme NiHITHO He3ajexHowo. fAKmo Hi, TO
P, = P; akuio Tax, TO IpOlec «IIOIIOBHEHH I» JIiHIITHO He3aex-

HOI CYKYITHOCTI e/IeMeHTiB IpocTopy P moTpi6HO Oyze mpomoBxim-
. Leit mponec He MOXe 6yTI/I HECKiHYE€HHUM, OCKIIbKU IIPOCTIp
P ckinveHHOBUMipHUiL. Voro po3MipHicTh MU MOXKeMO JisHATHCS,
KOJIM TIPOLieC «IIOTIOBHEHHS» Oy/ie 3aBepIIeHO.

Hexait P — migMHOXuMHa npocTopy P, y AKiit 6yab-axuii ene-
MeHT P € fesakol0  jiHiifHOW  KOMOiHamiero — TuIy
Ma, +A,a,+..+Xa,. Togi P,=P, a CyKymHicTh eleMeHTIB

a30y5..5058,,130 55 .34, — 0a3uc BeKTOpHOTO npoctopy. OTxKe,
a;;a,5...50, — MiJIMHOXIHA 0a3UCy 4;30,5...54,,.
Teopemy moBefeHo.
Teopema 2.1. Bak/MBa TUM, 1110 BOHA BKa3ye He Ti/IbKM Ha MOXK/IN-
BiCTb iCHyBaHHA pi3HUX 6a3ucis, aje i Ha CIIOCi6 MOOYLOBM AKOTOChH

IEeBHOTO 0a3ncy IUIAXOM 30i/bIIeHHA KiIbKOCTi e/IeMeHTiB JIiHilTHO
He3a/Ie)KHOI CYKYITHOCTI €/IEMEHTIB IIPOCTOpY.



YactuHa |. TEOPETUYHI MATEPIASIA Po30in 2. lTp ionosideli Ha meop i 23

3ANUTAHHA | 3SABOAHHA ANA CAMOKOHTPOJTIO

1. Y meaxomMy BEeKTOPHOMY IIpocTOpi L 3HalifeHo 5 JIiHilTHO
He3ae)XHUX BEKTOPiB. Y1 MOXKHA CTBEPIKYBATH, 1O Lieil
MPOCTip CKIHYEHHOBUMIPHUI Ta PO3MipHICTh IJbOTO MPO-
CTOPY OPiBHIOE I ATHU?

2. Um yTBOPIOOTD JIiHINTHNIT BEKTOPHMII IIPOCTIp PO3B’ A3KU
CUCTeMM JIHITHNUX anreOpaidHUX PiBHAHD

X, +18x, +2x, =0,
33x, —596x, +77x, =0,
—66x, +1192x, —154x, =0.

3. 3ajaHi Tpu BeKTOpU 4= {1;—9;3}; b= {—7;63;—21};
¢ = {7;23;—21} . Un yTBOpIOIOTH BOHU 0asyc TpUBUMIp-

HOTO /iHiTHOTO BEKTOPHOTO IIPOCTOPY?

4. Hexan a,,4,,...,4, — JIiHI/IHO He3a/Ie)KHA CYKYIIHICTD BEK-
TOpiB. UM yTBOpIOE NiHIVHUII BEKTOPHUI IPOCTIP MHO-
KVMHA BCiX BEKTOPIB 4 , 3a[JaHNX JIHIITHOKW KOMOiHAIi€0
a=pa,+1,a+..+W0,a,, me U,y I, — parioHaabHi

yuciaa’?
6. SIxi #Bi yMOBM Ma€ 3a[JOBONIBHATY MATpulld, 100 BOHA
Majia 00epHeHy MaTpUII0?

(1 47 —=7)
7. BusHayHuMK Marpuni A=|-15 -703 205| nopiBHIOE
—11 -499 973

(1 =17 15 )
«—8», a BUSHAYHMK MaTtpuui B=| -9 155 —145| po-
26 —428 323

piBHIOE «6». O6unMciiTh BU3HAUHUK MaTpuii C=A x B.
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8. Ckinbku po3B’si3KiB Mae cucrema

x, +18x, +2x, =0,
33x, —596x, +77x,=0, ¢
—66x, +1192x, —154x, =0.

9. Yomy fopiBHIOE paHT MaTpuIii A, IKa CK/Ia/Ja€ThCA 3 4O-
TUPbOX PANKIB Ta NIECTU CTOBITYMKIB, AKIIO OfIVH 3 HEPiB-
HIX HY/IIO MiHOpIB IIi€l MaTpUILIi Ma€e YeTBEPTUI MOPAMTOK?
IlosicHiTH BigHOBib.
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P

2.1.2. OcHoBHa Teopema anrebpu Ta HaCNiAKK 3 Hel

(OcHosHa meopema anzebpu ma Hacnioku 3 Hei. Po3knad nonioma
HA NHIGHI MHOXHUKU)

Teopema 2.1.4 (ocno6Ha meopema anzebpu)

Bynb-saKkuii oiHoM, CTENiHb AKOTO He MEHIINIA 32 OSVIHNLIO, Mae
xo4a 6 OfIMH KOPiHb, Y 3arajJibHOMY BUIIA[IKy — KOMIIJIEKCHUIA.

LI TeopeMa Mae BelyKe 3Ha4€HHA B MaTeMaTuli. BoHa, 30KpeMa,
€ TOJIOBHOIO BifITIOBi[¥0 HA NMMTAaHHA IIPO iCHYBaHHSA KOPEHIB ajl-
reOpaiqHUX PiBHAHD.

Coopmynoemo i foBereMo fiesKi HacmiiKu 3 Hei.

Hacninok 1. Bynb-sxuitnoninom P(t) =at" +a, t"" +..+at+a,
creneHs 1>1 3 KOMIUIEKCHUMM KOeIiLiEHTaMU d,,,d, 5,450 ,
ne a, # 0, MO>XHA TIOfaTy Y BUITIAAI JOOYTKY JiHIHUX JBOYIEHIB,

TOOTO:
-1 s
at'+a, "+ tattag=a,(t—t) (t—1,) . (E-1,)",
me ty,tys..f, — KOpEHi IO/IIHOMA KPATHOCTI $§;5$,,...,S, BIfIIOBIf-

HO, IPUYOMY §; +8§, +...+S, =1.

Inakme Kaky4y, ITOJIIHOM 1-TO CTEIIEHSA Ma€ PiBHO 1 KOPEHIB,
AKILO KOXKEH KOPiHb paxyBaTy CTiZIbKY PasiB, AKa JI0TO KPATHICTh.

Jlosedenns. [JoBemeMO TBepIKEHHs METOJOM MaTeMaTUYHOI
inpykuii. [Ipy n = 1 TBepI KeHHA 04eBU/THO BUKOHYETbCA: PiBHAH-

anfl

Hi a,t+a, , =0 Mae eqUHNIT KOPiHb | = — . [Ipunyctumo, mo

n
BOHO IIpaBUIbHE IIPU 11 — 1, i TOKa)keMo, 110 3 IIbOrO BUIIJIMBATH-
Me JI0T0 CIIpaBeIMBICTD 11 14 1.
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3a 0cHOBHOIO Teopemoro anrebpu, P(t) Mae mpuHaiiMHi OfUH
KopiHb, Hexail BiH popiBmioe o,. Tomi P(f)= (I;—al)Q(t) , 1e

Q(t) — moninoMm (n-1)-ro cremeHs 3i crapmyM KoedillieHTOM
a, # 0. Ockinbku 1yis oniHoma (1 — 1)-ro cTereHs 3a MPUITyLeH-

HSM TBepIDKEHHs CIpaBeinBe, To nomiHoM Q(f) MoXKHa 3ammca-
y Bursapi Q(f) =a, (t - (12) (t - Otn) ,JI€ Oy, ..., O, — JIOTO KO-

peHi (cepep HUX MOXYTb Oy T i1 piBHI Mk c06010). ITigcTaBnsatoun
sanmucaHmit pos3kman Q(f) y monepemHIO pPiBHICTb, OFEP)KUMO:
P(t)=a, (t - al)(t - 0(2) (t - ocn) , o 11 Tpeba OY/IO JOBECTM.

Yucna o,,0,,..., 0L, — KOpeHi nojiHoMa, 60 KoXXHe i3 HUX Iepe-

TBOPIOE B HY/Ib KOTPUIICh i3 MHOXKHUKIB po3Kmajy. IHIux xope-
HiB MOJIIHOM He Ma€, 60 HisAKe iHIIe 4110, BifMiHHE Bij 3a3Have-
HIX, He IIEPETBOPIOE B HY/Ib JKOJEH i3 IMX MHOXXHIUKIB, a OTXKe,
I caM MOJTiHOM.

Hacnipok goseneHo.

Hacnmipoxk 2. ko nominomu P(t) i R(t), creneHi IKMX He IIepeBu-
IIYIOTh 1, MAIOTh piBHi 3Ha4eHH: Oinblile, HDK Py N pi3HUX 3Ha-
YEHHAX 3MiHHOI £, TO 1Ii TOTIHOMM TOTO>XKHO PiBHi.

Jlosedenns. CripaBpi, 3a yMoBoIo, moninom P(t) — R(t) mae 6inb-
1Ie, HiXK N KOPEHiB, X04a JIOTO CTEIiHb He IIePEBUILYE 1, 1[0 CyTIe-
peunTs Hacnioky 1 3 ocHOBHOI Teopemu anre6pu. OTxe, 1ie 1Moi-
HOM HY/IbOBOTO CTemeHs, To6To P(t) — R(t) = a,. Ockinbku Bin Mae
npuHajiMHi OMH KOpiHb, TO 4, = 0. OTxe, P(t) — R(t) = 0, To6TO
P(t) = R(t).

TBeprKeHHA TOBEIEeHO.

PosrisiHeMo noniHOM 3 fiijicHuMY KoedilieHTaMu:
_ n n-1
F(x)=ax"+a, x"" +.+ax+a,.

Posxktap 110ro Ha JTiHiHI JBOYIEHM 3TigHO 3 Hacniokom 1 Mae BU-

TJLSAT:
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ne

F(x)= an(x_xl)51 (x_xz)sz-n (x _xq)sq )

X5Xy5»X, — KOpeHi ToOnmiHOMa (30Kpema KOMIUIEKCHI),

S+, +ts, =n

Hacnigok 3. fIkmo xoMIuleKcHe (3 HEHYIbOBOKO YSIBHOIO YacTH-
HOI0) 4MCJI0 ¢ — KOpiHb nominoMa F (x) 3 piicHumy koediwieH-
TaMI, TO CIIPsDKEHe YMC/I0 ¢ TAKOX € JIOro KOpeHeM Tiel % Kpart-
HOCTI.

Jlosedenns. 3a ymoBow, ¢ — KopiHb mominoma F(x), To6TO
F(x) = 0. A ockineku F(¢) = F(c) =0=0,10 ¢ — KOpiHb 1OIi-
HoMa F (x). OgHakoBa KpaTHICTb KOPEHIB ¢ Ta C 0YeBU/JHO BUIIIN-
Ba€ 3 TOTO, 110, SAKIIO YMCIIO 0L € KopeHeM noyniHoma F (x) KpaTHO-
CTi $, TO:

F(a)=0,F"(a)=0,..,F$ Do) =0, F) (a) 2 0.

. o . n n-1
Hacnigox 4. Bynb-axwit nomisom F(x)=a,x"+a,_x"" +..+
+a,x +a, 3 pilicHumu KoedirieHTamMy Moxxe Oy Ty OfAHWUII y BU-

Al BoOyTKY JIHIHMX [BOWIEHIB Ta KBaJipaTHUX TPUYIEHIB,
AKi He MalOTh HifICHMX KOpeHiB (TOOTO AMCKPUMIHAHTU SKUX
Bix emui).

Tloseoenns. OckinmbKu, 3rifHO i3 Hacniokom 3, KOMIUIEKCHI KO-
peHi MOMIHOMA «XOHATb» IIapaMU, TO AKIIO IIOJIHOM Ma€ KOMII-
JleKCHMI (i3 HEHY/IbOBOIO YsSIBHOKIO YaCTMHOI) KOPiHb ¢, BiH Ma€
1 Kopiab ¢ . Tomy poskiaj oliHOMa Ha MHOXKHUKM MIiCTUTb JI0-

OyTOK:

(x—c)-(x=C)=x>—(C+c)-x+TC-c.

YpaxoByrouu, mwo cyma (€ +c¢) ta gobyrok (C-c) crpsykeHnx

4ycenl € NiICHUMU 4MCIaMU, IIpaBa YacTMHA OCTAaHHbOI PiBHOCTI
€ KBa/IpaTHUM TPUWIEHOM 3 JiilicHuMu Koedinientamu. [Tpuaomy,
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OCKIZIBKY € # C, TO AMCKPUMIHAHT 1[bOTO KBAPAaTHOTO TPUU/IEHA

Big'eMHuMit. TaKMM YMHOM, MO>XKEMO CTBEpPKYBAaTH, ILI10:

= htaxtay=a, (x—x)" (x—x,)" e (x - K
ax"+a, x"" +.tax+ta;=a,(x—x )" (x—x,) (x-x,

W

2 2 "2 2 Vi
X\ x"+nx+u XTHnxtu,| oo\ xXTHnxtu ] o,
fie Xp» X5, ..y X, — [GVICHI KOpPeHi IOTiHOMa KPaTHOCTI, BifAIOBIZHO
Sp>Sys e Sgo Sy F 8 Fot S, F2W +2W) 42w =1

TBepKeHH TOBEIEHO.

Hacripoxk 5. IloniHoM HemapHOTO cTeneHs 3 AificHUMU Koedilyi-
€HTaMU 3aBXIM Ma€ X04a 6 OIVH [iVICHUIT KOPIHb.

TBepmKxeHHA 6e3rocepefHbO BUIIIMBAE 3 HACTIOKY 3.

[ToniHOM >Ke TTAPHOTO CTeTeHs 3 AiICHUMU KoedillieHTaMu Moxe

He MaTy AilicHuX KopeuiB. IIpyi mpomy B jioro poskaani 6ymyTb

Bi[ICyTHI JIiHiJIHi IBOYIECHU (x—xl),(x—xz s X=X, |-

IIpuxnao 3acmocysanns. Po3kimacT Ha MHOXHUKM HaJ| TIOTEeM
TiVICHUX Y1ICeT TIOJTIHOM:

F(x)=x"+5x" +10x> +11x* + 7x + 2.

[ToniHOM HemapHOTO CTeleHsA 3 HilficHUMU KoedilieHTamu.
3 OCHOBHOI Teopemu anreOpy BUIIMBAE, 11O MTOJIIHOM M€ IT ATh KO-
peHiB. 3rifHO 3 Hacniokom 5 BiH Mae Xo4a O OfMH AiICHUI KOPiHb.
Sxiuro BiH 1i/mit, TO € FiIIBHMKOM Bi/IbHOTO 4YieHa (HACTifoK i3 Teo-
pemu Besy). JiTbHMKaMM BIIBHOTO YI€HA € YOTMpHU 4ucna: 1, 2, -1
Ta —2. 3 O4YeBUHMX INPUYNH JOJATHI 3HAYEHHS He € KOPEeHAMI,
OCKiNbKM Bci KoedilieHTV momatHi. 3anmiraeTbcsi MepeBipuTH fiBa
3HayeHHs: —1 Ta 2. [lepeBipka mokasye, 10 06uzBa Iii YKCIa € KO-
penaMu. OT>xe, IBa MHOKHUKI ITYKAHOTO PO3K/IaZy BXe €: (x + 1) Ta
(x + 2). [Topinueuy moniHOM Ha OOYTOK LIMX MHO>KHUKIB (4n mocti-
IOBHO Ha KOXXEH i3 HMX), OfIepXKUMO:

20 4+5x  +10x° + 112 +7x+2 = (x + D(x +2)(x” +2x% +2x +1).



YactuHa |. TEOPETUYHI MATEPIASIA Po30in 2. lTp ionosideli Ha i 29

P

Jlerxo nepeBipuTy, 1o -1 € KopeHeM KybidHOro nomiHoMa. Tomy,
IIPOMIOBXKYIOUM aHAJIOTIYHO PO3K/IaZ, NiCTaHEMO:

x° 454 11007 + 1107 + 7 +2 = (x+1) (v +2) (%" + x+1),

KBazpaTHuil Tpu4ieH y By>KKax HiliCHMX KOpeHiB He Mae (iforo
IVICKPMMIHAHT BiJj €EMHMIT), TOMY AQHWI IOTiIHOM HaJ ITOJIeM IiJICHUX
Yyicesl MAaKCYMaTbHO PO3K/IaZleHUI Ha MHOKHUKIL.

3ATINTAHHA | 3ABOAHHA 4719 CAMOKOHTPOJIO

1. 3amane piBHAHHA x° +3x' =7x*+x—12=0. Un MoxHa

Ha mifcrasi Teopemn besy 3po6uty BUCHOBOK, 1110 Iie piB-
HSHHA Ma€ LN KOPiHb, KU € BiIbHMKOM 4ucra 122

2. YUm MoXe CKiHY€HHa Ipyla, MOPANOK AKOI NOPIBHIOE 7,
MaTy HeTpMBia/lbHi Nigrpynu? Bignosifb NOACHITH.

3. Yomy fopiBHIOE ysABHA YaCTMHA KOMIIJIEKCHOTO YMCIIa, 110
€ JOOYTKOM [IBOX B3a€EMHO CIPsDKEHVX KOMIUIEKCHUX YU-
cen? BimnoBigb MOSACHITS.

4. Ym € KOMYTaTHBHMM KilblLleM 3 ONVHUIIECI0 MHOXKIHA BCiX
Li/IMX MapHUX 4MCET 3 OIepaliAMM [JOJABaHHA Ta MHO-
JKeHHSA urcen? BigmoBinb MOSCHITH.

5. Yu 6ymyTsb #Bi rpymu, G = {gi;"x "} Ta P= {pi;"® "} , 3 OIle-

panisMu, No3HAYEHVMM B JIaNKaX, 130MOPPHUMMY, SKIIO
icuye BigoOpaxenns f:G— P, Take, mo mis 6yab-aKux

8»8; €G icHyloTh 00pasn f(gi) €P ra f(gj) €P iBuxko-
HYETbCA CIiBBiIHOLIEHHA f(gi xgj) = f(gi)®f(gj)?

BignoBigb mosCHITS.
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2.2, [eomertpis

2.2.1. NpAmi Ta NNOLWMHM Y NpoCTOpi:
PiBHAHHSA, B3aEMHE PO3MilLLieHHs

A. PigHAHHA nnowuH ma npamMux
PiBHAHHA IUIOIMHMY, AKa IPOXOAUTH Yepes 3aflaHy TOUKY
M, (xo; yO;ZO) OPTOTOHA/IbHO BEKTOPY #= {A, B, C} , Ha3uBaIOTh
PIBHAHHAM NAOWSUHU 3 HOPMATIVHUM 8€KIMOPOM.
Hexait Touka Mo(xo; yo;zo) , IO 3ajlaHa pafiiycOM-BEKTOPOM
70 ={x0, yo,zo} , HaJIOKUTDb IJIOIIMHI O. PiBHAHHS IJIOIIMHM, sIKa
NPOXOAUTb 4Yepe3 JaHy TOYKY MHEPHEHAUKYAAPHO BEKTOPY

n= {A, B, C} , Y BEKTOpHiiT popMi Mae BUTILAL;

i(F-#)=0, (2.2.1)
e 7 ={x, ¥, z} — papiyc-BexTop 6ixyuoi Toukn M (x; y;z) TTOLI -
HU O, @ BEKTOp 7l :{A, B, C} — HOPMAaJIbHUI BEKTOpP IUIOIUHU O

uc. 2.2.1). OcKinbKy BEKTOP 7 — 7, JeXXUTD V IJIOLINHI O, TO CKaJISIP-
0

HIIT 100y TOK ﬁ(? - 70) Mae€ JJOPiBHIOBATY HYIIIO.

z
7
Moy
i ——
/ -
U
© Yy

Puc. 2.2.1
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P

3anmcasu (2.2.1) y KoopAnHaTHi GpopMi, ofxepKumo:
A(x—x0)+B(y—yO)+C(z—zo)=O (2.2.2)

3acanvHe PiBHAHHA NAOUUHU. 3aTaNbHe PiBHAHHA IJIOLIVHU OT-
puMyeMo 3 piBHAHHA (2.2.1), pO3KpUBIIM AYXXKM Ta MO3HAYMBIIN

D =—(Ax, +By, +Cz,):
Ax+By+Cz+D=0 (2.2.3)

Oxpemi 6unaoku pieHanus (2.2.3)
I. Hexait y piBHaHH] (2.2.3) BinbHMit wien D=0, Toxi Maemo piB-

HAHHA AX + By + Cz=0 1oy, gKa IpOoXOAUTb Yepe3 0YaATOK KO-
OpAVHAT, OCKi/NIbKM KoopAMHaTH Touky O (0; 0; 0) 3aJOBONMBHAIOTD 1ie
PiBHAHHAL

I1. Hexait y piBHaHH] (2.2.3) ofuH i3 koediuieHTiB A, B uu C fo-
piBHIOE Hym0. be3 obmexxeHHs 3aranpHOCTI nokmagemo A=0. Toxi
OTPMMAaEMO PiBHAHHA IUIOIIVHY, IIapajie/IbHO] Till KOOpAMHATHIN Oci,
AKa BiJIIOBi/lae Bi[CYTHill y piBHAHHI 3MiHHI. 30KpeMa, piBHAHHA
IJIOLMHY, NTapajenbHoi oci Ox, Ma€e BUIIAL:

By+Cz+D=0.

Axuo x y uboMy piBHAHHI D = 0, To MaTMEMO PiBHAHHA IUIOLM-

HI, IKa IPOXOAUTD Yepes Bich Ox:
By+Cz=0.

III. TIpumyctumo 6e3 oOMeXeHHsA 3arajbHOCTI, 110 y piBHAHHI
(2.2.3) pBa koedinienTn, Hanpukag, B ta C, fopiBHIOTD Hymo. Topi
OTPUMMAEMO PIBHAHHA IIIOLIVMHY, MTapajeIbHOI KOOPAMHATHIN IIJI0-
muHi yOz:

Ax+D=0.
PigHAHHA NAOWUHU Y 6I0Pi3KAX HA OCAX KOOPOUHAM MA€ BUTILALL:

X z

i ly 2o,

a b ¢
e 3a mapaMeTpy, SKi BU3HAYAIOTh IUIOLIVHY, 0OpaHi, BifllOBiTHO,
HeplIla, Jpyra Ta TpeTs KOOPAMHATHU 4, b Ta ¢ KiHLIB BifpiskiB, 110

Bi,I[TI/IHaIOTbCFI ]_[i€IO TVTIOIIMHOK Ha KOOPpAMHATHUX OCAX.



32 BULLIA MATEMATUKA: rotyemoch po atectauii o HaguanbHuii nocibHuk

Hopmanvhe pisnanus nnowunu. Hexail y jekapToBiii cucteMi Ko-
opmuHat Oxyz 3agaHa 1womyHa o (puc. 2.2.2). Ilposememo

3 Touku O Jo rolmHy w Bektop Hopmai # = OP . Hexait |OP| =p,

a cosa, cosP, cosy — HampsAAMHI KOCHHYCK {bOTO BeKTopa. OCKiNnbKu
OJVIHMYHUII BEKTOP HOPMaJi [0 IVIOWVHU W Ma€ KOOPAMHATH, WO

36iraroThcs 3 J10r0 HAIPAMHUMY KOCHHYCaMI

1, =i@ = {cosa, cosf, cosy } ,
p
TO KOOPAMHATY CaMOTO BEKTOpa 7 = OP BU3HAYAOTHCA CriBBigHO-
HIEHHAM OP = p-1, abo B KOOpJVIHATHIN ¢dopwmi:
OP = {pcos o, pcosf, pcosy } ko M(x, y,z) — 6bkyda TOUKa I10-
IMHA ©, TO 7 = OM = {x, ¥ z} — papiyc-BeKTOp TO4KM M, a BEKTOp

u=r-n=0M-OP=PM= {x—pcosoc, y— pcosp, z—pcosy} napa-
JeIbHMI IIOMIMHI . 3 IIbOrO BUIUIMBAE TAaK 3BaHE HOpMaJIbHE
PIBHAHHA IUVIOIVHKA 0 Y BEKTOPHI (ﬁ ‘n= 0) ab0 KOOpAMHATHI

dopwmi:
xcoso+ ycosP+zcosy —p=0.

Puc. 2.2.2
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HopmanbHe piBHAHHA Ha€ 3MOTY LIBUIKO OTPUMATHU BificTaHb O
Bifj 6yab-AKOI TOUKU Mo(xo; yo;zo) IIPOCTOPY [I0 IIOWMHN w. [l1a
LbOTO JOCUTD MiJCTaBUTY KOOPAMHATY TOYKY 3aMiCTh 3MiHHUX Y JIiBY
YacTMHY PIiBHAHHA 1 B3ATM MOJYAb OTPMMAHOIO 3HAYEHH:

d =|x,cosa+ y,cosP+z,cosy —p

38edeHHs 3a2anvH020 PIBHAHHSA NAOULUHY 00 HOpMATLHO20. STK Ga-
4YMMO, HOpMaJIbHe PiBHAHHA IUIOIIVHY € OKPEMUM BUIIA[IKOM 3arab-
HOTro piBHAHHA (2.2.3), y sIKOTro cyMa KBajpaTiB koedilieHTiB mepep
3MiHHVMMU JOPiBHIOE OMHMNILI: cos o, + cos? B+ cos® Y =1, a BiibHUNI
YjieH — BiJl €eMHe 4ICIIO.

To6T0, ay1s Toro 1mo6 3aranbHe piBHAHHA IwionmHu (2.2.3) 6yno

HOpMa}IbHI/IM, BOHO Ma€ 3a0BO/IbHATN HBI YMOBI/I:
A*+B*+C*=1 i D<o.

Skmio x piBHAHHA (2.2.3) He € HOPMa/TbHUM PiBHAHHAM IUIOLIN-
HYI, TO /10T0 MOYKHA 3BeCTV IO HOPMaTbHOTO MHO>KEHHIM 000X 110T0
YaCTVH Ha HOPMYI4UII MHOXKHUK:

1

A2+ B +C?

(06MpaeMo 3HaK MHOXKHUKA, TPOTWU/IEKHMIT 3HAKY Bi/IbHOTO WieHa D

m==

B piBHAHHI).
PisHsanms nnougutu, wo npoxooumsn yepes mpu mouxu. Hexait 3a-

JaHi TpM TOYKM, IO HE JIEXKATb Ha OfHIN INpAMII: Mo(xo; yo;zo),

Ml(xl; yl;zl), M, (xz; yz;zz) . Bonu BM3Ha4a1oTh [eAKy IUIOLVHY W.

[ us miomuHa envua. YBememo nosuadenus r = MM, 7= MM, ,

r, = M,M, . Bextopu 7,7,,7, — KoMIITaHapHi mromyHi w. OTxe, ix



34 BULLIA MATEMATUKA: rotyemoch po atectauii o HaBuanbHuil nocibHuk

MilraHuit JOOYTOK HOpiBHIOE HYM0. TOMy BeKTOpHe piBHSAHHS IUIO-

I[VIHU MA€ BUTJIAL (?, 7 72) =0, a6o B KoopauHaTHiit popmi:

X=Xy Y=Yy Z7%
X=X N1~V 74 ~%)|=0.
X=X V2= Vo %274
Kanoniune ma napamempuuni pisHAHHA IPAMOI y IPOCTOPI € y3a-

rajibHeHHAMMU BiITIOBiJHUX piBHAHD Ha IUTOLMHI. Tak, kaHoHiuHe piB-

HAHHA IIPSAMOI, IO IIPOXOANTD Yepe3 Touky M, (xo; yO;ZO) 3 HaIIPAM-

HIUM BE€KTOPOM d = {p, q S } , Ma€ BUIJIAT:

X=X _ V7V _E7%
p q )

Iapamempuuni piBHAHHA NPAMOI, IO IPOXOAUTH Yepe3 TOYKY

M, (xo;yo;zo) 3 HaIIpAMHMM BEKTOPOM g = {p, q, s } , Ma€ BUTTIA:

xX=pt+x,,
Y=qt+ Y,
z=st+z,.

[TapameTpuyHe 3alaHHA IPAMOI 3py4He, AKIIO IOTPiOHO 3Hali-
TU TOYKY HEPETVHY IPAMOI 3 IVIOIIMHOW. [[/1 11bOro JOCTAaTHDHO Mif-
CTAaBUTY IIPaBi YaCTMHY PiBHAHD Yy 3arajibHe PiBHAHHA IUIOIIVIHU Ta
pO3B’si3aTy JIiHiliHe piBHAHHSA 3 OJHUM HeBiloMuUM. Aje mepex LM
CJIiJ mepeBipUTY YMOBY iCHYBaHHS TOYKY IIEePETHHY, TOOTO CKaysp-
HUI JOOYTOK HAIIPSAMHOTO BeKTOpa IpAMOI Ha HOPMAIbHMIT BEKTOP
IUIOLIVHY Ma€ OYTY BiIMiHHUM Bif HYJIA.

[TpsaMy y mpoCTOpPi MOKHa TaKOXX BUSHAUNUTH K HENOPOXHHill ne-
pemun 06ox nnowjux. To6To, aHANMITUYHE 3aJaHHA NPAMOI Y LIbOMY
BUIIAJKY MA€ BUITIAJ, CUCTEMMU JBOX PiBHAHD 3 TPbOMa HEBiJOMUMIL:
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Ax+By+Cz+D, =0 >y

Ax+B,y+C,z+D, =0 (224)

Sxmo BifmoBigHI KoedilieHTN PiBHAHB CUCTEMU HPOIOPLii-

Hi (paHr cucrtemu popiBHIOE 1), TO obunsa PIBHAHHA 3aJal0Th

OJJHY J1 Ty X caMy IIOIMHY. SKI[O PaHT CUCTEMM IOPiBHIOE JBOM

(i muuIe B IbOMY BMIAAKY), IUIOLIVIHY, 3a/laHi PIBHAHHAMM CUC-

TeMM, He 30iraloTbcs, ajle MAalOThb CHiITbHY TOYKY, a OT>Ke, MAalOTh
CHIZIbHY IIpAMY.

3a NpUK/IaJl BUKOPVUCTAHHSA anre6paiqyHOro anapaTy aHaiTUIHOL

reoMeTpii HaBeIleMO CIIOCi6 OTPYMaHHSA KaHOHIYHOTO piBHAHHSA IIps-

Moi, 3a/laHOI AK IEepPeTMH ABOX IUIOIMH. 3a HAIPAMHUI BEKTOP

IPsIMOI MOXKHA B3SATM BEKTOPHMII JOOYTOK HOPMAIbHMX BEKTOPIiB

000X IIIOIIVH, OCKI/IbKM BiH IM NePIEeH VK YIAPHNIA. n = (AI’BI’CI)
Tafi, = (AZ,BZ,CZ) — HOPMa/IbHi BEKTOPY IAHVX TIOLINH. [X BEKTOP-

HUI T0OYTOK d JOpiBHIOE:

Ie p, 4, S — 3HAYEHHA BiIIOBiIHMX MiHOPIB.
3anumaeTbcs 3HANTU 6yab-sIKy TOUKY npsmoi. [Ipunycrumo, 1o
Bl

. . 1 .
B cucteMi (4) minop M = A p | He mopiBHIOE HyrO. [NokmaBu B
2 B

CHUCTEMI, HAIPUKIAJ, Z = 1, MM OTPMMA€EMO CUCTEMY IBOX PiBHSAHD
3 IBOMa HEBiJOMUMM, BU3HAYHUIK AKOI He JOPIBHIOE HYIO. 32 Teope-
Mmoo Kpamepa, Taka cucrema cymicHa Ta Mae €IVIHMII PO3B S30K.

Hexait ymopagkoBaHa mmapa 4ymucen (7»; u) — 1i posB’asok. Topi Tpirika

qucen (K; s 1) Oyne po3B’si3koM cuctemu (2.2.4) i, 0TXKe, KOOpAVHA-
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TaMM esIKOi TOYKM IpsAMoil. KaHOHiIUHe piBHAHHS NpsMOI MaTuMe B
LIbOMY BUIIQ[IKy BUTJIAN:

x=A y-p_ z-1
p —q $

b. Kymu mix npamumu ma nnowuHamu

Kym mix 0soma nnouwjunamu. Kyrom mMix gBOMa mmomu-
HaMJ Ha3MBAETHCS JIHIMHUIA KYT OY[b-sIKOTO 3 ABOTPAHHUX KYTiB,
YTBOPEHMX LM IJIOIHAMMY (JOCUTD BU3HAYUTY OFVH 3 IVX KYTiB,
OCKiNbKM cyMa ix popiBHIO€ 7). Ha mifcTaBi Teopemy mpo KyT Mix
MepHeHANKY/IApaM) IO [JBOX IUIOIIVH CPOPMYII0EMO CIIoci6 06-
YMCIEeHHA KyTa MDK JBoMa IomyHamn. Kyt ¢ mix gBoma mo-
IIMHAMM JOPiBHIOE KYyTy MDXK IX HOpMajabHUMM BeKTopamu. Hexaii

1, = (AI’BI’CI) in,= (Az,BZ,CZ) — HOpPMaJIbHi BEKTOPU ABOX IIIO-
(7,73,

~———= abo
il |

I[MH, AKi YTBOPIOIOTH KyT (. Tofli, 0O4e€BUIHO, COSQ =

B KOOPAVHATHI (popmi:

AA,+BB,+CC,
JA B +C A+ B +C

cosQp =

YMoBa X TepHeHAUKY/ISIPHOCTI IIOUMH: 7, i, =0.

[Tnoummun Ax+By+Cz+D =01 Ax+B,y+C,z+D,=0 6y-
Iy Tb Mapaje/IbHUMU, KO Koe]illieHTy Ipy 3MiHHMUX IIPOIOPLIiiiHi,
ajie BiZIbHi 4ieHn — Hi, TOOTO, AKIIO:

A_B_G D

AZ B2 C2 D2 .
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Kym mix 06oma npamumu y npocmopi. Kyt MK npAMuMM MO>KHa
BM3HAYNUTHU 33 KyTOM MDXK IX HAIPAMHUMM BeKTOpaMu. Ko npAmi
3a/laHi KAHOHIYHMMY PiBHAHHAMI:

x—al:y—bl:z—c1 x—aZ:y—bz:z—c2

Ta
m, n 2} m, n, )23

(2.2.5)

i KyT MK IX HalpAMHMMM BEKTOpaMu d,= (ml,nl, P1)> a, =(m2,n2, pz)

TOCTPUIL, TO BiH JIOPIBHIOE KyTy MK NpAMUMM. KIO XK Leil KyT
TYNINIi, TO BeIMYMHA KyTa MiXK NIpsAMUMMU JopiBHIOE 180° MiHyC KyT
MDK HampAMHUMM BeKTopamu. Y Oyfb-KOMY BUIAJKY JOCHUTDH
SHAMTHU:

mm, +mn, + pp,

2, 2 2 by, © 2"
\/ml +n + Py ~\/m2+n2+p2

cosp =

Kym min npamor ma nnoujuroro. SKiio npsAMa sajaHa KaHOHIY-

_ x—a, y-b z-¢
HUM DiBHAHHAM = = , a IUIONIMHA 3arajJbHuM
m n p

Ax+By+Cz+ D=0, 10 MO>XeMO 00YMCINTY KOCMHYC KyTa MiX Ha-

IIpAMHUM BEKTOPOM HpHMOI Ta HOpMa/IbHUM BEKTOPOM IUIOIIVMHU:

mA+nB+ pC

cosp = :
\/m2+n2 +p? A+ B2+ C

AJle KyT @ He € KyTOM MDXK IIPAMOIO Ta IJIOLVHOK, OCKIZIbKM HOP-
MaJIbHUI BEKTOP MepIeHANKY/IApHUIL 1o miomuHn. KyT ¢, KocuHyc
AKOTO MM 3HANILUIN, y CyMi 3 KyTOM 0. MK IIPSAMOIO Ta IUIOLMHOI0
cknazae 90°. Tomy cos@ =sina, oTxe:

mA+nB+ pC
\/mz+nz+p2 A2+ B2+ C

sino =
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Ymosa nepemumny 060x npamux y npocmopi. YMoBa, 3a AKoi mpsAmi
(2.2.5) ne>xkaTh B OIHIN IIOLIVHI, Ma€ BUTIAL;

Xo=X VTN TR

Ao npAmi napasnenbHi i, 0T>Ke, KOOPAMHATY HAIIPSMHMUX BEKTO-
PiB IIpOMOPLIiNIHI, TO APYTHUIL i TPETIN PASKM LIbOTO BU3HAYHMUKA IIPO-
HOPLiiHI, 10 71 3a0e3Ieyye piBHICTh BUSHAYHMKA HY/IEBI.

Aximo npsaMi He apanenbHi, TOA1 BOHM IIepEeTUHAIOTHCA, OCKiNb-
KI JieKaTb B OfHiIM 1romuHi. Ile o3Hauae, 1m0 BeKTOp

MM, = (xz =Xy, — V%, — zl) KOMIIJIAaHApHUI HaIpsMHUM BeK-
Topam bic Bkasaumx npsamux (puc. 2.2.3). Tomi mimaunii [o6yToK

IIVIX BEKTOPIB JOPiBHIOE HY/IIO, TOOTO BU3HAYHMK JJOPIBHIOE HYJIIO.
S0 BU3HAYHUK BigMiHHMIT Bif HY/IA, TO IPAMi MUMOODKHI.

zZ 4

Puc. 2.2.3
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3ANUTAHHA | 3SABOAHHA ANA CAMOKOHTPOJTIO

1.

UM € npaBWIbHMM TBEPIKEHHA IIPO Te, 1[0 YMOBOIO IIep-
MIEHVIKYIAPHOCTI IPAMOI 1 IVIOIIVHN € NEePIEHAMKYILAD-
HICTb HAIIpAMHOTO BEKTOpa Li€l IpsAMOI HOPMAaJIbHOMY
BEKTOPY 3a/JaHOI IJIOMIVHN?

[ITo Mo>xHa cKa3aTy Ipo TPU BEKTOPY, MilllaHMiT JOOYTOK
AKUX JJOPIBHIOE HY/IO?

Yy € mpaBWIbHUM TBEPIKEHHS IIPO Te, 10 CKaIAPHUIL
I00YTOK HAIPSIMHOTO BEKTOpa IPAMOI, TapaIe/ibHOl IJI0-
LVHi, HAa HOpPMaJIbHUI BEKTOP L€l IUIOMHN JOPiBHIOE
HY/10?

SIk Tpeba posTallyBaTy B CUCTEMi KOOPAMHAT eJIiIIC, 100
jioro piBHAHHA 0Y/10 KAHOHIYHMM?

Haskorno sikof oci cucTeMyu KOOpAWHAT MOTPiOHO obepTa-
2 2

. z
T Tinep6ory —z—b—2=1, o6 OTPMMATI OHOIOPOXK-
a

HUHHUI rinep60omoin?

Bigomo, 110 BifCTaHb TOYKM KPUBOI IO HAMOMMKIOTO
¢dokyca mopiBHIOE m, a i BificTaHb O HANOMVDKYOI fu-
peKTpucu — 1. BifHOIIEHHA m [0 1 MEHIIE 33 ONMHULIO.
[ITo ue 3a kpuBa?

ITiy AKMM KyTOM HepeTMHAITbCA IIOMMHN X + Y — 1 =0
Taz—1=0?
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2.2.2. [napki Kpusi. [lpupoaHa napameTpu3sawia niHii.
KpusuHa kpusoi

Bigmosini Ha 1ji mutaHHA 30yAyeMO Y Takill IOCTiOB-
HOCTI:

— JJaMO B/M3HaY€HHA IJIA[KO] JIiHii 1 HaBefleMO MPUK/Iaf TaKOI JIiHii;

— PO3KPMEMO IOHATTA BEKTOPHOIO 3aJJaHHs KPUBOI Ta IPUPOJI-
HOI ITapaMeTpu3alii;

— JaMo BU3HA4YeHH: KPUBJHY, CGOPMYTIOEMO i JOBETEeMO Teope-
My 1po ii 064nCIeHHs y BUNIA/IKy 3aJaHHA KPUBOI B IPUPOIHIil Tapa-
MeTpu3alii;

— chopMyII0EMO TeopeMy PO HeoOXifiHi 1 JocTaTHI yMOBU A1
TOTO, 11100 ITPOCTOPOBA JIiHisA Oy/Ia MPAMOIO;

— BM3HAUMMO GOPMY/IN I 3HAXOMKEHHA KPUBUHM, AKIIO JIi-
Hif 3aJlaHa B [OBINbHIN MapaMeTpu3alii, a TAaKOX /I IUIOCKOL Kpu-
BOI; IIPOIIIOCTPYEMO HAa KOHKPETHMX IMPUK/IAaX 3aCTOCYBaHHA LUX
bopmyr;

— [AaMO BU3HAYEHHA Pajiiyca KPUBMHMU IIJIOCKOI KPUBOIL.

OnHuM i3 0CHOBHUX 00’€KTiB gudepeHIiiaTbHOI reoMeTpii € Kpu-
Ba /MiHiA. HaouHO KpuBY MOXXHA YABUTU K TPAEKTOPIIO PyXy MaTepi-
a7IbHOI TOYKM.

Osnavenns 2.2.1. JIinisA Y Ha3MBA€THCA pe2ynAPHOI0, AKILO
BOHa MO)Xke OyTu 3afaHa B IapaMeTpuuHill ¢opmi piBHAHHAMU:
x=x(t), y=y(t),z=2(t), te[ab], ne bynxuii x=x(t),y=y(),

z=2(t) k pasiB HemepepBHO AuepeHLiNoBH], i A1 Gyb-1KOro
t e(a;b) BUKOHYETHCSI YMOBA (x'(t))2 +(y'(t))2 +(z'(t))2 #0. IIpn
k = 1 xpuBa HasuBaeTbCA 21A0KOM0.

I'magxoro €, HanpuK/Ia[, TBUHTOBA JIiHifA, TApaMeTPUYHi piBHAHHA
Akol Taki: Xx=acost, y=asint,z=ct. Cnopaspi, x'(t) = —asint,

y'(t) =acost, z'(t) =c, (x’(t))z +(y'(t))2 +(z'(t))2 =a’sin’t +

+a’cos’t+ct=a’+c* #0.
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SIKIO B TPSMOKYTHIN JeKapToBill cucremi kooppuuar Oi jk
MiHiA y 3afjaHa piBHAHHAMM X = x(f), y = y(t),z=2(t), a<t<b, TO
KOXKHII II TOYLi MOXXHa IIOCTaBUTM Y BiJIIOBigHICTD BEKTOP
?(t) = x(l‘)l7 + y(t)]%— z(t)l; , TIOYATOK SIKOTO 30ira€TbCst 3 MOYATKOM
KOOPJVHAT, a KiHellb — 3 BiIMOBITHOI0 TOUKOI KpUBOI (puc. 2.2.4).

3i 3MiHOI0 TOYKM Ha KpuBiil Oyfie 3MiHIOBaTUCA AK HAIPAM, TaK
i JOB>XXMHA BEKTOpa ?(t) , TOMYy KPUBY Y MO>KHa 3aJJaTV TAKOX 6€KMOp-
HUM PiIBHAHHAM T = F(t).

Skio 3a mapaMeTp B3ATH S — JOBXVHY AYTY KpuBOI (Taka nmapa-

MeTpu3allisi KpUBOi Ha3MBAETHCA NPUPOOHOI0), TO BEKTOPHE PiBHAH-

H4A JTiHiI MaTuMe BUITIAL T = ?(s) . OpnHielo 3 BOXINBUX IlepeBar Ipu-
ponHol mapaMeTpusalii € Te, 0 B Hill BEKTOP AOTUYHOI O KPUBOI
F’(s) € OOUHNYHUM, TOOTO |F'(s)| =1. Crpaspi, JOBXIHA AYTU IPO-
CTOI KpuUBOi, 3a/1aHOI I/IaIKOI0 BEeKTOP-PYHKIIi€0 ?(t) Y IOBiNIbHI

napameTpusalii Ha IPOMIKKY [O;t] » IOPiBHIOE:

t

s(t) = I|F’(n)|dn (2.2.6)

0
SKio Mu nepenieMo 0 IpUPOJIHOI ITapaMeTpu3alii 3a JOIoMo-
rolo roMeoMopdisaMy, 3a/JaHOTO IIeBHNUM IIePeTBOPEHHAM, i BisbMeMO

nudepeHniany 060X 4aCTHH cHiBBifHOLIEHH (2.2.6), TO OTPUMAEMO:

- . . ds |, . .
ds=|r"(s)|ds , 3BimKu gicTaHeMo d__ 7'(s)|. Ockinbku miBa yacTHA
S

OCTAaHHbBOI PIBHOCTI IOPIBHIOE OMHNLLi, TO 11 IIpaBa TaKOXX JOPiBHIOE

opyHMLi, TOOTO |?'(s)| =1.
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ZA
M
/ Y
NyLC .
. M
i >
/6 j Y As
X M,
Puc. 2.2.4 Puc. 2.2.5

Hexait Y — mpocTopoBa peryaspHa KpuBa, 3aJlaHa PiBHAHHAM

y IPUPOAHIiT mapameTpusanii 7 = F(s) ,» M, M — nBi 61u3bKi TOYKM

na miit, M,T,i MT — poruusi 5o y B Toukax M, i M BigmosizHo,

AP — 30BHIiUIHI CYMDKHMIT KyT MDK fOoTaHMMHU, AS — [oBXMHA
nyru MM (puc. 2.2.5).

Osnavenns 2.2.2. Kpusuroro k, mpocTopoBsoi Kpusoi y B ii

TOYIIi MO Ha3MBAETHCA TPAHNUIA MOAY/IA BilHOIIEHHA KyTa Ad mix

NOTMYHVIMMA JIO KPUBOI B OMM3BKUX ii TOYKax Mo i M go moBXuHUI

nyru As MK TOYKaMM JOTUKY, Ko As —0:

AY| |do

k=lim|—= )
As—0| As ds

IHakIme Kaxxyun, KpusyuHa Kpusoi B Tounti M, — e mBugkicTp

3MiHM HaNpsAMY JOTUYHOI IO KPUBOI B HECKIHUEHHO MaOMy OKOJIi
touku M, .

CrpaBeiBe HaCTYIIHE TBEPIPKEHHS.
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Teopema 2.2.1

KoxxHa perynsapHa KpuBa Y, 3aJjaHa PiBHAHHAM y IPUPOJIHIiL Tapa-
Merpusanii 1 = ?(s) , e T’(s) , — IBiui HemepepBHO audepeH-

1[iff0BHA BEeKTOP-(PYHKIIidA, B KOXKHill CBOIIl TOYIli Ma€ IeBHY KPH-
BUHY, AKa BU3HAYAEThCA 32 popmynow k, = |7”(s)| .

Iosedenns. Hexait Touni M, xpusoi y, 3amanoi BexTOpHUM
PIiBHSIHHAM T = T’(s) , Bi/ITIOBi/jae 3HaUeHHA MapaMeTpa s, a O/I13b-

Kiit o Hel Touli M — 3HaueHHA (s+As) (puc. 2.2.6). Kyt A¢ Mix
OOTUYHMMIU IO KPUBOI B TaHUX TOYKAaX JIOPIBHIOE KYTY MK BEK-

TOpaMM BiJIIOBIHUX NOTUYHUX %(s) i f(s+ As). PosmicTumo mi

BEKTOPU TaK, 06 BOHM Mayy CIibHUI noyatok M (puc. 2.2.7).

Bexropn T(s) i T(s+As) y upomy BumagKy GyyTh OfMHIGHIMIL:
|%(s)|:|?'(s)|:1 i |f(s+As)|:|?’(s+As)|:1. BexTop
T(s+As)—7(s) manpsammenmit yagomx OCHOBM PiBHOGEIPEHOTO

TPUKYTHMKA 3 KyTOM AQ Ipy BepLINHi Ta OTMHIYHUMY OIIHUMM

ctoponamu. OTxe:

|’E(S+AS)—%(S)|=2$1H%. (2.2.7)

48
7 (st

Puc. 2.2.6
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Bektop-dymkiis  F(s) 3a  ymoBow  perynspha, TOMY
%(5+As)—>%(s) npu As—0, a omxe, it AQ—>0. 3 ypaxyBaHHAM

piBHOCTI (2.2.7) opfepXuMo:

— . . ﬂ
7 (s)|= N 0 el O O CE.) S € e
As—>0| As | As=0 |As| As—0 | As|
. A
sin—-
lim— 2 1im 29 i ﬂ=kl.
As—0 & Asa0|A5| M*M0|As|
2

Teopemy moBeneHo.

SIKII0 K KpyBa 3aJjaHa BeKTOPHUM PIBHSIHHAM T = F(t), met —

IOBLIBHNII TapaMeTp, TO ii KpUBIHA 00UNCITIOETECA 32 GOPMYIIO0:

‘[?’(t) % ?(t)]‘

k=t (2.2.8)
(o)

Jlosedemo ne. [l moyarky 3a3Ha4MMO, 1[0 MA€ Miclie CIiBBif-

{“ (1)xr (t)T _ [;’ (t)T { (t)T (7 (t)jz (229)

Capawi, [[7(t) <7 (t)] =[7 ()] -[7(1)] -sin0, e ¢ —

KyT MDK BEKTOpaMu T”(t) Ta F”(t) , @ IPyIMil CTEIliHb O3HaYae

<

CKamApHMII  o0yTok  BekTop-QyHKIii Ha cebe. Ae
sinz(pzl—cosch. [MincraBuBumM y nonepenHio (opMyny e

3HAa4YCHHA Ta BpaxoOBYy041H, jiife}

[?,(t)]z ‘[7"(t):|2 cos’ @ = (7'(t),?”(t))2 , OTpuMaeMo (2.2.9).
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Tenep mepeiifieMo o KoBeIeHHA OCHOBHOI (popmymn (2.2.8).
AKmo s — HaTypanbHMII TApaMeTpP, TO OYeBUHA PiHICTb:

F(t)=7(s)-s'(t) (2.2.10)
abo (Ft'(t))z =(?5'(s))2 .(5’(1‘))2. Ane (?;’(s))z =1, K CKaJLSIpDHMIT KBa-
Ipat BeKTop-yHKIIii, MORY/Ib AKOI HOpiBHIOE ofMHNUI. 3Bifcy onep-
’(t))2 = (s’(t))z. 3 OCTaHHbBOI PiBHOCTi BUILIUBAE,

JKVMIMO PiBHICTB: (?;

110 s’(t) = ,/(ﬁ’(t))z . Migcrapnatoun orpuMane y piBHicTpb (2.2.10),

OIEP>XKUMO:

!
=1 =1 =1 2 o 3 (t)
rt(t) = rs(s)- (rt(t)) abo rs’(s): =
(7(2))

[I1o6 3HaiTV KPUBUHY, HOTPIOHO OOYMCINTI MORY/Ib APYTOi IO-
XifHOI BeKTOp-pyHKIIii ?(s) , AKa 3aJIEKNUTD Bifi HATYPaIbHOIO Iapa-
MeTpa, II0 IIboMy IapameTpy. Ilam’ATatoun, o HaTypaabHNIT ITapa-
MeTp y cBOW0 uepry € ¢yHKUi€o Bif f, audepeHuioemo obuusi
YaCTMHM OCTAaHHBOI piBHOCTI 110 f. IloxifHa nMiBOI YacTHHY JOPIBHIOE

el

rss(s)-s'(t). [Tepmmit MHOXHMK LIbOTO BMPA3y II0 MOAY/IIO A€ HaM

3HaUeHHsI KPVBVHM. 3a/IVIIVIIOC OOYVICIUTY OXiTHY IIPaBoi YacTu-
HU Ta IOAiauTH il Ha s’(t) .

Omxe, 0fep>KMMO Ha IIePIIOMY KPOIli:
tt
L 7(t) J _ _
O\
NCli (#(e)

(BimoKpeMMMO I CIIpOLIeHHA 00YMCIeHb OfiMH Apib y mpasiit da-
CTUHI Bij iHIIOTO)

N OB R R
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RAOINAURHUSAD)
JEOF EO) E0)

(ckansspHuUit [oOYTOK y mpaBoMy Apo6i My 3amycany y 6inpi 3BuY-
HOMY BUIJIAML).
Tenep piBHicTb Habyne BUITLAAY:

2l A (ER0)
GO (OF )

I[TigHecemo o kBajgpaty 06MBi il YacTHHM:

7i(s)-s'(¢)=
|

[ () ﬁ'(ﬁ'(ﬁ'(f),ﬁ}'(t))]z @), GO EEEE)
VP ) ()
(0)- (

) Y ()
Bpaxosyroun, mo (?(t))z :(s’(t))2 OLlEPKUMO:

o EOV GO EORO) _[FO] [ 0] ke
=) (1)) (1))’ (7(1))°
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Orxe,

. _ 2
Ockinpku (rs's'(s)) =k} — KBagpar KpMBUHN, TO

[r'(t)x r”(t):l

k=t~

(of

dopmyina (2.2.8) foBeneHa.
Y KoopauHaTax 1 GpopMyia Mae BUNILAL;

(2.2.11)

1= )%

(x’2 +y’2 +2z2

Mpuxnag 2.2.1. OO6umcnuTN  KpUBMHY TBUHTOBOI  JIiHil
x =acost, y=asint,z = ct y Il JOBUIbHIiN TOYLIi.

Pose’s13anHs. 3HalEeMO MOXi/{HI IepIIoTo i1 PYroro MOPAAKiB
Y MOBi/NbHIN TOYI, AKiV BiTIOBiflae mapaMerp .
x"=-asint, y'=acost, z=c;
"no_ __

x"=-acost, y" =—asint, z" =0,

[TigcraBumo ix y popmymy (2.2.11):

2 2

2 . .
acost ¢ ¢ —asint —asint  acost

. + + .
. —asint 0 0 —acost —acost —asint

2 2 2 2 2 %
(a sin“t+a”“cos’t+c )
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2
\/azc2 sin’t+a’c?cos’*t +a* (sin2 t + cos? t) /azcz +at
3 = =
)A

(a2+62
a\/az+C2 _ a
\/272 3 a2+C2
a +c¢

Ak 6aunMo, KpMBIHA I'BYHTOBOI JIiHii cTa/a B ycix ii TOUKax.
CropasejnBa J1 HaCTyIIHA TeOpeMa.

Teopema 2.2.2

[ITo6 mpocTopoBa niHisA 6yna IpsAMOK0, HEOOXifHO ¥ JOCTATHDO,

06 Y BCiX TOYKax Iiel minii I KpUMBMHA JOPIBHIOBA/IA HYIIIO.

SKumo KpmBa IUIOCKa ¥ 3alaHa ITapaMeTPUYHMMU PiBHAHHAMMU

x= x(t) e y(t), TO 1l MO>KHA pO3I/IALATY AK IPOCTOPOBY JIiHiI0
3 MapaMeTPUYHMMM PiBHAHHAMU X = x(t) , ¥ = y(t) , 2=0. Tomy

JUIs 00UVICIeHHA KPMBUHM TaKoi iHii y popmysi (2.2.11) cip mo-
kmactu z' =z" =0. Tomi MaTumMeMoO:

! ! 2

y

" " "ot

X ¥ _ |x!yn_xy

Jo eyt

(2.2.12)

k, =
2 2 2 12

(x' +y x4y
SIKIO 5K KpMBa 3a/jaHa SIBHUM PIiBHSHHAM Y = f (x) , TO, TIEPEeX0-
[AYM BiJj HbOTO [0 IAapaMeTPUYHMUX PiBHAHD, B3ABIIM 32 IIapa-

MeTp X, OBEPXMMO X=X, y=f(X). Topi x'=1, x"=0.

ITigcraBuMo 1 3HaYeHHA moXifHUX y dopmyny (2.2.12), omep-
XKMMO:
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. |yu| .
2\
(1+7)
IMpuxmapg 2.2.2. O6u4nMcanTy KpUBMHY KOJIA B JIOBUIBHIN JiOro
TOYIIi.

Po3é’s13anHs. 3annieMo mapaMeTPUYHi PiBHAHHS KOJIa 3 LIeH-
TPOM Y IIOYATKy KOOPAMHAT i pagiycoMm R: x = Rcost, y = Rsint .
O6uncnmumo mnoxigni: x'=-—Rsint, y'=Rcost, x"=-Rcost,
y""=—Rsint .

[TincraByMo 3Ha4YeHHA NMOXigHMX y dopmyny (2.2.12), micra-
HEeMO:

_| R%*sin’t + R* cos’t | _R2 1
- % R R

kl
2 5.2 2 2
(R sin“t + R” cos t)
OTxe, KpMBIHA KO/1a 06epHEHO IPOIIOPIIiliHa 10 10TO pafiyca
I Ma€ CTaly BeIM4YMHY B YCiX CBOIX TOYKAX.

JI1 I0CKoI KpMBOI BBOGUTHCA TAKOXK IOHATTA pafiyca Kpu-
BJHIL.

OsnaveHHd 2.2.3. Padiycom kpusuru (p) IIOCKOi KpUBOi

y HeBHil 1i TOYI}i HA3MBAETHCS BeNMNYMHA, OOepHEHA 10 KPUBWHM KPI-

. o . 1 . .
Bol y wiii Touni. To6To p=—. 3Bigcu BuUIIMBAE, O YuM Oinblra
1

KPUBIJHA KPUBOI, TMUM MEHIINII pajliyc KpUMBUHY, i HaBIaKu. OCKibKM

. 1 . . .
KPUBIHA KOJIa IOPiBHIOE e TO pafiiyc KpMBMHM KOJIa JJOPiBHIOE J10T0

papiycy: p=R.
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3ANUTAHHA | 3SABOAHHA ANA CAMOKOHTPOJTIO

1.

SIKy XapaKTepuCTUKy KpUBOI, 3alaHOL HaTypa/IbHUM PiB-
HSAHHAM (apryMeHT BeKTOp-QYHKIIil KpYBOI BUSHAYAETHCS
JIOBXKMHOIO JIyTM), OIVICYE€ MOAY/Ib APYroi NOXifHOI Bek-
TOp-YHKIII ITiei KpuBOi?

Yomy JOpiBHIOE CKPYT KPUBOI, YTBOPEHOI IIEPETUHOM I10-

2 yz 2 y Z:”

. X X
BepXHi —-+<—+—=1 Ta IWIOUMHN —+ -+ —
a” b ¢ a b ¢
Yomy MoKe TOPiBHIOBATY HAIIPAMHMIL BEKTOP JOTUYHOI 10

KpUBOIi, 3aJaHOI BeKTOP-PYHKIIi€0 r(t) = {cost; sint; 2t}?

Hassith npuHaiiMHi OfHY /iHiI0 Ha IJIOLIMHI 31 CTaloK0
KPVBIHOIO.

HassiTh nmpuHaiiMHi OfIHy JIiHiIO y IIPOCTOpi 3i cTanum
CKpPYTOM.

ITig AKMM KyTOM pPO3TAlllOBaHi Ileplla Ta Apyra MOXi/Hi
BeKTOp-QYHKIil KpuBOi, 3a/jlaHOI HAaTypaIbHUM piBHAH-
HAM?

JoBeniTp, 110 KpMBYHA HOPMA/IbHOTO IIEPETUHY ITOBEPXHi

;(u,v) = {1 +2u+3v;2—u+2v;u+ v} y Oynb-skiit i Touni

nopiBHI0e Hymo. Ilo 1e 3a moBepxHA?
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2.2.3. [Ipo€eKTNBHI KOOpAMHATH

(MpoekmueHi kKoopoUHaMu MoYKu; 00HOPIOHI aghiHHi KOOPOUHAMU MOYKU
Ha NPAMIL; NPAMA HA NPOEKMUBHIL NAOUWJUHI; CKNAOHE BiOHOWIEHHS)

A. [poekmueHi KoopOuHamMu moyku

Hexait mesixuit 6asuc B = {&i} BEKTOPHOTO IIPOCTOPY

n+l
V..., \{0} mopomxye B mpoexTiBHOMY IpOCTOPI P (V) nmpoexTuBHUI

penep R={A,A,,...,A,E}, ne Touka E — mopoy)keHa BEKTOPOM

n

€= Zﬁi . Toni MpOEKTUBHMMM KOOpAMHATAMM JOBiNbHOI TOUKM M
i=1

npoextusHoro npocropy P, (V) B penepi R Gymemo HasuBatu koop-

JMHATH BEKTOpa 11 mpocTopy V, \{0}, TaKorO, 10 MOPOIKYE 1110

+1

Touky M . Hanpuknapn, Ha puc. 2.2.8 IpOEKTUBHUM IIPOCTOPOM € PO3-
IIMpeHa eBK/IioBa IpsAMa 4 .

Puc. 2.2.8. 1o o3Ha4eHHA MPOEKTUBHUX KOOPJIMHAT TOYKIN.

Baxnmnso!

1. IIpoexTuBHi KOOpAMHATY TOUKM M [essKoro MpOEKTUBHOTO IIPO-
CTOpY BM3HA4YEHi HE OHO3HAYHO, a 3 TOYHICTIO JIO CIIiIBHOTO HEHY/IbO-
BOT'0 MHOXKHUKA. ToMy mpu ix 3ammci BUKOPUCTOBYETHCA ABOKpAIKa.
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2. IIpo€eKTuBHi KOOPAMHATY TOYKM HE MOXYTb BCi OJJHOYACHO J10-
PiBHIOBATH HYJIIO.

IMpuxnap 2.2.2. 3HaiiTu KoopAMHATK (YHAAMEHTaJIbHUX TOYOK
pernepa Ha IPOEKTUBHIN IUIOUIVIH].

Po3é’s3anns. 3rifHO 3 O3HAYEHHSM, IPOEKTUBHUMIM KOOP/Y-
HaTaMy TOYOK Ha IJIOLIVHI € KOOPAMHATY IOPOAXKYI0YOro IX BeK-
TOpa y BEKTOPHOMY 6asici, 1110 IOPOKYE IPOEKTUBHMUIT periep.

Ilns dynmamenTanbHux To4oK pemepa R={AA,,...,A ,E}
Ma€MO:

A .

2 a,=1-a,+0-a,+0-a,;
A,: a,=0-a,+1-a,+0-a,;

A,

;0 a;=0-a,+0-a,+1-a,;

E: e=1-a,+1-a,+1-a,.

Otxe, pyHIaMeHTa/IbHI TOYKN IPOEKTYBHOTO periepa Ha IIJIo-
WVHI MalTb B 1boMy penepi Taki kooppunaru: A (1:0:0),

A,(0:1:0)g;, A;(0:0:1),, E(1:1:1);.

b. O0HOpidHi agiHHi KoopOUHamMu moyku Ha npamiti

Hexaii B posranyTiit Ha puc. 2.2.8 Mopieni Touka A 6ye
HeBlacHow: A=A, , To6TO ii mpoobpasom Oyme mpsima a’” a
(puc. 2.2.9).

ITpoexTuBHa cucTeMa KOOpAMHAT (perep) Ha PO3IIUPEHiii eBKIIi-
JIOBiVl IPsIMili, B AKill TOYKAa A HEBaCHA, HA3UBAETHCA CUCMEMOKO
00HOPIOHUX APIHHUX KOOPOUHAM.

Toni BekTOp 71, 1110 TIOPOIPKYE TOUKY M Ha IPOEKTUBHIN IPAMIIL
y BekTOopHOMY 6asuci {d,,d,}, Mmarume xooppmHaTH (x;1),

a MPOEKTVBHVMMU KOOPAIMHATAMY TOYKU M, AKi Ha3MBAIOTb 00HOPIO-
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HUMU APIHHUMU KOOPOUHAMAMU, B TAKOMY pertepi OynyTh: (x:1). Ty
x — adinHa (HeomHOpifHA) KOOpAMHATa Touku M B adiHHOMY perepi

{4, 4,E|.

Puc. 2.2.9. IIpoexTuBHMII pernep Ha MPAMili i3 HEBIaCHOIO
byHmamMeHTaTbHOIO TOUKOI0 A .

IIpuxnap 2.2.3. Ha posummpeHiit eBKIifOBiii NpAMill B OFHOPifI-
Hux apiHHKMX KoopauHaTax jaHo Touku: A(1:1), B(2:3), C(-3:5),
D(1:0), E(0:1). 3nanitnt ix HeomHOpigHi adiHHI KoopAMHATK Ha
LI171 TIPAMIIL.

Poss’szannsa. OpHopinHMY adiHHMMY KOOpPMHATAMY TOYKY
Ha [IPOEKTUBHIN NpAMil € KoopAMHaTH BUAY (X : 1), AKi 7erko me-
peBecTy B HEOJHOPiJHI, BiIKMHYBIIM OCTaHHIO ofyHMII0. Kpim
TOr'0, IPOEKTUBHI KOOPAVHATY 3 TOYHICTIO O TOMOTETII 3a/Jal0Th
OfIHY V1 Ty caMy TO4KY. Tomy, 11106 3HalITV HeOTHOPinHi aiHHi KO-
OpAMHATY TOYOK, IOJi/INMO Mapy OGHOPIAHUX KOOPAMHAT HA IPY-
Ty KOOpAAMHATY, {00 APYTro0 KOOPAMHATO CTala OAVHMLS, i Bif-
KMHEMO Ti:

A(1:1) — TyT HeMae MoTpeOM AIMUTY HA IPYry KOOPAMHATY
— A(1);

B(2:3) —> B(2/3:1) — B(2/3);

C(-3:5) > C(-3/5:1) —> C(-3/5);
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D(1:0) — BHAC/iOK Ai/IeHHA Ha HY/Ib MU OTPUMA€EMO HeBJIac-
HYy TOYKy —D ;

E(0:1) — TyT HeMae moTpebu AiIMTU HA APYTY KOOPAMHATY
— E(0).
IIpumimxka. 1 HaBnaky, w06 MepeBecTy HEOZHOPIAHI adiHHI KO-
OpJIVMHATY BJIACHOI TOYKYM B OFHOpPifHI (IPOEKTUBHI), MOTPiOHO
JOMNICAaTV OAVHUIID OCTAaHHBOIO KOoOopAMHaTow. Hampukian, Ha
npsawmiit: F(=7) = F(=7:1) ,narmomuui: P(0,3;-2) — P(0,3: -2:1)

a6o P(3:-20:10).

B. llpama Ha npoekmuegHili nnowuHi

Hexait na npoexrusHinn mwiomnsi P,(V) sagano penep
R={A,A,,...,A ,E}.

Tpr Touku mnpoexTMBHOI MwrommHM X(X 1 X, 1 X3)g,
Y(y,: 9,93, Z(2,:2,:23)q, WO 3a/jaHi KOOPAMHATAMYU B perepi

R, mexxarp Ha opHiN TpsMiit Topi (i TibKM TOM), KOMN:

XN &
X, Y, 2Z,|=0 (2.2.13)
X3 V3 %

3Bific Oflep>XKMMO DPiBHAHHSA IPAMOI, 110 NPOXOANUTDH 4Yepe3 NBi
touku A(a, :a,:a;)y i B(b,:b,:b,), Ha npoexTuBHi WwIomMHi:

x, a b

1 45

a, b,

x, a, b|=0=x
a; 05

x; ay b
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abo
x, a b
b a, b, a, b, a, b
x, a, b|=0=x +x, + x5 =0,
a, b a b a, b
3 3 1 1 2 2

x; a; b
Ie X;,X,,X; — IPOEKTUBHI KOOPAVHATH [IeAKOI TouKy M 1jiei mpsamMol
B pernepi R .
3arajibHe piBHAHHA MPsAMOI HAa IIPOEKTUBHIN IJIOLIVHI:
UX) + Uy X, +ux; =0,

Ie

Uncna ), Uy, U; Ha3UBAIOTHCS KOOPAMHATaMY IPsiMOi B pertepi R .

Pasom 3 TuM [OBiNbHI TpU 4YMCIA, AKi OFHOYACHO HE IOPiBHIOIOTH
HYJIIO, € KOOPAMHATAMMU [EAKOI IIPAMOI Ha IPOEKTUBHII ITOIINHI.

IMpuxmap 2.2.4. 3HaiTN KOOPAMHATU NPAMOI Ha IPOEKTUBHIN
IJIOLIVHI, IKa IPOXOIUTh yepes Touku A(=1:2:0) ta B(2:-1:3).

Poss’szanns. Buenemo 3arajipHe piBHSAHHSA IPSMOI, 1O IPO-
XO[IUTDb 4Yepe3 [Bi TOUKM, 3 YMOBY Ha/lKHOCTI TPbOX TOYOK —
A(-1:2:0), B(2:—1:3) Taaesakoi 6ixyyuoi Touknm M(x, : x, : x;) —

OJIHiN IpAMIii:

x -1 2
2 -1 0 3 -1 2

x, 2 -1=0=>x +x, + X, =0,
0 3 -1 2 2 -1

x, 0 3

3

6x, +3x, —3x, =0,

1 OCTaTOYHO 3arajibHe piBHAHHA MPAMOI:
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2x,+x,—x;=0.
Orxe, KoopauHaTy npsiMoi: AB(2:1:-1).
Hexait wna mnpoektusniit twiomuui P,(V) sagano penep
R={A,A,,.., A ,E}.
Tpu 1psAMi TPOEKTUBHOI TIOWMHN a{a, 1 a, : ay}y, bib, :b, b }y;,
cfc, :¢, 163}y, wo 3amani koopanHaramu B pernepi R, HameXath oOfi-

HOMY ITy4Ky ([IepeTVHAThCA B OfHIN TOYLli — IIeHTpi ITyYkKa) TOxi
1 TiTBKM TOAI, KON

a 4d, d,
b b, by=0 (2.2.14)
G 6 &

I. CknaoHe giOHoWeHHs

HexaitHanmpoekTuBHiit npsamin sagano penep R = {A, B,C}
i Touky D(x,:%,)q # A, TORL cknadHum (nodeitinum) 8i0HOUEHHAM

BIIOPAKOBAHUX YOTHPbOX TOYOK A, B, C, D NpoeKTUBHOI IPAMOL

X
e uncno (AB,CD)=— (puc. 2.2.10).
X

2

Puc. 2.2.10
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Yorupu touky, mna Axkux (AB,CD)= -1, Ha3MBaWOTbCA 2apmo-
HIYHUMU.
Bnacmueocmi cknadHozo 6iOHOWIEHHS YOMUPLOX MOUOK NPOEK-
MUBHOI NPAMOT
o Skmo A, Bi C pisHi Touku npsimoi, A — [OBi/IbHE AiiICHE IMCITO,
TO Ha JjaHiil npsamiit icHye opHa (i Timbku ogHa) Touka X, Taka,
o (AB,CX)=A\.
o Slxumo Ha mpsmiit gano Touku A, B, C, D i D', st sikux icTMHHa
ymoBa: (AB,CD)=(AB,CD'), to touku D i D’ cniBIagamors.
o fAxmo pisHi Toukn A, B, Ci touka D # A, sKi HajeXxaTb OfHil

npsAMiil, B JIeAKOMY  pelepi  MalTb  KOOPAMHATYU
A(a, :a,)g,B(b, :b,)g,Clc, 2 ¢,)0,D(d, 1 d,)g; , TO:

a, ¢llb 4
a ol|lb, d
(AB,CD)=1——2—
a, d, _ b o
a, dy| b, ¢,

o fxmo A, B, C, D — BmacHi To4kM i P_ — HeB/IacHa TOYKa PO3-
HIVPEHOI eBK/Iif0OBOI IPAMOI, TO:

(aB,cp) = 45O

(AB,D)’
(AB,CP,)=—(AB,C),

me (AB,C), (AB,D) — mpocCTi BifHOILIEHHS TPbOX BiJITIOBi/JHIX TOYOK.

IIpumimka. (AB,CP,) =—1, Toni (i Tinbku Togi), konmu Touka C —
cepenyHa Bifpiska AB.
o dxmjo Touka D 36iraerbes i3 Toukamu B, a6o C, To:

(AB,CB) =0,

(AB,CC)=1.



58 BULLIA MATEMATUKA: rotyemoch po atectauii o HaBuanbHuil nocibHuk

o 3JHANIIOBIIM CKJIaJIHE BiJHOIIEHHs YOTUPbOX TO4YOK (AB, CD),
MOYKHA OOYMCIUTY CK/TaJHI BiTHOIIEHHS IMX YOTUPHOX TOYOK
B IHIIOMY IIOPAJKY 3a PiBHOCTAMMU:
(AB,CD)=(CD,AB)=(BA,DC);
11
(AB,DC) (BA,CD)’
(AB,CD)+(AC,BD)=1.

(AB,CD) =

Hexait a, b, c i d — 4oTupy mpsAMi [ieAKOro myd4ka Ha IUIOI[VHI
3 eHTpoM B Toulli O. Toukn A, B, Ci D — TOYKM NepeTUHY LMX
IPAMMX 3 [OBi/IbHOIO IIPAMOIO g, IKa He nmpoxoauth yepes O. Yucno
(AB, CD) HasuMBa€TbCAA CKAAOHUM Bi0HOULEHHAM YOMUPLOX NPAMUX
a, b, cidnyuxka O: (ab, cd) = (AB, CD) (puc. 2.2.11).

O

Puc. 2.2.11

SIK1110 Ha TIPOEKTUBHI IIIOIIVHI YOTUPYU IIPAMi OTHOTO ITy4YKa 3a-
nani B HEeIKOMY penepi CBOIMU KOOpJVHATaAMIA:

afa, :a, a5}, b{b, 1 b, 1 b}y, clc, i, 5}y did, 1 d, 1 d g, o

a ¢llb 4 a, ¢l b 4 a, G| b, d,

a, ¢| b, d a, ¢ b, d a, o |b, d

(abyed) =122l P2 Bl o oy 15 SIS S|y gy 3 G| |05 4
s ) b ¢ L4 . b ¢ a, d, ) b, ¢

a, d| b, ¢ a, ds| |b; ¢ a; dy| |by ¢
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3ANUTAHHA | 3SABOAHHA ANA CAMOKOHTPOJTIO

1.

Yy MOXYTb Oy T B IPOEKTUBHOMY peliepi Ha po3IIMpeHiit
eBKJIiIOBiNT IpsAMiN Bi QyHIaMeHTaIbHI TOYKM HeBJIac-
HuMu? Bignmosigs o6rpyHTYyIiTE.

Yomy TOUKa B IPOEKTMBHOMY IIPOCTOPi HE MOXKE MaTu BCi
IIPOEKTVBHI KOOPAMHATY PiBHI HY/IO?

BukopucToBy0uy yMOBY HaJIeXKHOCTI IPAMUX ITPOEKTIB-
HOI IUIOIVHM OFHOMY Iy4Ky (2.2.14), BUBefiTh 3arajbHe
PiBHAHHA IUIOLIVIHMY, 33[1aHOI JBOMa IPAMUMU L€l II10-
wan a{a, 1a, 1dsty i bib, :b, 1 b}y,

Sxwnit 3HaK Oyge y CKIagHOTO BiJHOIIEHHS YOTUPBHOX TO-

40K (AB, CD), sixuio napa toyok C, D pospinse/He poszi-

/1€ mapy TO4YOK A, B?
Hexaii A, B, C, D — 4oTupu TOYKM Ha IPOEKTUBHI Ips-
Miii. Toni mapa rouok C, D posginaTuMe napy To4oK A, B
y TOMY BUIIQJIKY, KON, 00 moeHaTy TouKy C 3 iHIIOI0
TOYKOI0 CBOET ITapu (D) ipyu pyci ii o mpsmiii, 0608’ 13-
KOBO 3yCTPiHETbCA B AKMUIICb MOMEHT a60 Touka A, a6o
To4Ka B (muB., Hamp., puc. 2.2.10).

Un MOXXeMO 3HaWTHU 3HA4YeHHS CKJIAJHOI'O BiJHOIIEH-

HsS YOTMPbOX Pi3HNMX TOYOK, SAKIIO ABI 3 HUX HEB/IACHI?

Binmosings oOrpyHTYyiiTe

CknmajiHe BiJHOIIEHHS YOTMPbOX BJIACHMX TOYOK IIPOEK-

TBHOI pAMoi (AB, CD) = 1. 306pasiTb cxeMaTH4HO ix

PO3MIillleHHSA Ha MPAMIIA.
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2.2.4. TlpuHumn aBOICTOCTi B NPOEKTUBHOMY NpOCTOPI

Bax1nBo0 0COONMMBICTIO HMPOEKTUBHUX BIACTUBOCTEN
TeOMEeTPUYHMX 00’ €KTIB € CHMeTpis poseit, AKi TpaloTh TOUKM, HIPs-
Mi Ta IVIOLIVHY B O3HAYEHHAX i TeopeMax, Y GOpMy/TIOBaHHI AKNX Oe-
PYThb y4acTb JIMILIE MOHATTA IPOEKTUBHOIO IIPOCTOPY, PO3MipHOCTI
Ta B3AEMHOTO pO3TaIlyBaHHA (iHIMeHTHOCTI) 00 ekTiB. ToMy MOX-
Ha BCTAHOBUTM BifIIOBiJHOCTI MK pisHMMM 00 €KTaMyl B TPOEKTUB-
HIX IPOCTOpax (HaIpUK/IaJ, MiAIPOCTOpaMy Pi3HUX PO3MipHOCTEI1)
i1x BmacTuBocTAMN. Ile 03HAYAIOTh AK NPUHIMII IBOICTOCTI.

IIpumimxka. B eBK/IifoOBili reoMeTpil IPMHIMIT JBOICTOCTi HE BU-
KOHY€eTbCs!

A. Manuti npuryun 08oicmocmi Ha npoeKMugHili NIoWuHi

Hexall Ha IPOEKTUBHIN IUIOMMHI TAHO TOYKY 3 KOOpPAU-
Haramu (X, : X, : X;) Ta IpsAMY 3 KOOPAMHATAMU {U; : U, : Uy} . YMOBOIO

IX iHIIMOEeHTHOCTI €:
U X, +u,X, +us;x, =0 (2.2.15)
SIKIIIO TOCTABUTY y BiAMOBiAHICT KOXKHIN Touni (X, : X, : X;) mps-
My {x,: %, 1 %3}, a KoxkHil npsamiit {u; :u, 1u;} Touxy (4, :u, :1u,), To

BCTAaHOBUTHCA Oi€KTUBHE Biﬂ06pa>KeHH}I MHO>XVMHU BCiX eeMeHTiB
(royok 1 mWpAMNX) NPOEKTMBHOI IUIONVMHM Ha camy cebe:
(2,22, 0 005) > {x, 1 x5 1 x5

OueBNgHO, IO TaKe Bi,uo6pa>1<eHH51 36epirae BigHOIIIEHHS iHIM-
IEHTHOCTi, OCKi/IbKM BUKOHaHHS yMOBU (2.2.15) He 3aleXWUTb Bif
TOTO, fIKa Tpilika KOOpAMHAT BBAXXaTUMeETbCsI KOOPAMHATaMI TOYKIU,
a AIKa — TPAMOL.

TakyuMm 4mHOM, i TOUKY, i IPsAMI Ha MPOEKTUBHI IIOMVHI — piB-
HOIIpaBHi TeOMeTpUYHi 06’€KTH, sIKi B3aEMHO OJJHO3HAYHO BifIIOBi-
[AIOTh KJIACy YMCIOBUX TPiflok — ix koopamHat. L1i 06’exTn 38’ A3aHi
MK co6010 BifHOLIEHHAM IHIMAEHTHOCTI (2.2.15):
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— AKwO B (2.2.15) BBOXXATH HAHOI IpsAMY {U; 1 U, : U}, TO 1€ Bif-

HOILIEHHS BM3HAYa€ MHOXXIHY TOYOK, I[0 HATEXNUTH il mpsi-
Mit;

— sAKwo B (2.2.15) BBakaTu JAHOIO TOUKY (X, : X, : X;), TO 1€ Bij-
HOILIEHHSI BU3HAYa€ MHOXKMHY IPSIMUX ITY4YKa i3 [[eHTPOM B fia-
Hill TOYIIi.

Taka piBHOIIPaBHICTb TOYOK i MPAMUX Ha MPOEKTUBHII IIOIMH]
11 3yMOBJIIOE NPMHIMI BOICTOCTi HA IPOEKTUBHII ITOMMHI (Ma-
Iin):

AKuo HA NPOoEXMuUBHill naouwjuHi eipHe Oesike MeepoOHeHHS A,
8 AKOMY 2080pUMbCA NPO MOUKU U NPAMI Ma iX 83AEMHE PO3Mauly-
eanHs (iHYyudeHmHuicmy), mo 6yde 8ipHUM MAKoX Mmak 36are 06oicme
meeposxeHHs A*, sKe MONHA OMPUMAmu i3 0aH020 83AEMHOI 3AMIHOI0
CTUi8 «MOUKA» | «<NPAMA»:

A TOYKa npsiMa NeXWTs Ha MPOXOANT Yepes
A* npsava TOoYKa MPOXOAUTH Yepes NEXUTb Ha

[ei gicypu 63aemHo 06oicmi, KO OfHA MOXKe OyTM OTpUMaHa
3 iHII01 32 JOTIOMOTOX0 3aMiHM KOYKHOTO e/IeMeHTa J1 KOXKHOI ollepanii
IBOICTUM €JIEMEHTOM i ABOICTOIO OIepalli€lo.

lei meopemu 63aemHO 060icmi, SIKIIO OZHA IEPETBOPIOETHCS
B iHIIYy IIpM 3aMiHi KO)KHOTO €lIeMEHTA J1 KOXKHOI oIlepalii JBOiCTUM
€/IEMEHTOM 1 IBOICTOIO OIlepaLli€lo.

TakuM uMHOM, AKIIO JOBeJeHa [esKa TeopeMa MPOEKTUBHOIL Ireo-
MeTpii, TO MO>KHa BB)KAaTH JOBEJEHOI i IBOICTY 1i1 TeOpeMy.

Hanpuxian, mapu gBoicTux Giryp npoeKTMBHOI IO VHIA:
— TOYKa — IpsMa (HeiHIMIeHTHA L[iil ToY1li);
— MBI pisHi IpAMi — AABI pi3Hi TOUKM;
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— KoJliHeapHi TOYKM (MHOXKMHA TOYOK, 110 JIeXKATh Ha OFHII Ips-
Milf) — IYYOK IIPSAMMIX;

— TpuBepMHHUK ((irypa, AKa CKIaJaeTbCs 3 TPhOX TOYOK, SKi
He JIeXKaTb HA OJHIN NpAMIN, i TPhOX NPAMUX, AKi IOIAPHO
3’€IHYIOTD 1Ii TOYKVM) — TPUCTOPOHHMUK ((irypa, sAka ckmaza-
€TbCA 3 TPHOX NPAMMUX, AKI HE IMPOXONATH Yepe3 OJHY TOUKY,
i TPbOX TOYOK, B AKVX IOIAPHO IEePETUHAITLCA 1ii IpsAMi).

b. Benukuti npuHyun 0soicmocmi 8 npoekmueHomy npocmopi

Y NIpoeKTMBHOMY TPUMiIpHOMY IIPOCTOPi piBHAHHA IIPA-
MOI 3aMiHAEMO PiBHAHHAM IJIOLIVMHMA:

a,x, +a,x, +a;x; +a,x, =0 (2.2.16)

Axmo MipkyBaTy aHaJOTiYHO HONEpPegHbOMY BUIAAKY (A), TO
OYeBUIHO, IO Y IIbOMY BUIAJKy PiBHAHHA (2.2.16) € yMOBOIO iHIIN-
meHTHOCTI Touku (X, :X,:X;:X,) i wiomyau {4, :4,:a,:4a;}. Tomy

B IIPOEKTVBHOMY IIPOCTOPi PiBHONPAaBHUMM FeOMETPUIHNUMU 00’ €K-
TaMU € TOYKMU Ji IUVIOWVIHY, AKi B3a€EMHO OJHO3HAa4YHO BiJIIOBiJal0Th
K/IaCy 4MC/IOBUX YETBIPOK.

AK HacnigoK, HPUHLIMI ABOICTOCTi B IPOEKTMBHOMY IIPOCTOPi
(Bemmkmin):

Axuio 8 npoekmusHomy npocmopi sipHe Oesike meeporeHHs A,
8 AKOMY 2080PUMBCA NPO MOUKU, NAOULUHU i NPAMI ma iX 63AEM-
He po3mausyeanus (iHyudeHmuicmv), mo 6yode 6ipHUM MAKoH 060-
icme meepoxceHHs N*, sAKe MONHA OMPUMAmu i3 0aH020 3aMiHOI0 CTli6
«MOUKA» | «NTIOUAUHA»:

A TOUYKA noLnHa npaMa NEXUTE Ha NPOXOAMTE Yepes

A* NMNoLwnHa TOMJKa npsamMa NpOXoAnTs Yepes NEXWUTb Ha
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[Tapu pBOICTUX (iryp MPOEKTMBHOTO IPOCTOPY:

TOYKa — IUIONMHA (HelHIMIeHTHA 1[iil TOYIli);

1Bi MUMOGDKHI TpsAAMi — 1BI MUMOGXHI TpsAMi (mym eaxcnu-
60: TIPSIMi He MAIOTh CIIIBHUX TOYOK, Hi BIACHUX, Hi HEBJIAC-
HUX);

KOJTiHeapHi TOUKM (MHOXKMHA TOYOK, 10 JIeKATh Ha IPAMiit) —
IYYOK IVIOMMH (MHOXVHA YCiX IJIOIMH IIPOCTOPY, SIKi MAIOTh
CIIIIbHY TIPAMY);

IIy4OK IPAMUX, 1110 HaJIEeXKATh OHIN IJIOLMHI, — Iy4OK IIps-
MIIX, 1[0 Ha/IeKaTh OfHIN To4li (MHOXKIMHA yCiX IJIOMMH HpO-
CTOPY, SIKi MAIOTb CIII/IbHY TOUKY);

IUIOIIVIHA i IPsIMa, sIKa He JIEKUTD B Hill — TOYKA 1 MpsAMa, 110
He NIPOXOJUTD Yepes III0 TOUKY;

B’s13Ka IUIOIVH (MHO>XKJHA YCiX INIOIIMH IIPOCTOPY, SKi IPOX0-
IATH Yepes JaHy TOYKY) — MHOXKMHA TOYOK, 1110 HAI&KNUTD Off-
Hill IUIOIIVHI.

IIpukramom mapy gBOICTUX TEOPEM € TeopeMa [lesapra i TeopeMa,
obepHeHa 70 Hel. OTXe, 3a MPUHIMIIOM JBOICTOCTI, AKIIO 8 OesKiil
npoexmusHiti zeomempii meopema Jlezapea npasunvHa, mo npasuiv-
Ha il 06epHera 0o Hei meopema. ITpu ibomy 36ir gBoicTOI i 06epHEHOT
TeopeM TYT BUIIAAKOBUIL. SIK IpaBuIo, obepHeHa i ABOICTa TeopeMu
IO JAHOI He 36iraloThCs.

3ANUTAHHA | 3SABOAHHA ANA CAMOKOHTPOJTO

1. fxa dirypa 6yme 1BOICTOI0 TPUBEPIINHHNKY B IPOEKTIB-
HOMY IIpOCTOpi (3a BeMKIM IPUHIUIIOM ABOICTOCTI).
2. IlepedpasyiiTe TBepKeHHA 3a BeVKUM i MaJVIM IPUH-
IIUTIOM OBOICTOCTI:
1) depe3 IBi TOYKM MOXKHA IPOBECTM IIPAMY i TiIBKU
OIHY;
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2) 3aBX/U iCHYIOTb IIPMHANIMHI TpU TOYKY, 1[0 He Haje-

JKaTh OIHIN MPAMI;

3) Tpu TOUKM, 1O He JIeKATh Ha OfIHiiT MPsAMIil, HaleXaTb

OJHII TIOIIMHI;

4) IpsAMa 1 TOYKa, IO I He HaJeXXUTb, Ha/JIeXKaTb OfHIiN

TJTOIIMHI;

5) mpsMa, 10 He JIOXUTD y AaHil IIOMIMHI, TepeTuHae i

B OfTHill TOYIII.

Coopmymorite Teopemy, ABoicTy TeopeMmi Ilackans Ha
IPOEKTUBHIN momyHi: «Toykyu nepeTMHY TPbOX Iap
NPOTUIEKHUX CTOpiH IECTUBEPUIMHHNUKA, BIINMCAHOTO
B KpuBy Il mopapxy, nexxarb Ha OfHi MPAMIiii».

ITiokaska. ®irypammu, ABOICTMMM TOYKAM Ha KPUBIit

IPYTOro NOPAAKY, € IpAMi, JOTU4HI A0 jiHil II mopanky.
ITogymaiite, AKy BiloMy T€OpeMY IPOEKTUBHOL reoMeTpil
BU CHOPMYITIOBAINL.
Coopmymorite Teopemy, mBoicty Teopemi Ilamma, sxa
€ BUPO>)KeHNM Bunagkom Teopemu Ilackansa: «fkmo A, B,
C — Tpu TOYKM Ha OFHil IPAMil IPOEKTUBHOI IIOLIVHMY,
A', B', C' — Tpu TOYKM Ha iHIIiV Mpsmiit 1€l wiommHy,
TO TOUKU TepeTuny nap npsamux AB'i A'B, BC'i B'C, CA’
i C'A ;exxaTh Ha OHIV IPSIMiit».
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2.3. MaTemMaTU4Huil aHanis

2.3.1. [paHuuAa nocnigoBHOCTI

(03xayenHa 2panuyi nocridogHocmi OiticHux Yuces. OcHOBHI 6nacmugo-
(mi 2pauyp. Teapema npo 36ixHicme 00MexeHoi MOHOMOHHOI NOCA006-
Hocmi. [lpyea 8axnuea 2panuys, qucno e)

A. O3HayeHHA 2paHuyi nocnioogHocmi

. . . 1
Ao ysasuTy cobi 4MCIOBY OCTIMOBHICTD X, = — TOYKa-
n

MM 4YJCJIOBOI IIPAMOI, TO HEBAXKKO IIOMITUTH, 1[0 YWIEHY ITOC/TiIOBHO-
CTi i3 3pOCTaHHAM iX NMOPASKOBOTO HOMEpa CKYIYYIOTbCA (3TyIIy-
I0TbCS) 10 Hy/A. [IpndoMy «IligXopATb» BOHM O HY/IS AK 3aBTOJJHO
0/1M3bKO, TaK, 110, AKNIT 6 MaJIeHbKIII OKi/I TOYKV HY/Ib MM He B3sIJIN,
3a JI0T0 MeXaMU 3a/IMIIATHCA NUIIEe CKiHYeHHe YVC/IO0 ePIINX Y/IeHiB
IOCTiOBHOCTI, a pemrTa (yBechb HECKIHUEHHWIT «XBiCT») IMOTPAINThb
y ueit okin. Hanpuxnag, B intepsan (—0,1; 0,1) moTpanisoTs yci yre-
HMJ IIOC/TiJOBHOCTI, IIOYMHAIOYY 3 ONVHALLATOIO, a B IHTepBaJl, CKaxi-
Mo, (—0,01; 0,01) — yci, mourHatouu 3i cTo mepiroro. Y 1jiif cuTyarnii
KaOXYyTb, IO YMCAO HYIb — IPAHUIA 3a3HAYEHOI IOCTiJOBHOCTI.
Crnmparounuch Ha Take reoMeTpUYHe yAB/Ie€HH, JaMO CTpOTre O3Ha4eH-
H# TPaHMUII] ITOC/TiJOBHOCTI.

OsHauenns: 2.3.1 (ceomempuune). Uncno a Ha3MBa€eTbCs rpa-
HIILIEI0 ITOC/TiOBHOCTI {xn} (lim x, = a ), Aximo y 6yab-AKuii £-0Ki TO4-
n—o

KI d TIOTPAIIIAOTD YCi WIEHN IOCTiLOBHOCTI, IIOYMHAI0YM 3 [IEAKOTO.

OsnavenHsa 2.3.2. Yncno a Ha3uBAETbCA IPaHULICIO IIO-

CTimOBHOCTI {xn} (mosHavaerbca lim x, = a ), Akio 1A 6yab-AKOro
n—>o0
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€>0 3Ha/IeThCs TaKNMit HOMEP M, SIKUIl 3a7IeKUTH Bif €, WO A/s

BCiX 1> 1, BUKOHYETbCSA HEPIBHICTD (X, — a| <eg.

A60 CIMBOJIIYHO:

def
lim x, :ace>‘v’8>0 dn, :no(s):|xn—a|<s‘v’n>n0-

Nn—»0
[TocnigoBHICTD, sIKa Ma€ TPAHMIIIO, HA3UBAETHCS 30iCHO10, B iHIIIO-
MY BUIIQIKY — PO30iHHO10.
36i>kHa 10 HY/IA MOCTiOBHICTD HAa3UBAETHCA HECKIHUEHHO MATION
nocnidosHicmo.

b. OcHosHi 8nacmusocmi epaHuye

1. Heobxiona ymosa 36ixcHocmi. SIKIO ITOCTiJOBHICTD
30ikHa, TO BOHa OOMeXKeHa.
2. €ounicmo epanuyi. SIKIIO MOCTITOBHICTb Ma€ TPAHNUIIIO, TO Iis
TPAaHULA €NVHA.
3. Ipanuunuii nepexio y HepiéHocmi. SIKI0 BiAIIOBiIAHI WieHM

30DKHMX YMCTTOBUX MOCTiITOBHOCTEN {xn} Ta { yn} , IOYNHAIOYM 3 Jie-
SKOTO HOMepa, 3aI0BOJIbHAIOTH HepiBHicTH X, <Y, (abo Xx,<y,),

T0 limx, <lim y, -
n—»0 n—>00

4. Ipanuus npomixHoi nocnioosHocmi. SIKIIO BifOBiTHI WieHN
301KHUX YMCITOBYX MTOCTiJOBHOCTEI {xn} , { yn} Ta {Zn} , IOYNHAI0-
41 3 JIeSKOr0 HOMEPa, 3a[J0BOIbHAIOTh HepiBHICTD X, < ¥, <z, (abo
X, <¥,<%,)1limx, =limz,=a,70 limy, =a.

n—>0 n—o n—>0

5. Ipanuys cmanoi nocniooéHocmi. Crana IMOCTiZOBHICT, yci 4te-
H s1KOI fopiBHIOIOTH C, 36iraervcs 1o C (limC=C).

n—>0
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6. Apupmemuuni enacmusocmi. SIKIO ITOCTiZOBHOCTI {xn}
Ta { )’n} 361KHi, TO 30DKHUMU € TaKOX IX CyMa, pisHUIA, JOOYTOK,
9acTKa, IPUYOMY:

) (s, ) = i, i

6) hm(xn . yn) =limx,-limy, (sBigcu, BpaxoByroum BaCTH-
n—»0 n—»o0 n—»0

BICTb 5, lim(an) =Climx, );
n—>0

Nn—»0
lim x,
B) lim—="2*— gkmo limy, #0.
n—»o0 )}n nl_l;l; yn n—»o0

JloBeneMo, HaIIpUKJ/Iaz, BAACTUBICTD 2.
[TpunycTumo, 110 MOCIiJOBHICTD {xn} Mae IBi rpanuiyi, a ta b, i

azb.
Topni omep>xumo mys foBinbHOrO dikcoBanoro &> 0:

limxn=a:>5|nl:|xn—a|<E Vn>n, (2.3.1)
n—»o0 2

i
limx, =b=>3n, :|xn —b|<§ Vn>n, (2.3.2)
n—oo

OueBupHoO, mwo Vn>n, = max{nl,nz} BUKOHYIOTbCSI 06M/Bi He-

piBHOCTI (2.3.1) Ta (2.3.2).
BpaxoByroun 11e, OL[iHMMO MOAY/Ib Pi3HUILE |a - b| :

OS|a—b|=|a—xn+xn—b|S|xn—a|+

e €
xn—b|<—+—=8,
2 2

3BiIKM BUIUIMBAE, 0 4 —b=0,106T0 @ =>b.Opepxane npoTnpivys

TOBOANTD, 1[0 HAllle IPUITYLIeHHs HEeIpaBWIbHE, a OTXKe, Y 30DKHOI
MOC/TiJOBHOCTI TPAaHUIIA €[MHA.
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B. [paHuys obmexxeHoi MOHOMOHHOI nocidosHocmi. Yucno e

Posrnsapaoun npuxnagu pisHUX IOCTIJOBHOCTEN, ITOMi-
9aeMoO, IO cepef, OOMeXeHUX IIOCTiJOBHOCTel € sfAK 30DkHi

—1 " n
(a,= u), TaK i pos6ixHi (b, =(—1) ) mocnigoBHOCTi. Tak camo

I MOHOTOHHI HOC/iJOBHOCTI 6yBaroTh 36ikHi (x, =—) i po36ixHi
n

(y,=n). TobTo Hi cama 0OMeXeHICTh, Hi caMa MOHOTOHHICTb MOCTTi-

JOBHOCTi He rapaHTYIOTh ii 30DKHIiCTh. 3aTe MOCTIZOBHICTD, 3a/jaHa

1 A
dopmynoo x, =—, € 06MeXeHOI0, MOHOTOHHOIO i 306ixkHOM0. Bu-
n

ABJIAETDCA, 1O Lie He BUMA/IKOBICTD, — Ma€ Miclle HacTyIIHa TeopeMa.

Teopema 2.3.1
K110 NOoC/IiKoBHICTD 0OMeXKeHa i MOHOTOHHA, TO BOHA 301KHA.
Tloseoenns. Hexail mocmifoBHICTD {xn} , I BU3HAYEHOCTI,

HecriagHa (To6TO X, <X,,,). Tomi BoHa oOMeXxeHa, a OTXKe, Ma€

TOYHY BEpPXHIO MeXY (OCKimbKM OyAb-AKka oOMeKeHa MHOXIHA

Mae Touni Mexi). ITosHaunmo Sup{xn} =a 1 MOKaXeMO, 1110 YNCIIO

@ € TpaHNIIEI0 ITOCTiJOBHOCTI {xn} .
BispmeMmo noBinbHe €> 0. OCKiNnbKM @ — TOYHA BEPXHS MeXa

TMOCIiTOBHOCTI {xn} , TO, 3TIIHO 3 11 XapaKTePUCTUYIHO BIACTUBI-

CTI0, 0O0OB’AI3KOBO 3HAieTbCA TAaKMI WIeH L€l MOCIigOBHOCTI
(mexain X, ), 110 MICTUTBCA MK 4@ Ta d— €, TOO6TO:

a—g<x, <a.
0
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BpaxoByro4n XxapakTep MOHOTOHHOCTI 3a/laHOI ITOCTiOBHOCTI,
OCTAaHHIO HEPiBHICTb MOYKHA ITepenycaTy TaK:

a-e<x, <x, <X, ,<..<a<ate.

ny+

To6ro Ve>0 i Vn2n, BUKOHYETbCS HEPIBHICTDH

a—e<x,<a+g,abo Te came, 10 xn—a|<8.Aue17103Haqae,mo

limx,=a.
n—>o0

I/ BUITAJKy HE3pOCTAOYOl MOCTTIOBHOCTI Te€OpeMa HOBO-

OUTHCS aHAIOTIYHO.
[Tpuknagom obmexeHoi (30kpeMa unciaamu 2 Ta 3) i MOHOTOH-

n
HOI (3pocTaryoi) MOCTiZOBHOCTI € MOCTIJOBHICTD X, = [1+—] .
n
Ortxe, BOHA Ma€ rpaHuifio. 110 rpaHnIo I03HAYAI0Th CUMBOJIOM €
(mosHauyeHHs 3anposanus Eiurep). JosemeHo, mo e — ippamnio-
Ha/JIbHE YMC/IO; paljioOHa/JbHE JIOTO HAOMVDKEHHS [0 JIeCATHUX:
e=2,7.

n

. 1

A rpanumio lim (1 +—| =e HasMBAIOTb JAPYTOI BAXK/IMBOKO
n—»o0 n

rpaHuIero. 3ycTpiyaerbcsa BOHA, HAIPUKIIAZ, ¥ 3afadax ¢piHaHCO-

BOI MaTeMaTHKI PO HAPOIIEHH:A IPOLIOBOI CyMM Ha 6aHKiBCbKO-

My paxyHKY IIpM HeIlepepBHOMY HapaxyBaHHI Bi[JCOTKiB.
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3ANUTAHHA | 3SABOAHHA ANA CAMOKOHTPOJTIO

1. Y 4yoMy OMM/IKA TAKOTO «O3HAYEHHA» IPAHMIII YMCIOBOI
MOCTIiKOBHOCTI: «Y1Mcn0 a € rpaHuIer IOCTiJOBHOCTI

{xn} , AKIO 1711 O6y7b-s1Koro € > 0 1 6yAb-sAKOro HaTypasb-

HOTO 71 BUKOHYETbCA HEPIiBHICTDH |X, —a| <€ »? Bignosigb

oOI'pyHTYyIITE.

2. Yu MOXXHa B O3Ha4eHHi I'paHMUIli IOCTiJOBHOCTI CIIOBa
«ms 6yab-AaKoro € > 0» 3aMiHUTHM Ha C/IOBA «iCHYeE € > 0»?
Bipnosinb o6rpyHTYyiiTe.

3. o 6yne, Koy B 03HaYEHHi IpaHMIi TOCTIZOBHOCTI ClTOBa
«1s1 Oyzb-s1Koro € > 0» 3aMiHUTY Ha «J1sL OyIb-IKOTO £»?

4. Yu npaBuIbHe TBEPKEHHA: «SKIO cyMa IBOX 4MC/IOBUX
MOC/IiBOBHOCTEN 30i>KHa, TO 0OMABI MTOCTIKOBHOCTI 301K-
Hi»? Bignosigs o6rpyHTyiiTe.

5. Yn KopekTHO chOpMy/IbOBAHO TBEpIKeHH:: «IpaHWIIA
CyMU [BOX IIOCTiIOBHOCTEN JOPIBHIOE CYMi I'PaHMIIb LIUX
HOC/IJOBHOCTET], @ TPaHMUIIs IX J0OYTKY — J0OYTKOBI rpa-
HUIb»?

6. fka moCIiIOBHICTh HA3MBAETHCSA HECKIHYEHHO Ma IOk (He-
CKiHYeHHO Be/muKo0)? Yu npaBuibHi TBepmpxeHH:: «Cyma
HECKiHYeHHO Ma/NX IIOC/TiJOBHOCTEN € HeCKiHYeHHO Ma-
JIOI0 MOCIINOBHICTIO?; «CyMa HeCKiH4eHHO BEIMKUX IO-
CIIIMOBHOCTEN € HECKIHYEHHO BeINKOIO IOC/TiAOBHICTION ¢

7. Slkumu ymoBamu 1A 30DKHOCTI mocmimoBHOCTI (He06-
XiTHUMM, DOCTATHIMM, HEOOXimHUMM i JocTaTHIMM) € ii:
00Me>XeHiCTb; MOHOTOHHICTB? Bifnosinb o6rpyHTyiiTe.
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2.3.2. 03HaKM 36iXKHOCTI BiNCHUX YNCNOBUX pALIB

(03Haku 36ixHocmi dodamHux 4ucnogux paodis. AbconomHo ma ymogHo
30ixHi pAdu, ix enacmugocmi. Jocmamus ymoga 36i%Hocmi 3HAKO3MIH-
H020 pA0y)

A. O3Haku 36ixH0ocmi 000amHux Yucnosux psadie

Hexait maemo mopmaTHMIT 4ncioBuil psp (ToOTO psf 3 He-
Bif eMHMMM 4IeHaAMMU ):

0
D a, (2.3.3)
n=1

Bxa)keMo Ha Ki/IbKa IOCTAaTHIX O03HaK J10ro 36>KHOCTI.

Ilepuia o3naxa nopieHAHHS
Hexait, kpim psagy (2.3.3), MaeMo JORATHNIT PAL:

0

Db, (2.3.4)

n=1
i Hexail I/Is BCIX 1, MOYMHAOYM 3 [€SKOTO, BUKOHYETbCSI HEPIBHICTh
a,<b,. Toxi 3i 36bkHOCTI pagy (2.3.4) BummBae 36DKHICTD psiay

(2.3.3), a 3 posbixHOCTI paAny (2.3.3) — po36ixHicTD pany (2.3.4).

Apy2a o3naxa nopieHAHHA

Hexait maemo nopathi pagu: (2.3.3) Ta (2.3.4). I Hexait lima—” =k,

n—ow
n

0 < k < +oo (TOOTO TpaHUIsI BiHOIIEHHs BifOBIHUX YIEHIB ps-
niB — popaTHe uncrno). Toxi obupsa psapn, (2.3.3) ta (2.3.4), ogHovac-
HO 30DkxHi a00 po36iKHi.

[IIo6 xopucTyBaTHCS O3HAKAMU NOPIBHAHHA IS KOCTiIKEHHS
361KHOCTI pAAy, HOTPiOHO MaTM iHIINIL PAM, TPO AKUIL MM 3HAEMO, —

30DKHMIT BiH un po36ixHmit. Takumu (BifoMuMn) psgaMu Hail4acTi-
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nle CAYTyIOTb TapMOHIYHMII Ta y3arajbHEHWI TapMOHIYHWII PAOMN,
— l0n-1

el (n + 1)(112 + 3)
{ 10n-1 1 )

(n+1)(n2+3):n_2J =10-apn

reomeTpu4Ha nporpecia. Hanpuknaz, pan 301k-

. <
HUIT, 60 30DKHUM € Psf 2—2 I lim

0
n=1 n—

> 2n—5 1
S 030DKHMI, 60 po3bDLKHUM €  pafg —
Z 3n° —4n+5 P P P ”Z_; n

n=1

. 2n—1 1 2
ilim| ———:—|=—.
>0\ 3n” —4n+5 n 3
HacrynHi 03HaKy Jal0Th MOX/IMBICTH 3 siCyBaTy 30DKHICTD (po3-
ODKHICTD) sy 6€3 3aydeHHs IHIIUX PAJiB.

Osnaxa [Janambepa 4
Hexait Maemo propataumit psp (2.3.3), y axomy a > 0, i lim L =7,
n—wo (g
n
Topi, sikiio r < 1, — psp 36bxHMI, pu r > 1 (30KpeMa 71 HeCKiHYeH-
HICTP) — psAA PO30DKHMIL; AKIIO X ¥ = 1, TO Ipo 30DKHICTD (PO36DK-
HIiCTD) ALy BUCHOBKY 3pOOMTI He MOXKHA.

Osnaxa Kowi
Hexait maemo pmomatumit psap (2.3.3) i lim n/an =r. Topi, axmo

Nn—»00
r <1, — psp 36ixumit, ipu r > 1 (30Kpema it HECKiHYeHHICTb) — PAL
pO36DKHMIL; AKIO X 1 = 1, To mpo 36DKHicTh (po36iXKHICTD) pARY
BJICHOBKY 3pOONTI He MOXKHA.

Inmezpanvra osnaxa Kowii
Hexait maemo nopatHuit psag (2.3.3). I mexait pynkuis f (x), momar-
Ha i He3pocTaya Ha IIPOMIXKKY [1; +o), HabyBae pu x = n, n € N,
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+00
3HaueHb: f(n) = a . Toni HeBacHMit inTerpan I f(x)dx ipsan (2.3.3)
1

OflHOYACHO 361KHI 260 po30DXKHI.

CrpaBemmBicTh 1i€i O3HAKM «Bif4yBaeTbcA» 3 1i reomMeTpud-
HoI imocTpanii (puc. 2.3.1). CryningacTa ¢irypa (mromra Axoi gopis-
HIo€ pany (2.3.3)) i migrpadik Pynxuii (rroma sKoro — e HeBIac-
HUII iHTerpa) «3B’s13aHi» Mk cobor. Tomy 1i mromnti ogHoyacHO abo
€ (TobTo ckinyeHHi), a00 iX HeMae (TOOTO BOHM CKiHYEHHMMM YIICIa-
MM He BUPa>KalOThCA).

yﬂ

al -

a,---fe=

-

Ay

f(x)
0 1 ’ 2 3 4 ‘ . 4 x
Puc. 2.3.1

b. A6contomHo ma ymosHo 36ixHi paou, ix enacmusocmi

Hexait MaeMO HeIOFZATHUIL PAL:
[e0)
e, (2.3.5)
n=1
YTBOpUMO psAJ; 3 MOZLY/IiB 4/IEHIB JAaHOTO PALY:

D] (2.3.6)
n=l1
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Mae Micue HacTymHa TeopeMma: AKIO pApx (2.3.6) 36DkHMI, TO
i psip (2.3.5) 36DKHMIA.

Y 11pOMy BUIIAJKy KQXYTh, IO psf (2.3.5) 36iraerbcs abCOMOTHO
a60 1110 BiH a0COIIOTHO 301KHMIL.

. — sinn .
[Ipuxnasom abCOMOTHO 301KHOTO PANY € psif Z—n , OCKI/IbKI

n=1
|SlIlTl| . I . . .
pAan z » YTBOpPEHUUM 3 MOAY/IIB MOTO Y/IC€H1B, — 361>KHI/H/I, jife]
. |smn|
JIETKO BCTAHOBUTU 3a II€PUIOI0 O3HAKOIO ITOPIBHAHHA: " <_n’
2 2

0
a pap Z—n 301KHMIT, K TeOMeTpPUYHA IIPOrpecis 31 3HAMEHHVKOM
n=1
1

=—<I1.
1 2

Skmo x papg (2.3.6) po3bixHuMit, a psap (2.3.5) 36bxHUI, TO Ka-
XYTb, [0 BiH YMOBHO 301KHMIA.

[Ipu mocnimkeHHi psARy Ha 361KHICTD 3a ZJOIOMOro0 3a3Ha4eHOi
TeopeMMU CJIij maM sTaTy, 0 BOHA JJa€ JIVIle JOCTaTHI yMOBM 30iXk-
HocTi. To6To, AKIO paf (2.3.6) po36iKHUIL, TO PO 30DKHICTD ARy
(2.3.5) Hivoro ckazaTy He MOXKHa — BiH MO)Xe OyTHU SIK 30DKHMIL, TaK
i po36i>xHmit. OFHAK € BUHATOK, KOPUCHUI /IS IIPAKTUKIA: SIKIIO PO3-
ObxHICTD pamy (2.3.6) 6y1a BcTaHOB/IeHa 3a 03HaKoM JJamambepa a6o
Koui, To MOXXHa cTBEPKYBATH, 110 psif (2.3.5) po36i>KHUIL.

© (_n)n ' ) o .

Hanpuknap, Z— — po36ixHMIT psaf, 60 psf Z— po36ix-

! - n!

n=1

HUII 3TiTHO 3 03HaKoIo [Tamambepa:

((n+1)™ nn} . (n+1)(n+1)”n!:hm(l+lj”:e>1_

igl;lot (n+l)| n! n—>w (n+1)!n" n—>w

Ski  BmacTMBOCTI aOCOMIOTHO Ta YMOBHO 30DKHUX psAmiB?
[IprpopHO NOPiBHIOBATMMEMO IX i3 BIACTUBOCTAMM CKiHUEHHNX CYM.



YactuHa |. TEOPETUYHI MATEPIASIA Po30in 2. lTp ionosideli Ha i 75

P

Hanpuxnaz, un Mae Miclie 1 psfiiB llepecTaBHa BIACTUBICTB? K10
psx abcomoTHO 301KHMIA, TO BifIIOBiIb CTBEpP/IHA, TOOTO, SAKIO T
30iraeTbcst aOCOMIOTHO, TO Psfl, YTBOPEHMIT 3 HBOTO JNOBIIBHOIO ITe-
PEeCTAaHOBKOIO YIEHIB, TAKOX 30iraeTbcsl aOCOMIOTHO i Ma€ TY 5K caMy
CyMy, o i1 gaHuit pAx. HaToMicTb 11 yMOBHO 301KHOTO pAny Hepe-
CTaBHa B/IACTUBICTb He BUKOHYETbCA. binbuie Toro, reopema Pimana
CTBEPXKYE, IO WIEHU YMOBHO 301KHOTO pARY MOXKHA IepeCcTaBUTI
MiCIIAMU TaK, L0 B Pe3y/IbTaTi JiCTaHEMO PAZL 3 6YI[I)-HKOIO Hateper,
3a/IaHOI0 CYMOI0 200 HaBiTbh PO3OIKHMIT PAL.

BusBnserbcs TakoX, 10 aOCOMIOTHO 301KHI PAY MO>KHA MHOXM-
TU TaK CaMo, AK i CyMM CKiHYEHHOTO 4MC/Ia JOfaHKiB. 711 yMOBHO
30DKHUX pARIB TaKe IPaBUIO 3aCTOCOBYBATM HE MOXKHA — JIOOYTOK
ps/iB € a60 po30LKXHMM PALOM, 200 X 10T0 CyMa He TOPiBHIOE OOy T-
KY CYM PAZiB-MHOXHMKIB.

B. 3Hako3miHHuU psd. O3Haka Jleli6Hiya

Cepen HemomaTHUX PsALIB BULIIAIOTH KIac TaK 3BaHUX
3HAKO3MIHHNUX pAMAIB — PAQLiB, 3HAKU YIEHIB SAKUX YepryHTbCA.
3HAKO3MiHHUII pAJ] 3aNIMILEMO Y BULIAMIL:

0
n—1 n—1
a,—a,+a,—a, +...+(—1) aNh... = Z(—l) a,a,>0VvneN (23.7)
n=1
Mae mic1ie HacTyITHa 03HaKa 361KHOCTi 3HAKO3MiHHOTO PANY.

Osnaka Jleiibniya. Pam (2.3.7) 3b6iraetpca, saxmo a,,, <a,

n+l

ilima, =0 (iHaKIIe KaXXy4n, AKIO YIeHV 3HAKO3MIHHOTO Psy cIia-
n—o

JAIOTh JI0 HY/LA).
JHosederns. Hexait maemo 3Hako3MiHHUI psaf (2.3.7) i Bimomo,
1110 TTOC/IiTOBHICTh {an} HecITaJHa i HecKiHYeHHO Masna. [{oBecTu,

mo psp (2.3.7) 36iraeTbcs, 03HaYa€e MepeKOHATIICS, 110 iCHYE CKiH-
YeHHa IPaHNIIA MOCTLOBHOCTI JI0TO YaCTMHHUX CYM.
3amuiemMo BOMa Pi3HMMM CIIOCO6aMu 21-HY YaCTUHHY CyMy
pany:
S,, :(al —a2)+(a3 —a4)+...+(aZn_1 —aZn) (2.3.8)
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Ta
S, =a,— (a2 —a, ) - (a4 —a ) —.m (a2n72 —-a,, ) —-a,, (2.3.9)

Bpaxosyioun, 10 nocminosHicTs {a } HecrmaznHa, i3 (2.3.8) Bu-
wmBae S,, >20,a3(2.3.9) — §,, <a,. O6’ennyroun ABi OcTaHH]

HepiBHOCTI, offepxumo: 0<S, <a,, TO6TO MOCTIOBHICTD «I1ap-

HVX» YaCTMHHMX CYM HecCmafgHa i oomexxeHa. ToMy BoHa Mae rpa-
Huo (mosHayumo ii S): lim S, =S-
n—»o0

I3 oueBmpHoOI piBHOCTI S,, | = S,, —a,, i3 TOrO, IO igl; a,, =0,
OJIePXKIMO:

lim§,, | =lim (SZ,1 -a,, ) =lim§,, —lima,, =S-0=S.
Nn—»o0 Nn—»o0 n—oo n—>o0

Tob6T0 11 TOCTITOBHICTD «HEITAPHUX» YACTUHHMX CyM 30iraerp-
s 7o S, a OTXKe, ycsl MOC/i/IoBHICTD {S } Mae rpanuiio S. A 11e 03-

Havae, o psy (2.3.7) 36iraeTbes.

IIpumimxa. 3a3HaunMoO, IO MOAY/Ib CyMH 301KHOTO 3HAKO3MiH-
HOTO psA/ly He IIepeBUIIye MOAYJIA J10ro nepuroro yieHa. Lleir dpaxr
BUKOPMCTOBYETbCA TPY HAOMIDKEHMX OOYMC/IEHHAX 3a JTOIIOMO-

<a,,imo3Bose oIri-

TrOI0 pAAiB, 60 BiH 03HAYAE TAKOX, L]0 |S =S,
HUTHU a0COMIOTHY MOXMOKY HaOMVKEHHS.

ITpuxmap 2.3.1. Buxopucraemo o3naky JleyiOHima a1 focmimpKeH-
-1
© (1 n
HA 30DKHOCTI pAny zl (
n=1 n

1 1 1

1
a,=—, a,,,=—-—; ——<—, TO0TO a

b
n n+l n+l1 n

e Tak 3BaHmit psp Jleit6nina).

i1 < 4, 1 IOCITiJOBHICTD

. : . .
{an} cnagae. Kpim toro, lima, = lim—=0. Omxe, manuit psp
n—»o n—o §

30DKHMIT (HEBaXKO IEPEKOHATNCS, BUKOPMCTOBYIOUM PO3KIIAf

y pan Maxmopena ¢yHkuii In (1 +x), mo jioro cyma DOpiBHIOE
In2<a, =1).
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3a3HaumMMo, 1110 psf Jleit6Hila 36ira€eTbcst YMOBHO, 60 psijf 3 MOAY-

o0
JIiB 110TO YJIeHiB Z_ po36iKHMIT (11e TapMOHIYHUI PSJ).

n=l1

3ANUTAHHA | 3SABOAHHA ANA CAMOKOHTPOJTO

r)
hi9)
e)

Yy npaBuIbHI TBEPKEHHA:

KOKHMI YMCTIOBUIL PAJ, MA€ CyMY;

pAz 36iraeTbes, AKINO JIOTO 1-HMIL WIEH IPAMYE 10 HY/LA;
psn po30iraeTbes, AKIIO JIOT0 N-HMIL YWIeH He HPAMYE 10
HY/LA;

AKIIO psAf| 36ira€ThbCs, TO I0T0 1-HMIL YWIeH IPAMYE [0 HYIIA;
reoMeTpUYHA IIPOTPecia € 30LKHIUM PALOM;

pAn po36iraerbcs, AKIIO yTBOPEHMIL 3 MOLY/IiB 0TO YTe-
HiB psj po3biraerbcs;

TapMOHIYHMIT pAZ pO36ira€Thesl.

o 1\ntl
CKinbKM 4jieHiB pARy z% Tpe6a B34ATHU, m06 00-

n=1

YUCTUTH FIOTO CyMy 3 TO4HicTIO 1o 0,012 O6uncnith Ito
CyMy i3 3a3HAa4YE€HOI0 TOYHICTIO.

Yu mae pap JleiibHina mepectaBHy BracTuBicTh? SKImo
TaK, TO OOIPYHTYIiTe 1ie. SIKIIO Hi, TO IepecTaBTe B HbOMY
4JIeH) TaK, o6 cyma pAay 36imbpumacsa BaBivi.
3anuuIiTh reOMETPUYHY IIPOTPECilo, CyMa AKOi JOPiBHIOE
3, a Tlepimnii 4jaeH JOpiBHIOE 2.

1 1 1 1 1 1
Hano pag: ———+———+———+... Yn MoxHa fo-

cmimuTy 11oro 306KHICTb 3a 03HaKoI0 JleitOonina? Yn 36ix-
Hu Leit psaj? Bignosinb o6rpyHTyiiTe.
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2.3.3. Noka3HuKoBa Ta norapudmiyna GpyHKUiT BicHOT
i1 KOMNNEKCHOI 3MiHHOI: 03HAYeHHA, BNaCTUBOCTI

A. [Noka3Hukoea ¢yHKYis 0ilicHOi 3MIHHOI

OsHavyenHs 2.3.3. PyHK1id, 3ajaHa GopMyIIow0 y = a’, ie
a>0,a # 1, Ha3UBAETbCSA NOKASHUKOBOM.

Bracmuseocmi nokaznukosoi gpyrkuii 0iticHoi 3miHHOI

1. O6nacTb Bu3HaYeHHA — Yci [ilicHi ymcna (BUIIMBAE 3 O3Ha-
YeHHS CTeIleHs 3 JiJICHUM IIOKa3HUKOM).

2. MHOXMHa 3HaYeHb — JOfaTHi yncia (BUIIMBAE 3 O3HAYEHHS
CTeIleHs 3 TiJICHUM ITIOKa3HUKOM).

3. OyHK1iA HemepepBHa i AudepeHLilioBHA Ha MHOXMHI R.

JoBenemo, Hanpukiaf, fudepenuirosHicTs. Crpaspi, Hexam x —
IOBiZIbHA TOYKAa MHOXKMHU R. 3HaliieMO TPaHUIII0 BiTHOLIEHHS IIpU-
pocTy (yHKII B TOULi X 1O IPUPOCTY apTyYMEHTY, AKIIO OCTAHHII
OpAMYE [0 HYIA:

) x+Ax _ax ) ax(an _1) ) an -1
lim —— = lim =a" - lim ——=a"Ina.
Ax—0 Ax Ax—0 Ax A—0  Ax

Orxe, pyHKIiA a* fudepeHnIifioBHa i i HOXigHa 004NCTIOETbCA 32
dopmymnoro: (a*)'= a*ln a. 3okpema, (e*)'= €”.

4. QyHKIiA 3pocTae, AKIo d > 1icnagaenpu 0 <a < 1.

Cupasni, (¢*)'=a*lna >0, sxkmo a > 11 (a*)'< 0, axuwo 0 < a < 1.

5. ®ynkuia obopoTHa (60 CTpPOro MOHOTOHHA Ha BCill 06macTi
BU3HAYEHHSH).

6. ExcrpemymiB QyHKuis He Mae (OCKiIbKY Ti/IbKY 3pocTae abo
TIIBKY CITAJIA€).

7. Ipacik dyHkuii ormykmnii BHM3 Ha BCill iiCHIN OcCi; TOYOK Ie-
PETMHY He Mae.

Cupasni, (@")"=a*ln’a >0V x € R.

+00, a>1, 0,a>1,

8. lim a* = lim a* =
xX—>+00 0,0<ax<l; x—>—00 +o0,0<ax<]l.
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p

CxeMaTiyHe 300pakeHHA Tpadika MOKasHMKOBOI (QYHKIII ITOKa-
3aHO Ha puc. 2.3.2 (a, 6).

ya
yT y=ax y=a" I
1 1
0 x 0 x
a) 6)

Puc. 2.3.2 (a, 6). Tpadiku moKasHNKOBOI QYHKIIIL:
a)mpua>1;6)mpu0<a<1

Ipadik ¢ynkuii y = e Mae meBHy 0COOMMBICTD, @ caMe: TOTUY-
Ha 710 Hboro B Touli (0;1) yTBopIoe 3 gogaTHoIo miBBiccio Ox KyT 45°
(puc. 2.3.3). CuipaBgi, kyToBuit KoeilieHT 3a3HaueHOI JOTUYHOI J0-
PiBHIOE 3HaYeHHIO OXigHOI QyHKIIT B Touwi x = 0, T06TO, k = =1,
abo Te came, 1o 11 tgo = 1, 3BigKy o = 45°.

Puc. 2.3.3. Jotnuna no rpadika ¢pyHKUii y = €*
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b. Jlozapugpmiyna pyHkyis 0ilicHoi 3miHHOI

Ockinbky NOKa3HMKOBa (YHKIA 0OOpOTHA, TO 3Hal-
neMo obepHeHy mo Hel ¢pyHKui. [l 1IbOr0 BUPasuMO 3 piBHAHHA
y = a* 3MiHHY X 4epe3 y i HOMiHsAEMO (JIs1 3pYYHOCTI) IO3HAUYEHHS.
Onepxumo: x = log y, abo y =log x.

DyHKIiA, AKY MU OTPYMMAI, Ha3UBAETHCA N02APUPMIUHOIO.

Sk Bimomo, rpadiky B3aeMHO obepHeHUX QYHKIN, MoOygoBaHi
B OJHINI i TiVl caMiil cuCTeMi KOOpAMHAT, CUMETPUYHI BiTHOCHO Ips-
Mol y = x. Tomy nerko orpumyemo rpadiku norapudmiuHoi PyHK-
uii npu a > 1 ra pu 0 < a < 1, cumeTpudHO BifoOpasMBLIN BiffITO-
BifiHi rpadiky mokasHMkoBoi PpyHKIIT BiTHOCHO 6iceKTpucy mepioro
i TpeThOrO KOOpAMHATHUX KYTiB (puc. 2.3.4 (a, 6)).

a>1 ™ e

y = log,a

y = logae

a) 6)
Puc. 2.3.4 (a, 6). Ipadik nmorapudmivnoi Gpynkuii

HeBaxxko BKasatu i1 BIacTMBOCTI yorapupmivyHol GyHKIIl sAK
06epHEeHOI /10 ITOKa3HUKOBOI.

Bracmusocmi nozapugmiunoi gyHkuyii 0iticHoi 3minHOT

1. O6macTb BU3HaYeHHS — JOJATHI YKCIIa.

2. MHOXX1Ha 3HaYeHb — YCi AilicHi 4mcna.

3. O®ynk1ia HenepepBHa i pudepeHLiioBHa Ha MHOXVHI (0; +o0);

' 1 ! 1
(loga x) ~hd’ (lnx) =7
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4. QyHKIiA 3pOCTaE, AKIo d > 1 icnagaenpn 0 <a < 1.
5. OyHKIIis HE Ma€ EKCTPEMYMiB.

B. EKcnoHeHuianeHa ma nozapumiyHa gyHKyii KomniaeKkcHoi

3MiHHOI

OsHaveHHd 2.3.4. ExcrioHeHIia/IbHOI0 (YHKIJi€I0 KOMII-
JIEKCHOI 3MiHHOI Ha3MBa€TbcA QYHKIiA BUTIALY:

o= =" =¢" (cosy + isiny) (2.3.10)

Bracmueocmi excnonenyianvHoi ¢pyHxyii
1. Tonomopgpricms. Pynkuis ® =e” BusHavena s Beix z€C
i € romomopdHoI0 B yciit KomiutekcHin momyHi C .

Josedenns. Posrnsnemo QyHKIio 0 =e° =e*(cosy +isiny) =
=e" cosy+ie’ sinyi mokakemo, 1[0 BOHa nudepeHIiioBHa [
BCiX 3Ha4YeHb 3MiHHOI z. 3 11i€}0 METOI CKOPUCTAEMOCH TEOPEMOIO
npo HeoOximHi i mocraTHi ymMoBM AudepeHIiioBHOCTI QyHKII]
KOMIIJIEKCHOI 3MiHHOI, 3TiTHO 3 SIKOIO (byHKuiﬂ KOMIIJIEKCHOI 3MiH-
HOI udepeHIiiioBHa, AKIO ii ifiCHa Ta yABHA YaCTUHMU € Aude-
PEHILiIIOBHMMI Ta 3a/l0BONIbHAIOTL yMOBM Komri-Pimana.

Hiiicoro vactrHOWO 1iei  dyHKuii € u(x,y)=e*cosy,
a yaBHOW — QyHKIia V(x,y)=e"siny. OueBugno, mo GyHKuii

X . X 3 Py . .
u(x,y)=e*cosy i v(x,y)=e"siny nudepenuiiioBni s Bcix

(x;9) € R?,
ITepesipumo BukoHaHHA yMOB Komri-PimaHa, AKi MaroTh Takuii
BUTJIAL:

ou Ov Ou ov
—_— =, — = ——
ox Oy Oy  0Ox
3HaXOA¥MO YacTMHHI MOXifHI MiliICHOI 71 yABHOI YaCTHUH.

Opepxumo:

—u—excos %——e"sin @—e"sin @—excos
ax y)ay )’>8x y>a_ y
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ees X X
Sk 6aunmo, QyHKI u(x,y)=e*cosy, v(x,y)=e"siny sano-
BO/MBbHAITH yMoBY Komri-PiMana ms Beix sHauenb (x; y) € R*. Omxke,

yukuia © = e’ ronomopdua B yciit komrekcriit omuni C, Bop-
HoOYac 1 ii moxifgHa:
®'(z) =%+ig=e" cos y +ie*siny =" =¢°.
Ox Ox

3a Takowo X (OPMY/IOK OOYMCIIOITb IOXiZHY  ITOKa3HUKOBOI
byHKLiT ° fificHOT 3MiHHOI.

2. Kongopmmicmp. PyHK11ia 0 = e° KOHDOPMHA B yCiif KOMIUIEK-
cHiit mnomuHi C.

Jlosedenns. OcKinbKu MOXifiHa eKCIIOHEeHLiaIbHOI QYHKIIIT Mae
BUITIAL ©'(2) = €°, TO /I JOBeleHH KOHPOPMHOCTI JlaHOI PpyHK-
1jii ITOKa)keMo, 1110 PiBHAHHSA €° = () He Ma€ po3B’A3KiB B KOMIUIEK-
cuiit wromyHi C. [IpunycTumo mpoTuiexHe, a came, 1[0 PiBHAH-
HA € = 0 Mae po3B’s130K B KoMIutekcHiit romyHi C. Lle o3Hayvae,
110 iCHYIOTb JIi/ICHI 3HAYEHHA X, ), I/ AKUX BUKOHYETbCS PiBHICTb:

e =e*cosy+ie“siny =0 (2.3.11)

PosrnsanemMo Monynb miBOI YacTUHM Lii€i piBHOCTI:

= \/(ex cos y)2 +(ex siny)2 =e.

Ockinpku e* # 0, To cniBBifHOmIeHH: (2.3.11) He MOXKe BUKOHYBa-
TUCS, OT)Ke, pIBHAHHA e = 0 po3B’A3KiB He Ma€.
3. Ilepioouunicmp. PyHKLiA O = €°€ 2Ti-TePiOANIHOIO.
Josedenns. TlokaxkeMo, 1110 [/Is1 €KCIIOHeHI[ia/IbHOT QYHKIT ic-
HYe€ TaKe BifIMiHHe BiJi Hy/Is1 KOMIUIEKCHe 41C/Io T, IpK AKOMY BU-
KOHY€ETbCs piBHICTD €' = e° s Beix sHaveHp z € C. Ocranus

ex+iy

PiBHICTb piBHOCM/IbHA CHIiBBifHOmIEHHIO ¢’ = 1, 3BimKu oTpnmye-
Mo sHauenHs T = i2nk, k €Z . Bssasmu k = 1, sHaX0UMO Tepior
eKkcrioHeHIianbHOl ¢yHKuii. OTxe, GyHKLiA ® = €’ € 2Ti-mepio-
AVYHOIO.



YactuHa |. TEOPETUYHI MATEPIASIA Po30in 2. lTp ionosideli Ha i 83

P

4. Ob6nacmi ooHonucmocmi. Haragaemo, 1o romomopdHa B 06-
nacti D ¢yHkuid f (z) Ha3MBa€TbCA OJHOMNCTOIO B 06acTi D, AKIO

VLA OBINbHUX Z,, Z, €D, Takux, mo z, #Z, BUKOHYeTbCA yMOBa
f(z))# f(z,) . Bnaitgemo o6nmacti ogronuctocti GyHkuii o = e°. s
IIbOTO TIOTPIOHO BUSHAYUTHU TaKi TOUKU Z; # Z,, AKi 3a/[0BOIbHAIOTH

. . z, z o . Z,—Z.
piBHiCTB €™ =€, ToOTO 3HAIITV YMOBY, TPV AKMX PiBHAHHA € ' =1

mae pos’ssku. lLle, oueBupgHO, yMmMOBa: 2z, —2z,=i2nk keZ.

[puxnagom obmacreii omHOMMCTOCTI QYHKIHT © =e° € MHOXMHM
D, ={z e(C:an<Imz<27c(k+1)} ,keZ.

O6pasu mHoxcun npu 6ido6pascerri ® =e” . [l Toro 1mo6 BU3HA-

unty 06pas MHOXuHUM D, = {z eC:2nk<Imz< 2n(k+1)} , kel,

1Py BioOpakeHH] 3a JOIIOMOTOI0 eKCIIOHeHIIianbHOI PyHKI ® = e’
3HalieMo obpas npsamoi z=x+io, x R, e o = const , npu nii Ha
Hel ¢byHKIIi€I0 ow=e". Bpaxosyroun piBHiCTD
z x+io x ia .
ow=e =e¢ " =¢ ¢, xR, 6aunmo, mo mnpama z=x+ia,
x €R, npu Bigo6paskenHi ® = e nepexoanTh y MPOMiHb, KU BU-
XOJUTD i3 MOYATKY KOOpAMHAT zZ = 0 mijf KyTOM O 1O JOJATHOI YaCTu-
HM oci abchuc. 3Bimcu  BUIUIMBAE, IO KOXKHA MHOXKIHA
D, = {z eC:2nk <Imz <2n(k + 1)} , keZ upu BigobpaxeHHi

® = e® mepexonuts y wiomuny C i3 pospisom no gomarwiit gactuni
TIiJICHOI OCi.

5. ObepHena ¢pynkyis. 3HaiigeMo GyHKII0, 00epHeny g0 PyHKii
® =e”. [l 1boro BUPa3UMO 3MiHHY Z Yepe3 ®. 3 Ii€l0 METO CKO-
PUCTAEMOCH eKCIIOHEHIIiaIbHOI (POPMOI0 3amyCy KOMIIEKCHOTO

iargm

yncna. Ofep>xumo ® = |0)|e . Toxi criBBigHOImEHHA ® = €° nepe-

MmeTbCA'Y BI/II‘JI}HIiI
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o= |(D|eiargoo — ez — ex+iy — ex ‘eiy’

3BIJIKM OfIEPXKMMO CUCTEMY PiBHAHb:

ex:|0), x=ln|(,0

b

y=argo+2nk,k €Z, y=argm+2nk,k €Z.

Tenep moxkemo 3anucaru GyHKILiO Z, 06epHery 0 GyHKILii ® = e°:
z=Lno=In|o|+i(argw +2nk), keZ (2.3.12)

115 pyHKUis HAa3UBAETHCA 102apUPMIUHOI0 PYHKUIEI KOMNIEKCHOT
3MIHHOI A00 7102apUPMOM KOMNTIEKCHOT 3MIHHOL.

3ayBaxumo, mo ¢ynkuis (2.3.12) € 6ararosHayHOIO (YHKIIi€,
T06TO M1t Ko>kHOTrO ® € C\{0} icHye 3iveHHa Ki/lbKiCTb i 3HaYeHb.

Tomy BupinA0Th OHO3HAYHI rinkm QyHKuil (2.3.12), TOOTO BM3HAYa-
10Tb QyHKUio (2.3.12) npu JesAKoMy KOHKpeTHOMY 3Hav4eHH] k€ Z .

Taka rinka mosHadaeTbca LA, O . 3asHaummo, 1o norapudpmivHa

bYHKIIA KOMIIIEKCHOI 3MiHHOT, Ha BifMiHY Bif morapudmivaoi GyHK-
1l #ijicHOI 3MiHHOI, BUSHa4YeHa 1 /I BiJj EMHVX 3HaUeHb apTyMEHTY.

IMpuxmang 2.3.2. O6YUCTUTY 3HAYEHHS Ln(1+1i) i BUJIIIUTY OHO-
3HAYHY TUIKY norapudmivnoi GpyHkuii 3 ymoBu Ln(—1)=3mi.

Posg’szanns.  CrioyaTky pO3ITIIHEMO OJHO3HA4YHY Ti/KY
¢yukuii Lno, pis kol BUKOHYETbcs ymoBa Ln(—1)=3mi.
[TincTaByBII 3HaYeHHA ® = —1 y cniBBigHOMmeHHA (2.3.12), 3Ha-

XOIUIMO:
z=Ln(-1)=1In|-1|+i(arg(-1)+ 2nk) = i(n + 21k) = 37i ,

3BifKM oTpuMyeMo k = 1.
OTXe, OMHO3HAYHA TilIKa norapMCbMquo'i Q)yHKuil', 10 BMU3HaYa-
erbcst ymoBoto Ln(—1) = 37i , samaeTbcs piBHiCTIO:

z=Ln o=In|o|+i(argo +27) (2.3.13)



YactuHa |. TEOPETUYHI MATEPIASIA Po30in 2. lTp ionosideli Ha meop i 85

O6uncnymo sHaueHHA QyHKLIT (2.3.13) B Touni ® =1+1.
OCKinbKn |1 + i| =2, arg(l+i)= % , TO:
z=Ln(A+i)=In|1+i|+i(arg(1+i)+2n) =

:ln\/gnhi E+27£ :lln2+9—ni.
4 2 4

3ANUTAHHA | 3SABOAHHA ANA CAMOKOHTPOJTO

1. JlaiiTe 03HaYeHHS CTEIIeHS 3 IiMICHUM IIOKa3HUKOM.

2. SIxa B/IaCTMBICTb MOKA3HMKOBOI (pyHKIil AilicHOI 3MiHHOI
BUKOPUCTOBYETbCA B TAaKOMY PiBHOCMJIBHOMY II€pPeXOfi:

a*=a’ ox=y7?

3. Ym piBHOCK/IbHI piBHAHHAL:

2 .2

ln(x —4x+3,5)= 1n(1,5—x) ix"—4x+3,5=15-x?

4. Yu e nepiofMIHOIO0 €KCIIOHEHITia/TbHa PYHKIIiS KOMIIIEK-
CHOI 3MiHHOI? fKnit ii nepion?

5. Io € o6pasom MHOXMHU Z = X +iT, x €R npu Bigobpa-
JKeHHI ® =e”?

6. Jaiite o3HayeHH: yorapudmivHOi PyHKIiI KOMIIIEKCHOT
3MIHHOI.

7. O6uucnith sHauenus Ln(1+ i\/g), BUIIMBINY OJHO3HAY-

HY TinKy 3 ymoBu Ln(—1)=3mi.
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2.3.4. He3anexHicTb KpuBONiHiNHOro iHTerpana Bia dopmu
LNAXY iHTerpyBaHHA

(Ymosu He3anexHocmi KpugoiHitiHozo iHmezpana dpy2020 pody 8id gop-
Mu wnsxy inmezpysanns. Qopmyna Hetomora-/letibiya. BioosnenHs
yHKyii 3a i nogHum dugpeperyianom)

I3 03Ha4eHHA KPMBOJMIHIIHOIO iHTerpana Apyroro popy

IP(x,y)dx + Q(x,y)dy BUIIJIMBAE, 110 JIOTO 3HAUYEHHS 3a/IeKUTh Bif
L

byHKIIiN P(x, y) Ta Q(x, y) , KpUBOI iHTerpyBaHHsA L Ta HAIpAMY iH-

terpyBaHH:A. OHaK 3a IEBHUX YMOB TaKuii iHTerpa Bif dpopmu mis-
XY IHTEIrpYBaHH: He 3a/IeKNUTh, a 3aJIEKIUTD JIMIIE BiJ] TIOYaTKOBOI Ta
KiHI[€BOI TOYOK IIbOT0 HULAXY. BifoBifb Ha 3allUTaHHA, AKi Lie yMO-
B, JJa€ HACTyIIHA TeOpeEMa.

Teopema 2.3.2
Hexait ¢yHkuii P(x,y), Q(x,y) HertepepsHi B obmacti D R,

Topii eKBiBaZIEeHTHMMMU € TaKi TPU YMOBIU:
1. [l 6ynb-AKOi 3aMKHEHOI KYCKOBO-I/IaiKol KpuBoi ¥ C D :

éP(x,y)derQ(x,y)dy:O.
¥

2. Insa 6ynb-skmux To4oK A Ta B obmacti D 3HaueHHA iHTerpa-

ma I P(x,y)dx+Q(x,y)dy He 3aJIeKUTh Bifi KYCKOBO-ITIAZKOI
AB

KpuBoi AB, sfika MicTuTbcA B D.

3. Bupas P(x, y)dx + Q(x, y)dy € noBuuM nudepeHIiasoM feskoi

¢yHKii, Bu3HaveHoi B D.



YactuHa |. TEOPETUYHI MATEPIASIA Po30in 2. llp ionosideli Ha meop i 87

,HOB@()@HH}I IIpOBEAEMO 3a TAaKOIO CXEMOIO:

1 2

3

Ilum camum Oyfe foBefieHO, O Oyab-sIKa 3 YMOB € HeoOXif-
HOIO i JOCTaTHBOIO /1A ABOX iHIINX.

Ilepumii Kpok: 1 = 2.

Hexait BukonyeTbcs ymoBa 1. BisbmeMo JBi HOBinbHI TOYKM A
Ta B obmacti D i 3’efHaeMO iX KYCKOBO-TJIafKUMM KpyBuMu AmB
Ta AnB, K 1I0OKa3aHo Ha puc. 2.3.5.

m B

n
Puc. 2.3.5

3rifHo 3 yMOBOIO 1 MaeMo:

4) P(x,y)dx+Q(x,y)dy=0 (2.3.14)

AmBnA

Ane x:

qS P(x,y)dx+Q(x,y)dy= gS Pdx + Qdy + q.D Pdx+Qdy =

AmBnA AmB BnA
= 4) Pdx +Qdy — g.) Pdx +Qdy,
AmB AnB

3BigKy, BpaxoByrwoun (2.3.14), 3amncyemo:

'[ Pdx +Qdy = J. Pdx +Qdy .

AmB AnB

To6T0 BMKOHY€ETBCA yMOBa 2.
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I pyrmit Kpok: 2 = 3.

Hexait M (x; y,) — dikcoBana, a M (x; y) — nOBilbHA TOYKM
obnacri D, M M — noBinpHa KyCKOBO-I/Ia/IKa KPUBA, SIKA IIOBHi-
¢TI0 MicTuThes B D (puc. 2.3.6).

A

v

Puc. 2.3.6

Ockinbku 3a yMOBOIO 2 iHTerpan J.de + Qdy He 3aneXXnTh Bif
L

¢dbopmu kpusoi L, To j Pdx+Qdy e pyukuiero Toukn M (x; y);
MM

0

no3Haunmo ii U(x; y).
OTtxe:

U(x;y)z '[ Pdx +Qdy (2.3.15)
MM

[Toxaxxemo, mo ¢yukuis U(x; y) € came Tielo pudepeHni-
JioBHOW (yHKIlielo, moBHMIT JudepeHIian KOl IOPiBHIOE
BUpas3y P(x,y)dx+Q(x,y)dy. Lle i1 O6yme o3HauaTM BUKOHAHHA

yMOBH 3.
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Jlnst moBefleHHS NOCUTH IePEeKOHATMCS, L0 B KOXKHIN Touli

M (x; y) obnacti D icHyIOTb HemepepBHi YacTMHHI MOXifgHI —

Ox
Ta —U IIpu4IoMy:
5, puIoMy:
ou ou
a_P(x,y), " Q(x:y) (2.3.16)

3acgikcyemo Touky M (x; y) i HagaMo 3MiHHI X HEHY/IbOBOTO
IpUPOCTY AX HaCTIBKM MajIoro, o6 Touka N (x + Ax; y) i yBech

Bimpisox MN He BuiinuIu 3a Mexxi obmacti D. 3HaiijeMo 4acTKo-
Buit npupict ¢yskuii U, BUKOpUCTOBYI0UM ITO3HaYeHHA (2.3.15):

AxUzU(x+Ax;y)—U(x;y): I Pdx+ Qdy -

M,MN
- J- Pdx +Qdy = I Pdx +Qdy = I Pdx,
MM MN MN

60 y Ha Bifpisky MN crana, Tomy dy = 0.
3BeieMO OCTaHHIl iHTerpasl Ao 3BMYAIHOTIO i iicTaHeMO:

x+Ax x+Ax
AU= _[ P(x;y)dx= I P(x;y)dxz .[ P(t;y)dt.
MN x x

3aCcTOCOBYIOUN /IO OCTAHHBOTO iHTeTpasa TeopeMy Ipo cepen-
HE, OEP>KIMO:

AXU:P(erGAx;y)Ax ,me 0<0<1,
3BIIKI:

AA";JZP(x+9AX;y), 0<0<1,.
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ITepeiifeMo B ocTaHHil piBHOCTI f0 rpanuni mpu Ax —0:

O_U: lim P(x+6Ax;y) = P(x;y) , 60, 3a ymoBoIo, P (x; y) — He-

Ox  Ax—0

nepepBHa B o6nacti D.
AHaJIOTiqYHO JOBOAUTHCA, IO iCHY€E HellepepBHa B KOXKHili TOY-

i (x; y) €D wuvacTMHHAa NOXiflHA TI0 J; BOHA JOPiBHIOE:

5=Q(x;y).

Tomy Bmpas P(x,y)dx+Q(x,y)dyz—U=Q(x;y) € TIOBHVMM
y

mndepenniaiom pnesxol GyHkuii, i g QyHKOiA Mae BuUILAL:
U(x;y) = j Pdx +Qdy , o 1t Tpeba 6yrno nosecT.

MM
IIpumimxa. BuxopucroByroun (2.3.15), 3HalijeM0 KpMBOJIHITHUI

inTerpan IP(x,y)dx+Q(x,y)dy , AKIIO BiH He 3aJIeXUTh Bif
AB

¢dbopmu KpuBoi iHTETpyBaHHA.

Hexaii kpmBa AB 3afiaHa mapaMeTpUYHO PiBHAHHAMMU:
x=x(t), y=y(t), te[a;B], npudoMy t=a—> A, t=p— B,

TOOTO A(x(a);y(oc)) , B(x(B);y(B)) . Maemo:
[ P (s y)dx+Q(x,y)dy = [[P(x(t), y(t)) (1) +

o

=iU'dt =U(x(t);7(t)) B,=U(x(B); »(B))~U(x(c)s y(cx))=

=U(B)-U(A)
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®ynkuito U (x; y) HasuBaioTh mepBicHoo mmA Pdx + Qdy,
a popmyny (2.3.17) — dopmynoro Herorona-JleriOHina mis Kpu-
BOJIIHIMIHOTO iHTeTpaIa.

SIk1mo xpuBoONMiHiIHMIT iHTETpasn He 3a/IeXUTh Bif popmu Kpu-

B
BOi iHTerpyBaHHA AB, TO JI0r0 NPMITHATO ITO3HAYaTHL: Ide +Qdy,

A
(xB;J’B)

abo | Pdx+Qdy.
(x4372)
Tperiit kpok: 3 = 1.
OTxe, fAKIIO BMpas P(x,y)dx+Q(x,y)dy € OBHUM nnde-
peHIianoM aeskoi ¢yHkuii, BusHaueHoi B D, To misA Oynb-saKoi
3aMKHEHOI KYCKOBO-ITIa/IKOi KpuBOi y < D:

(JSP(x,y)dx + Q(x,y)dy =0.
Y

Lle TBepyKEHHS JIETKO BUIIIMBAE i3 IIOJIHO BCTaHOB/IEHOI (Hop-
mynu (2.3.17). CripaBpi, SIKIIO KpUBa 3aMKHEHa, TO MO>KHA BBaXKa-
T, 1110 1i IT0YaTOK 1 KiHeIlb — OfHa i1 Ta cama Touka A. Topmi:

(j)P(x,y)dx % Q(x,y)dy =U(A)-U(A)=0.
v

Teopemy moBefieHO NOBHICTIO.

Ba>x/mMBo 3a3Ha4MTH, 1O J/I OGHO3B A3HMX 00/IaCTell € 3pyYHMIT
II/Is1 TIePEBipKY KpUTepiil He3a/meXXHOCTI iHTerpana Bif hopmu HUisaxy
iHTerpyBaHHA.
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Teopema 2.3.3

OP( x,
Hexait ¢pynkuii P(x, y), Q(x, y) Ta ix yacTMHHI nmoxigHi %
y
8Q(x, y)

Ta — "7/ — HemepepBHi B 04HO3B s13Hiit ob6macti D. Toxi kox-
o | P 2Q
Ha i3 TPbOX yMOB Teopemu 2.3.2 piBHOCU/IBHA YMOBI — = — JI/I4

0y  Ox
(5

6
IMpuknap 2.3.3. O6uncnutn J. 2ysin2xdx —cos2xdy =1.

B

Poss’sazanns. IlepekoOHAEMOCS CIIOYATKY, L0 iHTerpas He 3aje-

BCiX TOYOK (x; ¥) € D.

XUTDb Bif popmm KpuBoi, AKa 3'€IHYE TOYKU [E;zj i (E;lj,

4 6
Crpaspi, P = 2ysin2x; Q = —cos2x; oP =2sin2x = 8_Q — nude-
Oy 0x

peHIitoBHI (yHKIiI B yciX TOYKaX KOOPAMHATHOI IUIOLIVIHN,

oP 0 . .

= aQ , U151 BCiX (x, y). InTerpan He 3anexxuts Bif popmu Kpu-
Oy 0x

BOI iHTErpyBaHH:, TOMy 06epeMo 3pYIHMII IUISAX, @ TAKMM € JTaMa-

Ha, TAHKM AKOI IIapasie/ibHi KOOPAVHATHUM ocaM (puc. 2.3.7).

yA T
2| 5
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Opepxumo: x
6
I= I 2ysin2xdx — cos2xdy = J...+I...=O+I2$in2xdx=
ACB AC  CB L3
4
1

TT

T o
= —C0S2x =—C0S—+CcoOsS—=——.
3 2 2

Ipumimxka. 3ayBa>kumo, 110 BCi yMOBM T€OpeMU CYTTEBi. Y 11b0-

MY [lepeKOHYE€, HallpUK/IaJl, iHTerpal J' w
x4yi=R X +y
Maemo:
— Y X
P=—-7"— Q=%
2 2 2 2
" }/ —X " y —x . . ,
By T, 2 Q, =T P =Q,.
(x Ty ) (x +y)

O6uncmmmo inTerpan. [lapamerpuyHi piBHAHHSA Koma (KpuBOI
inTerpyBaHH:): x = Rcost, y = Rsint, t € [0; 2m].
Opepxumo:

J- —ydx + xdy _T—Rsint-(—Rsint)+Rcost-Rcost J
0 R2

2 2
X +y?=R? X +y

=2fdt:2n¢0.
0

Pesynprar (iHTerpanm mo 3aMKHEHilI KpuBiil BigMiHHUII Bif
HY/Is1) TIOACHIOETBbCS TuM, o ¢yukuii P, Q, Py’, Q. HeBm3Haue-
Hi B moyaTky kooppuHaT (puc. 2.3.8), T06T0 06macTh, y AKiNl 3a-
3HaueHi (yHKIIl HemepepBHi, He € OJHO3B’A3HOK (Mae BMKOJIEHY
TOYKY).



94

BUILIA MATEMATUKA: rotyemoch Ao atectauii o HauanbHuii noci6HUK

R

Ry

Puc. 2.3.8

Ipumimxka. SAxmo Touky A T
1[0 JIaMaHa, fAKa iX 3’€gHye i ¢

a B posramosani B o6macti D Tak,
K/TaJa€ThCsI JINIIe 3 IBOX JIAHOK, He

MiCTUTBCA II/IKOM y FaHii o6macTi (MyHKTUpHA IaMaHa), TO JTaMa-

HY AB Tpe6a yrBOpuTH 3 OiNb

101 Ki/TBKOCTi TaHOK (CyIii/ibHa /1a-

MaHa), ajie 106 BOHA NOBHicTIO MicTumaca B D, Ak Ha puc. 2.3.9.

yﬂ

Puc. 2.3.9
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3ANUTAHHA | 3SABOAHHA ANA CAMOKOHTPOJTIO

1.

Yy nmpaBWIbHO, 1[0 ggf(x)dx +g(y)dy =0 He3aJeXHO
Bil BCIoM HemepepBHUX QYHKILIN f Ta g i BUIIARY 3aM-
KHEHOI KpuBOi iHTerpyBaHH:A? Bigmosins o6rpyHTyiiTe.
Cdopmymorite Teopemy 2.3.2. Y yoMmy ifes ii noBefeHHA?
SAxuit KpuTepiil He3ane>XXHOCTI KPUMBOJIiHIIHOTO iHTerpana
Bifi popMM KpUBOI iHTerpyBaHHSA 3PYYHMIT IS IPAKTIY-
HoI Jtoro mepeBipku? fAkmit Kpurepiit nepeBipuTH Ipax-
TUYHO HEMOXK/INBO?

Sk 3a mONOMOrox KpMBOJiHIIHOTO iHTerpasa BifHOBUTH
¢yuxuio U(x, y) 3a il moBHuM gudepennianom dU(x, y)?
Adxuit iHmMMA crnocié TaKoro BiZHOBIEHHS BUM 3HAETE?
OnunwiTs jioro.

I[TepesipTe, ui € moBHUM AndepeHItianoM feskoi QyHKIil
Bupas (2xy — 3y* + 5y)dx + (x* — 6xy + 5x + 4)dy. Sxiwo
Hi, — IOACHITh YOMY, AKIIO TaK, — Bif[HOBiTb caMy QYHK-
ifo.

IITo Take nepsicHa g Bupasy P(x, y)dx + Q(x, y)dy? Un
3aBX/IM BOHA icHye? K ii sHaiTn?
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2.3.5. TonomopdHi dyHkuii. Hyni ronomopdHux GpyHkuii.
lapmoHiuHi QyHKuii

(03HavenHa dugpeperyitiogHoi 8 Moyyi GyHKYii KOMNIEKCHOI 3MiHHOI.
Kpumepiti ducpepenyitiogHocmi. lonomopeHi gyrkyii. Hyni 2onomoppHoi
dyHKyii. 03HayeHHs 2apMOHIYHOT GYHKUYIT ma cnpaxeHoi napu 2apMoHiy-
HUX (yHKYj)

A. [ToHAMmMA OuchepeHyitio8HOI hyHKYii KOMNIEKCHOI 3MiHHOI
8 moyyi

Hexait D obnacts 8 C, z,=x,+iy,eD, f:D—>C,

f(2)=ulx,y)+iv(x,y).

OsnavyenHA 2.3.5. fKkio icHye CKiHYeHHa TpaHULA BiJHO-
UIeHHS TPUPOCTY QYHKIi B TOUIi 2, 10 TIPUPOCTY apryMeHTY, KON
IPUPICT ApIryMEHTY NPAMYE O HYJIA:

lim A(z) ~ lim Sz +2)~ (=) (2.3.18)

Az—0 Az Az—>0 Az ’

TO ISl TPaHNIlA Ha3MBa€TbCA TOXiaHOW GyHKIi f(z) B TOUwi 2, i TM0-
3HAYAETHCS f'(zo).

OsnaveHHd 2.3.6. DyHKuia f(z) HasuBaeTbca nAugepeH-
1i10BHOIO B TOUIIi Z,, AKIIO icHye Take uncno A €C, npu axomy mae

MiCIle CHiBBiHOIIIEHHST:
Af(z,) = A(z,)Az +0(Az), e Az—>0 (2.3.19)
Haragaemo, 1mo sammc f(Z) = O(g(Z))> Z—>Z, oO03Hayae€, IO

lim M =0.
72—z, g(z)
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OsHavyeHHA noxigHOI i gudepeHnniioBHoi QyHKIIT KOMIIEKCHOT
3MiHHOI HiYMM He Bifpi3HAETbCA BiJ| BiANIOBIJHNMX O3HAYEHb /I BU-
najaxy QyHkuii giricHoi 3miHHOI. Sk i mia GyHKi AiicHOI 3MiHHOI,
mis QYHKILIN KOMIUIEKCHOI 3MiHHOI Mae Miciie Kpurepiil fudepeH-
IiIOBHOCT: 0714 mozo w06 ¢pynxuis f(z) 6yna oudeperuyiiiosHoro
8 mouyi z,, HeobxioHo i docmammvo, w6 Pynkuis f(z) mana noxiony
8 mouyi z . IIpu womy y popmyni (2.3.19) cmana A(zo) = f'(zo).

3 03HaYeHHA NOXifHOI QyHKIII KOMIIEKCHOI 3MiHHOI BUIINBA-
I0Tb HACTYIIHI BJIaCTMBOCTI, fIKi aHa/IOTi4Hi B/IACTMBOCTAM IMOXiZHOI
st yHKIiN fivicHOT 3MiHHO:

1. Axmo f(z) = const , TO f’(z) =0.

2. SIKIO ¢ — KOHCTAHTa, TO (cf(z))' = cf'(z) :
3. (f(z)+g(z))' = f’(z)+g'(z).

LR r@e- ) g(2)#0.
L) §'@

5. Hexaii f(z) mae noxiany B To41i 2, a GyHKIisa (p(c)) Mae€ TTOoXif-

Hy B Touli ®, = f(z,) . Toni GyHkuis (p( f (ZO)) Ma€ MOXiJHY B TOYII
2,1 9'(f(z9)) = 0'(0y)f"(z,).

b. Kpumepiti dugpeperuyitiosHocmi pyHKuii

Kputepiit pudepenuiitoBHocti PyHKLil KOMIIEKCHOT
3MiHHOI MOXKHa COPMYIIOBATH Y TepMiHax iI AilicHOI Ta ysABHOI ya-
CTVH.
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Teopema 2.3.4. Heo6xioHi i 0ocrmammi ymosu
ougepenuiiiosrHocmi pynkuyii komnaexcHoi MinHoT

Oynkuia f(z) = u(x,y) + iv(x,y) nudepeHIijioBHa B TOYIi
Zy =X, +1iy, Topi i Tinbku Tomi, Komu PpyHKIii u(x, )’) Ta v(x, y)
RiVICHMX 3MiHHUX X Ta y € AudepeHIilOBHIMY B TOYL (xo, yo)

i BuKOoHy10TbCsl ymoBM Komri-Pimana:

au(xo,yo)jV(xo,yo) 5“(xo’yo):_av(x0’y0), (2.3.20)

0x Oy Oy 0x

Y Toi >Xe yac MOXifgHy Bif QyHKIiI KOMIUIEKCHOI 3MiHHOI MOXKHa
3HAJITH 3a JOTIOMOT 00 GOPMYII:

f(z)= ;

8u(x0,y0) +i61/(x0,y0) _ 8v(x0,y0) _l.a”(xo’)’o)
0x 0x Oy Oy

AKi MOXKHAQ OTpuMMaTy 3 BUKOpUCTaHHAM yMmoB Komri-Pimana
(2.3.20).

Tloseoenns.

Heo6xionicmv. TToxa>keMo CroYarky, mo AKuo GyHkuis f (Z)
nudepenIiiioBHa B To4L Z, To QyHKIii u(x, y) , v(x, y) nude-
PEHLIIOBHI B TOYLi (xo, yo) i 1711 HMX BUKOHYIOTbCA yMOBU Korri-

Pimana.
Ockinbku ¢yHkuis f(2) pudepenuiitoBHa B To4i z,, T0 QyHK-
mist f (z) mae moxigHy B TOYI Z TOOTO iCHY€ TpaHuUIs:

F(zy)= tim Y () . flz+42)-f(z)
o0 Az e Az (23.21)

— lim u(x0 +Ax,y,+ Ay)+ iv(xo +Ax,y,+ Ay) —(u(xo,yo) + iv(xo,yo))
- Ax+iAy—0 Ax+iAy
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O6uncmmo rpanuiio (2.3.21) mast BUIIAAKiB, KOMM CHOYATKY
Az = Ax,amnorim Az =iAy . Ogepxxnmo:

lim f(zo +Az)—f(zo) B
Az—0 Az a

- u(x0 +Ax,y0)+iv(x0 +Ax,y0) —(u(xo,y0)+iv(x0,yo)) B
B A;lclllo Ax B

_ lim (u(xo +Ax,y0)—u(x0,y0) +iv(x° +Ax,y0)—v(x0,y0)\
Ax—0 AX AX

_ 6u(x0,y0) +ia"(xo’yo) (2.3.22)
ax aX

f(z0 +Az)—f(zo)

lim =
Az—0 AZ
i 2O 20 ) +ivx o+ ) {ulxo ) Hiv(xoo ) o)
iAy—0 iAy

- lim (“(x()’yo +Ay)_“(xo’y0) _H.V(xo’yo +A.y)_v(xo’y0)\
iAy iAy

Ay—0

_ ou(xy,) N ov(xy: ) (2.3.23)
dy dy

[IpupiBHIOIOUM AiJicHI Ta YSBHI YaCTMHY CHiBBigHOIIEHD (2.3.22),
(2.3.23), orpumaemo ymosu Komri-Pimana:

au(xo,yo) 8v(x0,y0)

= b)

ox Oy

Gv(xo,yo) B 8u(x0,y0)

0x Oy
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TaxyM 4unHOM, 3 IpUITyLIeHHA PO U epeHIIiIoBHICTh PyHK-
uii f(z) BurmBaroTs ymosyu Komri-PimaHa.

[ToxakeMo, 110 QyHKIiT u(x, y) , v(x, y) € nudepeHIiiioBHN-
MM B TOYII (xo, yo) . [ls1 poro posrysineMo npupict ¢yHkuii f(z)

Ta CKOPMCTAEMOCA O3HAUYEHHAM MAudepeHIiioBHOI QyHKII
B To4i z,. [licTanemo:

Af(zo) = Au(xy, y,) +iAv(x,, y,) =

Xy ,) +iav(x0,y0)J (Ax +iAy)+€,(Az) +ig,(Az) =

= f'(zO)Az +0(Az) = (Gu(

Ox ox
(au(xo,yo) 8v(x0,y0) )
= ™ Ax — » Ay + sl(Az)J +
(ov(x,, ou(x,, )
+iL V(Z(;yo)Ax+ u(gi yO)Ay+82(Az)J-

3Bifcn, BpaxoByroun ymosyu Kormi-Pimana (2.3.20), sHaxopumo:

Af(zo) = Au(x,, y,) +iAv(xy, y,) =

_ (au(xo,yo) Ax 4t 814(960,)’0) Ay+ Sl(Az)j +
dy

0x
f@v(xo,yo) 8v(x0,y0) )
+1L ™ Ax + oy Ay + ez(Az)J .

[IpmpiBHIOIOYM AiVICHI Ta YABHI YaCTMHM OTPUMAaHOTO CIIiBBifl-
HOINIEHHA, OfEePKNMO:

Ax + Ay +¢,(Az),

Aty )~ 2220

8u(x0,y0)
0

Ax + Ay +¢,(Az),

AV(XO,)/()) = aV(x(;’yO)

6v(x0,y0)
0
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ne €,(Az)+ie,(Az) =0(Az), Az—0.

. g,(Az)
lim =
Jiasf (0 (Ax) +(ay)
A A
Ockinpku lim &,(Az2) =01 lim £,(A2) =0, Topi i TiAbKM TOM],
Az—0 Az Az—0 Az
. £(Az) . 1. §(A2) .
komn lim ————==01 lim —=—=>=0, 110 eKkBiBa/IeHTHO yMOBaM
Azl>0 | Az | Azl>0 | Az |
A . A
lim 8429 _oi  im 82 _,

S (o0 () +(ap) o0 Ax) +(Ay)

BiJIIOBifIHO, TO:

sl(Az)=o[ (Ax)2 +(Ay)2j s sz(Az)=o( (Ax)2+(Ay)2j )

3Bimcu:

Ay y,) = au(gi’%)AH au(?’%)AyH(\/(M)z +(Ay)2) :

y

s ) =) @Vgoy’yo)Am( (af +(39) ).

TOOTO PyHKIIIT u(x, y) R v(x, y) nvidepeHLiIoBHI B TOUI (xo, yo) .

Hocmammicme. Hexait ¢yHKII u(x,y), v(x,y) nudepen-
LifIOBHI B TOYII (xo, yo) 1 3a/I0OBONIPHAIOTD B Liil TOYI YMOBU
Kouri-Pimana. TTokaxemo, mo ¢yHKIis f(z) = u(x,y)+iv(x,y) ,
me z=x+iy, nudepeHniiioBHa B Touli z, =X, +iy,. Ockinbkn

byHKLii u(x,y), V(x,y) nudepeHIiioBHI B TOYI (xo,yo),
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TO 32 O3HauYeHHAM AudepeHIiloBHOCTI QYHKIII ABOX 3MiHHMX
OTPUMAEMO:

Au(x>7p) = a”(gjc’yO)AH 6”(2;’%)Ay+o( (Ax)’ +(Ay)2] :

Av(xy,y,) = av(zi,yo) Ax + av(z;’yO)Aero( (Ax)’ +(A;V)2j .
Togi:
Au(xy, y,) +iAv(x,, y,) =
Gu(xo,yo)

B 6u(x0,y0) ( 2 2]
= » Ax + 3y Ay+o (Ax) +(Ay) +

+i(av(2(;y°)Ax+av(zj:yo)A)’*O( (Ax)2+(Ay)2) '

—

3Bizicu, BpaxoByoun ymou Komri-Pimana, sHaxopumo:

Au(x,, y) +iAV(x,, ¥,) =

_oulspy) o 0V(xn) +O( j N
Ox Ox ¢
+i(0v(x0,y0)Ax+a”(on’o)A +0( 2)
L 0x Ox i’
:M(Ax+iAy)+iM(Ax+iA)’)+o[ (Ax)z +(Ay)2j -
Ox Ox

(Guxo,o 'évxo,o\ . 2 2
= (8xy )+z (éxy ))(Ax+sz)+o( (Ax) +(Ay) jz

- A(Az)+o( (Ax)’ +(Ay)2) :
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P

e o( (Ax)2 +(Ay)2) =0o(|Az|)=0(Az).

OTxe, pyHKIIiA f(2) € mudepeHiioBHOI B TOUL Z, = X, +iY,.

Teopemy foBeneHo.

B. MoHamma 2onomoppHoi pyHkyii

OnHMM 3 BXX/IMBYX [IOHATH KOMIUIEKCHOTO aHaIi3y € I0-
HATTS ro1oMopdHOI PyHKIII.

OsnavenHs 2.3.7. OyHkuis f(z) Ha3UBAETHCS TOIOMOPD-
HOIO (aHATITUYHOI0) B TOYIli Z,, AKIIO BOHa AudepeHLiioBHa B Hle-
SIKOMY OKOJIi TOYKM Z,.

OsnavenHs 2.3.8. OyHk1is f(z) HA3UBAETHCA TOIOMOPP-
1
HOIO B TOYIIi Z = %, AKII0 QYHKLiA & (z) =f (—] rojioMop¢Ha B TOY-
z
m z=0.

OsnavenHd 2.3.9. OyHk1is f(z) Ha3UBAETHCA TOTOMOPP-
HOIO0 B 067macTi D, K10 BOHa rojioMopdHa B KOXKHil Tou1i o6macTi D.

Osnavennsa 2.3.10. Toromopdna B obmacti D ¢ynkuisa
f(z) HasuBaeTbcs ogHONMUCTOK B obnmacti D, AKWIO [IA JOBIIbHUX

21,2, €D rakux, mo z, # z, Bukonyerbcsa ymosa f(z;) # f(z,).

I3 o3HaveHHs 2.3.7 BUIUIMBAE, 11O JyIA TOrO abu QyHKIIis f (z)

Oyna ronoMop@HoO0 (aHaNTITUYHOW0) B TOYILi Z,, HEJOCTATHBO, 1100

y it To41i icHyBasa ii ImoxizgHa f'(zo) . [Torpi6bHo, 11106 moxigHa ic-

HyBaJIa il y I€IKOMY OKOJIi TOUKU Z,.
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IIpuknag 2.3.4
1. OyuKuia w = z*> pudepeHwiitoBHa i ronomopdHa B 6yab-saKiit

TOYIIi Z KOMIUIEKCHOI IUTOIHY, 60 moxigHa QyHKLil W= 2" no-
PiBHIOE:
2
, o . (z+Az) =2
w (z):(z ) = lim~—F—=

Az—0 Az

2 2 2
= lim +2zhz+(he) 22 lim (2z + Az) =2z,
Az—0 Az Az—0

Ak 6aummo, BOHA icHye [i14 BCiX KOMIIEKCHUX Z. TOMy q)YHKHiH
€ ro71oMOp(HOI0 (aHATITUYHOIO) B YCill KOMIUIEKCHI IUIOLIVHI.

2. Oyukuis f(z) =2z He € ronoMopdHOI (AHATITIYIHO) B XKOJ-

Hill TOYIi KOMIIIEKCHOI IUIOIIVHY, X049a 111 QyHKIiA € gudepeH-

nirioHow B Touli z = 0. Cupasgi, f(2)= (x+ iy)(x — iy) =x*+ yz ,

TOOTO u(x,y) =x"+y% v(x,y) =0. OueBupHo, mo ¢yHKIII

u(x,y), V(x,y) — mudepeHniiioBHi B Oyb-sKili TOYI (x,y) eR’.
2x =0,

A Korri-Pi
ne ymoBu Komri-Pivana 2y=0

(0,0).

Orxe, bynkuia f(z) =2z pudepenuiitosna B Touni z =0, mpote

BUKOHYIOTDBCA JINIIE B TO‘lHi

He € To7ToMOPQHOI0 B JKOAHIN TOYI, OCKI/IbKM HeMa€ TOYKW,
B OKOJIi AKOI QYHKIIis € AndepeHLiIoBHOIO.
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I. Hyni 20onomopdpHux pyHkuyiti
[Ipy BUBYEHHI BIacTMBOCTEN TOMOMOpGHMX PYHKIIiNT da-
CTO BUKOPUCTOBYETHCS MOHATTA HY/A QYHKIIIL.

Osnauenns 2.3.11. Hexait ¢ynkuia f(z) romomopdna
B obmacti Q. Touka z=a € HasuBaeTbca HymeM OYyHKIi f(2),

axkimo f(a)=0.

Mae micre Taka TeopeMa Ipo 306pakeHHs ronoMopdHOI PyHK-
1[ii B OKOJIi HYJIA.

Teopema 2.3.5. IIpo 6uznsd zonomopdHoi pynxuii 6 oxoni Hyns

Hexait ¢ynkuis f(z), ronomopdHa B obmacti €, He € TOTOXHO
piBHOIO HyJeBi, a B Touli Zz=a €f) popiBHIOE HyIeBi, TOO6TO
f(a)=0. Toni icuytots eante uncno m €N ra romomopdHa B fie-

sakomy okomi Bp(a) Toukn z=a €Q dyukuia y(z), Taka, mo

v (z) #0 s Bcix z € By(a) i B okoni By(a) Mae Micue 306paxkeH-

HA (3ammc) dyukuii f(z) dopmynow f(z)=(z—a)"y(z).
Yncno meN B Teopemi 2.3.5. Ha3MBAETbCA NMOPAAKOM HYJLA

byHkuii f(2).

[TopsAmOK HY/ISA MOXKHA BU3HAYUTH TAKOXK HACTYITHUM CIIOCOOOM.
Hexait z=a €Q — nynp ¢yukuii f(z), Toéto f(a)=0. fAxuo

z=a — Hynb GyHKUil f(2) HOPAKKY M, TO BUKOHYIOTHCS PIBHOCTI:

f@=f'@=f"@=..=f""a=0, f"(a)=0.
Ipuknap 2.3.5. Busnauntyu nopsifox Hy/st Gyukuii f(z)=cosz -1
BTouni 2=0.

Pose’ssannsa.  Ockimbkm  f (Z)Lf ) = €08 Z|Z7 ,~1=0 Ta

f'(Z)L:O =—sinz| _ =0, azne f”(z)|zz0 = —cosz|220 =-1,
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To Touka z=0 € HyZemM [ApPyroro mnopAAKy mid QyHKII
f(z)=cosz—1.
Osnavyenns 2.3.12. Toyka Z =% HasMBaE€TbCA HY/IEM IIO-

psaaxy m ronomop¢Hoi B Touni Z=% ¢yHkuii f(z), AK1I0 TOYKa

z, =0 e nynem nopsanky m dynxuii g(z)= f (lj . Bognouac BBaxxa-
z

1 1
€MO, 1110 g(z)zzm\y(z)z—m\v[—) , Z|>R-
z z

Hanpuxiag, Touka Z2=% € HyaeM NOpAAKYy 3 mad QyHKIHi

f (z)= %cosl- Lle BunnmuBae 3 TOroO, 110 npu Z —> © faHa (byHKuiH
z z

1 L
IpAMY€E 0O HYIA (33 PaxyHOK MHOXHMKa B Ta CIIIBBIJHOIICHHA
z

1
limcos—=1).
Z—>® z

[. lapmoHiyHi pyHKYiT
Osnavenns 2.3.13. Hexait D — o6macts B R. IIBiui He-
nepepsHO AudepenuiopHa B obmacti D ynkuia g = g(x,y) Hasu-

BAETHCA IAPMOHIYHOIO, AKIIO i1 QYHKIiA 3aJ0BONIbHSE PIBHAHHSA
Jlanmaca, TOOTO BUKOHYETHCSA yMOBa:

2 2
ox~ 0Oy
3amnucaHe BUllle piBHAHHA Ha3MBAETbCs PiBHAHHAM Jlamnaca, ske
Ha/ISKNUTD 10 BOK/IMBUX PiBHAHD KIACMYHOI MaTeMaTUYHOI Pi3uKN.

2 2
08,08 .
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OsHavenns 2.3.14. [apmonivHi pyHKuil g, f Ha3uBawThH-

s CIPSDKEHVIMY TapMOHIYHUMYU (QYHKUisAMY, KO g, f 3aJ0BONIb-
HAI0Tb YMoBY Kouri-Pimana (2.3.20).

Mae Mmicnje Teopema IIpo BIACTUBOCTI (PyHKIIii u(x, y), v(x, y) ,

AKi € IiJICHOIO Ta YABHOIO YAaCTMHOIO roIoMOp(dHOI PyHKIII.

Teopema 2.3.6
Hexait dynkuia f(z) = u(x,y)+iv(x,y) nudepenuiiioBHa B 06-
macti D, a pynxuii u(x,y), v(x,y) € 1Biui HemepepBHO AubepeH-
IiIOBHMMU y BifmoBigHumx obmactax 3 D, eR?. Toni ¢byHKLil
u(x, y), v(x, y) € CIIPsDKEHMMIY TapMOHIYHMMY QYHKIisAIMM B 00-
macti D .

Josedenns. Ockimbkyu yHkUif - f(z) = u(x,y)+iv(x,y), AK
bYHKIIisT KOMITTIEKCHOI 3MiHHOI z, AndepenIiitoBHa B obmacti D,
TO W1 QYHKILIN u(x, y), v(x, y) , AK QYHKIIiV [iVICHUX 3MiHHUX X,

¥, BUKOHYIOTbCA yMoBU Komri-Pimana:

o _ov, (2.3.24)
ox Oy

ov__ou (2.3.25)
ox Oy

YpaxoByloun yMOBY IpO ABidYi HemepepBHY Au¢epeHLiioB-
HIiCTb QYHKIIi u(x, y), v(x, y) , piBHicTD (2.3.24) MOXXHa TIpoAN-
(depenniroBaTy 3a 3MiHHOIO X, a PiBHICTb (2.3.25) — 3a 3MiHHOIO .
Topi oTpumaemo:

8214_ o'y O __6214
ox>  oOyox oxdy 0y
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3BifKy, Kogawyuy 1ii piBHOCTI, 3HaXOVIMO:

82u+82v_ 0% B 0*v _0
ox> 0y* Oyox Oyox

Tob6To PpynKIIin u(x, y) € TAPMOHIYHOI0, OCKI/IBKY 1151 PYHKIis

3a/I0BOJIbHAE piBHAHHA Jlamaca.

AHasorivyHO HOBOAUTHCH, O PYHKIIiA v(x, y) TEX € rapMmo-
HIYHOIO.

Ockinpkn GyHKIii u(x, y), v(x, y) 3aJJOBOTBHAIOTh YMOBU
Komi-PimaHa, TO u(x, y), v(x, y) € CHPAKEHMMM TapMOHIYHUMMA
dyHKIiAMI.

Teopemy foBeneHo.

3a niitcHO0 a00 YABHOI YaCTUHOIO TooMOop(dHOI QYHKII MOXKHA
BiZHOBUTM Bi[JIIOBifHO ii yIBHY 260 JiliCHY YacTUHY.
Mae Mic1ie HaCTyTIHe TBEp KeHHS.

Teopema 2.3.7
Hexait u(x, y) — rapMoHiuHa (yHKIis B OFHO3B A3Hiit 06macTi D.
Topi icHye rapmoHiuHa B obmacti D ¢yHkuisa v(x, y), TakKa, IO

dyHKiT u(x, y), v(x, y) € CIIPSDKEHVMY FapMOHIYHVMM QYHKIi-

AMMU.
Posrnsanemo 3acrocyBanHsa TeopeMm 2.3.6 Ta 2.3.7 Ha NPUKIIAL].

IMpuknap 2.3.6. Busnauntu ronomopduy B obnmacti C ¢yHKIit0
f(z)=u(x,y)+iv(x,y), Axkmo i fAificHAa YacTMHA Ma€ BUIIAN

2

u(x,y):xz—y .
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Ockinpky QyHkuia f(z) = u(x, y)+iv(x, y) € roromoppHoI0 B 06-
macti C, to dynkuii u(x, )/), V(x, y) € CIIPsDKEHMMM TapMOHid-
HYMM QYHKILIAMIY, 1 OfHY 3 HMX MOXKHA 3HAITH 32 iHIIOK.

Buxopucrosyroun ymosu Komri-PimaHna, sHaxopmumo:

U _ g, (2.3.26)
0x oy
% =-2y= —Q (2.3.27)
Oy ox
[HTerpy1oun TOTOXHY piBHICTD (2.3.26), OTpUMYy€EMO:
v(x,y) = [ 2x dy + C(x) =22y +C(x), (2.3.28)

ne ¢pynkuia C(x) Bimirpae ponb cTanoi iHTerpyBaHHA i 3a/1eKUTb
JIVIIIIE BiJl 3MiHHOI X.

[TipcraBuBum (2.3.28) y cuiBBigHOIEeHH: (2.3.27), MaeMo:

%: —2y=-2y-C'(x),
oy
3Bigku orpumyemo C'(x)=0,a6o C(x)= const.

Otxe, yaBHa 4YacTMHa ¢YHKUIl f(z) 3ammMCyeTbcs y BUIIAAIL
v(x, y) =2xy+ const . Ocrarouno ¢yHKuis f(z) HabyBae TakOro Bu-

IIANRY:

f(z)=x"—y* +i2xy + const .
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3ANUTAHHA | 3SABOAHHA ANA CAMOKOHTPOJTIO

1.

Hexaii dynkuis f(z) € qudepenuiiioBHoo B Toulli z = Z,.
Yy npaBUIBbHO CTBEpXYBaTH, 1O f(z) € ronoMopdHO0
¢dyHKUi€e0 B TouIi Z = zo? HagsepiTh npukmangmu.

Coopmymorite ymosu Komri-Pimana.

1
Jlna dynkuii f(z) =— nepesipTe BUKOHaHHA YMOB Teope-
z

MU Ipo HeoOXifHi i jocTaTHi yMmoBM mydepeHLiioBHOCTI
¢dyHKuii B Touni z = 1.

Hagepits npuxag pyHkii, ika Mae Hy/Ib APYTOro MOpsf-
Ky y TOYLi Z = i.

Hasenitp npuxian GpyHkIii, sKa Ma€ HyIIb JPyrOro HOpsf-
KY y TO4Lli Z = oo,

Hasenitp npuxiian GpyHkuii, ika Mae HyJIb pyroro HOpsj-
Ky y TO4lli z = 1 Ta Hy/Ib IIEpIIOrO MOPAJKY Y TOULi Z = oo,
®yHKIiA f(z) Mae B Touli z = 1 HYIb APYTOro MOPAAKY

i sanmcyersca y Buriazi f(z) = (z —1)*y(z) . Yu moxmsa
piBuicTp Y(1)=07?

Hexait dynkuii u(x, y), v(x,y) € cupsykeHUMU TapMOHi-
uvu  Gyekimiavn B RS, Un e dyukiia

f(z)=u(x, y)+iv(x,y) ronomopduorw B C?
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2.3.6. (reneHeBi pAay 3 AiNCHAMU Ta KOMNAEGKCHUMUN YNEeHaMMU.
MuoxuHa (o6nactb) i papiyc 36ixHocTi cTeneHeBoro pagy

(PigHomipHa 36ixHicmb QyHKyioHanbHo20 pAdy. (meneHegul pAo.
Padiyc ma kpye 36ixHocmi. Teopema Kowi-Adamapa)

Haragaemo feski O3HaueHHsA Ta BIACTUBOCTI (yHKIIiO-
Ha/JIbHUX i CTeNeHeBUX PAMiB. UMCIOBUM PANOM Ha3MBA€EThCA CyMa

o0
Zak , ie YncCna aq, € C (saxmo yci yneHn psAgy — AiiicHI Yncaa, TO
k=1

Pz € JiicHuM).

n
Osnauenna 2.3.13. IlocmigoBHICTB {Sﬂ = Zak n> 1}
k=1

0
Ha3MBAETbCA IOCTiJOBHICTIO YaCTKOBMX CYM PALY Zak .
k=1

SKio mocimoBHICTD {Sn :nZl} 36ira€Tbcs 0 JEAKOr0o 4YKCiIa

o0
SeC, 1o psag Zak Ha3MBA€ETbCA 30DKHMM, a 4MCI0 S — CyMOI0
k=1

pany. IlosnavyaroTs Le Tak: S = Zak .
k=1

Axm1o He icHy€e CKiHYE€HHOI I'PaHNIIi ITOCTiOBHOCTI {Sn n2 1} , TO
PSJL Ha3MBAETHCS PO3OILKHIIM.
o . . PR o
Hexaii 3ajaHO mOCHiOBHICTD — QYHKI { f,:Q—> (C}n:l.
0
PosrnsHeMo QyHKI[iOHATBHUI PAL Z f,(z) . MHOX1HA TUX 3HAYEHb
n=1
0
3MIHHOI 2, IJIA AKUX LeN PAL, Z fn (z) € 30DKHUM, HA3MBAETbCA MHO-
n=1

YKIHOI0 30DKHOCTI pAAfY.
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OsnavyenHs 2.3.14. OyHKIIOHAIBHWUI PAT, Z f,(z) Hasu-

n=1
BaeTbCsl piBHOMIpHO 36DKHMM Ha MHOXMHI M CQ o dyHKil
f:M — C, axumo mna gosinpHoro € >0 icHye Take HaTypa/bHe InC-

no Ny, mo and Bcix n> N, i 1y1s Bcix 2 € M BUKOHY€ETbCA HEPiBHICTD

z fi(z)|<e.

k=n+1
Il QyHKIiOHAIbHYUX PARiB KOMIUIEKCHOI 3MiHHOI, AK i [T PyHK-
LIiOHaJIbHYX psAJiB AilicHOI 3MiHHO1, Ma€ Micle TeopeMa Beepirpacca
IIPO IOCTAaTHi YMOBY PiBHOMipHOI 301KHOCTI QYHKIIiOHAIbHUX PSAIiB
(mopiBHANIbHA O3HAKA).

Teopema 2.3.8
Hexait jyis mocnigoBHOCTI QyHKILII { f,: Q> C}::l BUKOHYHOTb-

Cs1 YMOBMU:
1) @1 KOKHOTO HAaTypanbHOTO 4MC/IA 1 icHye Take umcio 4, =0,

110 BUKOHYEThCA HEPiBHICTD sup | f, |[<a, mna Beix z €Q);
o zeQ

2) 4UCIOBMIL PAL Zan 36iraeTbcs.
n=1

Toni dyHKIiOHaNBHUTT PAfA an(z) piBHOMipHO 30DKHMIT Ha
n=1

MHOXMHI 2.
Osnavenns 2.3.15. Hexail 3aaHO ITOC/TiOBHICTD KOMII-
JIEKCHUX Y1Cel {Cn n 1}, z, € C. CreneneBum psAmoM Ha3UBAETHCS

PAL BUITIALY:
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D z—z)", zeC (2.3.29)
n=0
PosrnsaHeMO BepXHIO TPaHMINIO [ilICHOI IIOCTiZOBHOCTI {” ¢, }
1 MO3HAYMMO ii TakK:
1 -
—=1lim#/lc|, 0LR<+4w 2.3.30
R noxV'" ( )

Sxmo rpanuis (2.3.30) HeckiHYeHHa, TO BBaXkaeMo R = 0, a K10
BOHA JJOPiBHIOE HYJIEBi, TO R = oo,

®opmyna (2.3.30) HasuBaeTbesa popmynoro Komi-Anamapa.

Hapani gna xpyra pagiyca R 3 IEeHTpOM B TOYII Z = z, OymeMo BI-

KOPUCTOBYBaTH Mo3HaueHHs By (z,)= {z eC: |Z —ZO| < R} . Mae wmic-

Ile HaCTyIIHA TeopeMa IIpo 30DKHICTh CTeIIeHeBOTo PALY.

Teopema 2.3.8. Kowi-Adoamapa

CnpaBepnBi Taki TBep/KeHHS I CTeIleHeBOro psxy (2.3.29):
1) pan (2.3.29) € abcomoTHO 36bKHUM 1711 BCix Z € Bp(z,) ;

2) psp (2.3.29) € po3bi>XHUM A7 BCIX 2 SEB_R(ZO);

3) sKoro 6 He Oyma KoMIIakTHa MHOXMHA K (3aMKHyTa 1 oOMesxe-
Ha), [0 MICTUTBCA B KPy3i, pAx (2.3.29) piBHOMipHO 361>KHMIT i1
Bcix z €K .

Muoxuna Bg(z,)= {z eC: |Z —zo| < R} Ha3MBAETbCA KPYroM

30KHOCTI cTeneHeBOro pAAy (2.3.29), a uncno R, 1m0 BU3HAYAETH-
cs i3 cniBBifHOMeHHA (2.3.30) — pajiycoM 361KHOCTI cTenleHeBo-
ro pany (2.3.29). IIna pilicHUX cTeneHeBUX pAXiB KPyroM 30ikHO-
CTi OYEeBUJHO € iHTepBaIl.

3a3HauyMMo, IO pafiiyc 30DKHOCTI CTeIeHeBOTO PARY MOXKHA,
AKINO Ile 3py4Hillle, IIykaTy He i3 cmiBBigHOmeHHA (2.3.30), a 3a

dopmyroro:



114 BULLA MATEMATUKA: roTyemoch 1o atectauii o HaBuanbHuii nociHuk

R = lim |2 (2.3.31)

n—>0 Cn+1

3ayBaXX1IMO TAaKOX, 1[0 HAa MMUTAHHS HPO 30DKHICTD CTEIIEHEBOTO
pany (2.3.29) Ha Mexi Kpyra Jjioro 36DKHOCTI, TOOTO Ha Komi

|Z -z, | =R, nana Teopema BiJIIOBi/ii He a€, a TOMY Iie IMTaHHS BUMa-

ra€e IOFATKOBOTO BUBYEHHA. MOXKHa JIeTKO MOOymyBaTy IPUK/IALN
CTeIleHeBUX PAAIB, AKi po36iraloTbcsi B KOXKHIN TOYIi TAKOTO KOJIa,
36iraloTbcsl B JIEAKMX TOYKAX KOJA, ajle He Y BCIX JOTO TOYKaX,
a TaKOX NPUKIIAJV PAJIB, SAKi 30iraloTbcs B yCix TOYKaX TAKOTO KOJIA.

n

o0 o0 o0
z z .
JIns bOro JOCTaTHbO POSIIAHYTU PAMN: Zz”, Z—, z —- Yci mi
n
n=1

n

n=1 n=1

pAmY MaoTb papiyc 36bkHOCTI R =1, me BMIUIMBaE 3 piBHOCTI
oo}
lim ¥/n =1. OueBujHO, 1o psizi Y 2" posbiraetbes Ha Ko 2] = 1, 60

n—o0
n=1

He BYKOHY€ETbCA HeoOXiHa yMOBa 301KHOCTI pANY PO MpAMYyBaHHA

00 n
. z .
JIOTO 3arajibHOTO 4/IeHa Jo Hyz:A. Pap Z— 36iraerpcs npn z=-1,

n=1

AK 3HAKO3MiHHMIT pAM, Ta po3biraeTbca npu z =1, Ak rapMoHiUHNI

n
z - . .
> TO BC1 MOT'0 YIEHV Ma’KOPYIOTbCA BIAIIOB1J -

pan. lopmo pany z

n=1

o

HO YMC/IAMMU a, = Lz , 2 OCKI/IBKY pAAf, 2—2 € (a6CcomTHO) 361KHIM,
n n=1

TO 11 CTETIeHeBUIT Psij| 30KHMIT B KOXKHIIT To41(i Kona |z| = 1.

Y BuIafiKy [ifiICHUX CTelleHeBUX PAJIiB epeBipnTy 301 KHICTH cTe-
IIEHEBOTO PAAY Ha MeXi Kpyra 361KHOCTI mpocTo, 60 Ii€0 Mexero
€ BCbOTO JIMIIIE ABi TOUKY (KiHIIi iHTepBasy), AKIIO psifi He 36iraeTbcs
Ha BCil1 filicHii oci. ToMy mifcTaBisieMo 3HauYeHH:A KiHIIiB iHTepBany
Y pAR i 3°AcoByeMO 30DKHICTD BiATIOBiIHIX YVCIOBYX PAJiB.
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Posrnsinemo npuknaau Bukopuctanus Teopemy Komi-Apgamapa.

IMpuxnapy 2.3.7. 3HailTm Kpyr 30DKHOCTI CTeIEHeBOTO Psfy
D 2"z —-i)".
n=0

Poss’szarns. 3HaX0AMMO pafiiyc 361 KHOCTI, BUKOPUCTOBYIOUN
¢dbopmyny (2.3.30) Komi-A,uaMapa Maewmo:

—= hm\/7 = hnolO

n—o0

=2.

OTxe, papiyc 30DKHOCTI LIbOTO CTeleHeBOrO pAny R=—

1
a kpyr itoro 36bkHocTi B, (i) = {z eC: |z - i| < 5} .

2

ITpuxmap 2.3.8. 3nariti 06macTb 361KHOCTI Py z—l) (x+1)"
n=1 n3n

Poss’szanns. e piicHuil crereHeBMit psj. 3HalieMO pafiyc
jtoro 36xHOCTI 3a popmyrolo (2.3.31). Maemo:

+1 n+l
R=lim D35
noo  p3"
3amucyemo iHTepBan 36ikHOcTi: (-1-3; -1+3) = (-4 2).

Samiocs nepeBipuTy 30KHICTD pAAY Ha KiHIAX iHTepBaty.

[Tpu x =2 maemo psp Z( D3 _Z( D) . e psipn Jleit6nina,
n=1 H- 3 n=1 1

BiH 301KHUIIL.

I[Ipy x=-4 maemo pAf Z( 1)( 3) Z( ™3

" .
n=1 n=1 1’13 n:ln

n 0

Lle rapMOHiUHMIT Psifi, BiH p0361>KHI/II7[.
OTxe, MPOMIXKOK (—4; 2] — MHOXWHA 301KHOCTI pARY.
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IMpuxnap 2.3.9. 3HaiiTm Kpyr 30DKHOCTI CTeIeHeBOTO PpsALy

0

> (24 1) -1y
n=0

Posg’szanns. 11106 obumcmmuty papiyc 361KHOCTI, cCKOpUCTae-
Mocsa teopemoro Komi-Apmamapa. OfgHak AKIO y npukiaagi 2.3.7
BepXHs TpaHuMIld 36iramacs 3 rpaHMIel0 MOCIiJOBHOCTI yCiX Koe-
¢iuieHTiB psfy, TO Y JAaHOMY BUIIA[Ky HOTPIOHO BpaxyBaTy 3Ha-
YeHHs caMe BepXHboI rpaHuil, 60 mociifoBHicTh KoedilieHTiB

rpanuni He Mae. OTxe:
1 _
—=limz = lim ¥/3%* =3,
R nowx 2k—o

(z + (-1)”)"

. . . 1 .
Papiyc 361KHOCTI JaHOTO CTENIEHEBOTO ALY R:E, a oro

Kpyr 30LKHOCTL B (1) = {z eC: |z — 1| < %} .

3
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p

3ANUTAHHA | 3SABOAHHA ANA CAMOKOHTPOJTIO

o0
1. Bimomo, 110 cTeneHeBuit psfy Zanx” 36iraerbca B TOYIL
n=0
X = 2 i posbiraerbcs B Touni x = 4. [llo Mo>xHa ckasaTu Ipo
36DKHICTD psAAy B TOUKax 1, 3 Ta 52

o0
2. Bigomo, IO cTeneHeBUII PAL Zan(z—i)” 36iraerbcs
n=0

B Toulli z = 2i i po3biraerbcs B Toui z = —i. lllo MmoxxHa

o I )
CKa3aTy Ipo 30KHICTD PNy B TOUKAX —+1, 2 Ta 3i¢
2

3. CdopmymoriTe 03Ha4eHHA piBHOMIpHO 30iXHOTO (yHK-
nionanbHOro pAny. HaBenits mpnkian piBHOMipHO 361Xk-
HOro yHKIIIOHA/IbHOTO PATY.

4. Cdopmymorite o3HaKy Beepmrrpacca piBHOMiIpHOI 30ik-
HOCTi QyHKIIiOHa/IbHOTO pAxRY. IIpogeMOHCTpyIiTe 03HAKY
Beepmrpacca Ha npukiaii.

0
5. Hexait crerneneBuit psf ch(z—a)" 30iraeTbcsa Ha MHO-
n=0

KVHI {z:|z—a|< R}. HaBepith TpuKIam MHOXWHMU, Ha

SIKITI 1elt psijy 36iraeTbcsi piBHOMIpPHO.



118

BUILIA MATEMATUKA: rotyemoch Ao atectauii o HauanbHuii noci6HUK

2.3.7. Po3knap ronomopdHoi GpyHKLiI B cTeneHeBui paa.
Teopema Jliysinna

(Po3knad 20momopepHoi’ yHKuii 8 cmeneHesuli pad: ymosu, 06aacme
30ixHocmi pAdy, HepigHicme Kowi 01 (o2o KoegiyieHmis. Teopema
Jliysinns. Teopema npo €duricme po3kaady 2010MoppHoI yHKyYii 8 cme-
nexeguti pso)

KoxxHy ¢yHKIiI0 KOMIUIEKCHOI 3MiHHOI f = f(2), fiKa ro-

noMop¢Ha B HeAKiNl TOYI z =d, MO>KHA 3aIlMCaTH 32 JHOIIOMOTO0

CTE

neHeBoro pAny. Lle sobpakenHa QyHKIi 3a JomoOMOrow crere-

HEBOTO pANY MA€ Miclle, IpUHaMHIi, B JeAKOMY OKOJIi TOYKU Z = 4.
CrpaBeiBa HaCTyIIHA TeOpeMa.

Teopema 2.3.10. IIpo posxnad (po3éunenns) zomomopgoi
PyHnxuii 6 cmenenesuii psao

Hexait ¢pyuxuis f = f(z) ronromopdua B obmacti €. Toni ams mo-
BitbHOI TOukM @ € i mis Oynb-sKoro ii okony Bg(a), samukan-
HA AKOTO Ha/meXuTb obmacti (), T06TO Takoro, mo By(a) €Q,

¢byHkis f(2) samucyeTbesi SIK CyMa CTEIIEHEBOIO PSAy BUILILY

zZ)= c(z—a n , je z €B (a), a Koe iHiGHTI/I A0y BU3Ha4Ya-
n R p y
n=0

KOTbCA 3a JOIIOMOT OO (I)OPMYTII/IZ

1
=5 [ (ﬂ%dg.

o (64
Josedenrs. PosrisiHeMO HOBiNbHY TOUKy @ €€ i Oyab-saKuit il

okin Bg(a), mna sxoro B_R(a) €Q . Ockinpku ¢yukuis f(z) romo-
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mopdHa B o6macti D By(a), 1o 3rigHo 3 iHTerpanbpHO©0 HopMy-

noto Kori iyist Bcix z €€ BUKOHYETHCS PiBHICTB:
1
f@O=— | JQ 4 (2.3.32)
z

CKopucTaeMOCs TaKOI OYeBMJHOIO PiBHICTIO:

1 _ 1 _ 1
E-z E—a+a—z (&—a)[l—z_aj
E—a

Ockinbky iHTerpyBaHHsA B (2.3.32) 3QiiICHIOETBCA IIO KONy

|E_,—a| =R, TO s BCiX 3HaueHb Z € Bp(a) BukoHyerbcs HepiBHICTDH

Z—a

E—a

<1, a oT>e, MO>)KHA CKOPUCTATHCSA (POPMYIIO0 J/IA HeCKiHYeH-

.. . 1 ad
HOI CyMU TeOMeTPUYHOI IPOrpecii BUIIALY 1—:Zq”, |q|<1.
- n=0

Maemo:

1 1 el oY
E.\—Z_(&—a)@”j_&—a;)[g_aj (2.3.33)
E-a

3Bakal4y Ha HEPiBHICTh:
2 z—a ! > n
2 <2l
n=0 g —a n=0

3a TeopeMOK BeepiiTpacca OTpMMYyeEMO: psAA 3i CHiBBiZHOIIEHHHA
(2.3.33) € piBHOMIpHO 301KHMM CTOCOBHO 3MiHHOI &, 3a SKOK Be-

IeTbcs iHTerpyBaHHA y popmyri (2.3.32). Tomy Ha mifcrasi TeopeMnu
PO iHTerpyBaHH:A PiBHOMIpHO 30DKHOTrO psAy MO>KHA 3MiHMTH IO-
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PANOK omepalliil iHnTerpyBaHHA i MiICYMOBYBAaHHs, i TAKMM Y1 HOM OT-
PVIMYEMO TaKi CIIiBBiJHOIIEHH:

fa=— | 18- L | f@i[zia] de =

27 6*BR(a)§_Z 27

—Z [ Y ez - Zz @y

n+l
27“5*3 (a )(a_ )

3Bificu BUIIZIMBAE PiBHICTb:

f(Z)=icn(z—a)”> z €Bp(a), me

n=0

1 (€)
__I f(E

n . n+1
27 5By (a) (&—a)

Teopemy foBeneHo.

M
d§|Cn| SF

Hacnipox 1. Hepisnicmo Kowi 0ns xoegiyienmis ¢,

Hexait ¢pyukuis f(z), ronomopdna B 3amkHyTOMY Kpysi By(a),

MOXe OyTM 3ammcaHa y BUIJIIAAI  CTENEHEBOTO sy

f(z)= ch(z—a)” , z €By(a), ra icuye Take momarHe uncio M,

PV KOMY I/ HOBiIbHOTO Z €0Bp(a) mae micue HepiBHICTH
. . o M

| f (z)| < M . Topi s Beix n € N BUKOHYETBCS HEPIBHICTD |cn| <—.

Josedenns. Ockinbku pyHK1is f(Z) rotomopdHa B 3aMKHYTOMY

xpysi Bg(a) i sammcyerscs y urmagi pagy f(2)=Y c,(z—a)",
n=0
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ze€By(a), 10 Jioro koedinieHTH Bu3HAYATHCA (HOPMYIOO

; _L' J L)nﬂd& Orxe, MaEMO HaCTYIIHi CHiBBigHO-
2mi 5B (a) (&—a)
IeHHS:
1 +Re" ,
Gl =15 I f(E“’H j'f(atfl) Rie"dt| <
2mi .y o (E—a " “on (Re")"

2n it
1 +R .
S—J- %Rze” dt <
e
f(a+Re”) 1 21 M M
<— j|—‘Rze —J‘?Rd =,
21y ‘Re Ty, R R

Hacnmigox moBeneno.

I3 macmipgky 38 reopemu 2.3.10 BunnmBae reopema JliyBins.

Teopema 2.3.11. /liysinnsa

Axuo ¢yHKuis f(z) romomopdHa i o6MexxeHa B yCiit KOMIUIEKCHII
wiowuHi, To GyHkuis f(z) = const .

Joseoenns. Ockinpky ¢yHKuis f(z) romomopdHa B ycii
KOMIIIEKCHI}I IUIOLIVHI, TO BOHAa ToToMOp¢HA B KOXXHOMY OKOJIi
By(0) mouarky kooppauuar s gosinbHOro R>0, a omxe,

3rifHO 3 TeopeMoro 2.3.10, pO3KIaja€TbCcsl B CTEIEHEBUIL DAL,
f(z)=ch(z—a)“=chz“, z €By(0). Toxi 3a HepiBHIiCTIO
n=0 n=0

Komi pis xoedinienTiB creneneBoro psAny (Hacmigok i3 Teopemn
2.3.10) pna Becix n €N maemo:
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I f(é)

n+1
6*B (0) E-’

3Bifcy, 3Bakaroun Ha Te, mo R>0 — noBinpHe 4ncro, a iHTerpa-

AR
R

JIV IO TOMOTOITHUX KPMBUX, 3a TeopeMoro Kouri mpo piBHicTb iH-
TerpajiB II0 TOMOTOIIHUX KPUBUX, € PiBHMMU MK c0000, OTpH-
MyeMO, 10 mpu R-—>o Bci, kpiM Hyn1boBOro, KoedilieHTH
CTereHeBOro psARy it GyHKII f(2), siKa 3aJOBOJIbHSIE YMOBH T€O-
pemu JliyBinis, HOpIBHIOIOTD HYJEBI, a oTke, f(2)=cy, je ¢, —

mesiKa craa.
Teopemy foBeneHo.

CreneneBuii psAj Ma€ pAJ BIaCTUBOCTEN, aHA/IOTIYHUX 10 BIaCTH-
BOCTEll MHOTO4Y/IEHIB. 30KpeMa, CyMa CTENIEHEBOT0 PAAY y JI0ro Kpysi
36DKkHOCTI € ronmoMopdHO0  (YHKIi€, TPUYOMY,  AKIIO

ch(z —a)" = f(z), z € Bg(a), To mus Ttoro noxixHoi Mae micue dop-

o0
myna f'(z) = chn(z —a)" , z€By(a), T06TO CTeneHeBMIt P MOX-
n=1
Ha [OWIEHHO AudepeHIioBaTy. 3BiACK BUIUIMBAE, WO SKIO QYHK-
uis f(z) ronomopdua B obmacti 2, To dynkuis f'(z) Takox
€ roIoMOp(hHOIO B 11iif 00/1aCTi.

Teopema 2.3.12. Eounicmo po3xknady é cimenexesuii psio

CreneneBuit pag € papgom Teiopa cBoei cymu, TOOTO AKIIO

c )
f(2)= E ¢,(z—a)", z€By(a), 1o c, f (a)
n=0

n!

Jlosedenns. Hexait f(z)= ch(z —a)', z eBR(a), 3Bi,ILCI/I 3Ha-
n=0

xomumo f(a) =¢,. Posrnsanemo noxiny f'(z) = LZC (z—a)" J
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— n71 seee .
= Z”Cn (z—a)"" . O6uncniowoun ii sHaveHHs B TOYIll Z = 4, 3HaX0-

mumo  f'(a)=1-c;, sBimkm BummBae pisHicTe ¢, = f'(a).

Amnanorivyso 3HaXOAMO 3HaYeHHS ,upyro'l‘

NoXinHOi i 3HaueHHs KoedilienTa c,: f ”(Z)=LZC (z—a)" J

=Y n(n-1c,(z—a)">. Orxe, f"(a)=2c,, abo c,= f?_ (f) '
n=2 -
" (n)
AHaJIOriYHO OTPYMYEMO C, = f 3 (;) yeensCy = —f '( a).
. n!

Teopemy foBeneHo.

IIpuknapg 2.3.10. PoskiacTit B CTeleHeBl pAOM B OKO/Mi TOYKM
z = 0 Taki QyHKIil:

1 1
a) f(z)=——;0) f(z)= ;B) f(Z)——;
z+1 (z+1)2 (z+2)
r) f(z)= 2; Ta BU3HAYUTY 00/1acTi 301KHOCTI psAfiB.
z°—=3z+2
Po3é’szamms

1. CxopucTaBIINCh POPMYIIOI I CYMU T€OMETPUYHOI IpO-
1 &,
= Zq 5
I/ —
1 1
f@= 2= iz Z( D'z

+1 1-(-2) =

rpecii <1, maeMmo:

O6mactio 36ikHOCTI oTpuMmaHoro psagy € kpyr By(0), me

SUE

1 —
—=limz
R nowx
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2. Posrnanemo rtenep ¢ynkuito f(z)= - . [lepur 3a Bce

z+1

'
1 1 .
3ayBaXXnMo, o ( 1] =— 2 a4 OTXE, BpaXOBYIHO4M P1IBHO-
Z+

(z+l)

MipHy 36DxHicTb B Kpy3i B,(0) psany Z(—l)”z" , OTPUMAEMO PiB-
n=0

HICTh:

f2)= 1 2=—(Z+J = kZ( )"z } =2(—1)”+1nz_

(z+1)

Jie PSR Y IpaBiit 9acTVHI OCTaHHBOI PiBHOCTI 36iraeTbcsa B TOMY
X caMoMy Kpysi, To6T0, B 0o6macti B (0). Takum unHOM, posKiaf,
B CTEIIEHEBMUII PAJ, OTPUMAHO.

3. Dynkuia f(z)=

S MOXe OyTy 3ammcaHa y BUIIAAI 1O-
z+2

6ytky f(z)=2g(2), e g(z) =

3 AmnasoriyHo fjo nonepep-
(z + 2)

HbOTO NMPUKJIAJY 3HAXOAMUMO ii po3kiaz B psazn. Maemo:
1

1 1 5 ( ] (-1)"
= = = Z
z+2 2—(-2) 1_(—Zj Z Zéz”“ ’
2
Ipu 9OMy Psfi B IpaBiii yactuHi 36iraetbcst B kpysi By(0), me

DT

2n+1

I

R n—)oo

_1
-

Topi:
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g(z)= ! =l( ! j Lz(z’}*)l J —2(2_’1132 n(n—-1z"",

(Z+2)3 2\z+2 n=2
a oTKe:
f(Z):(z-i-Z it Z( —n(n—1)z"" Z_;(Z_”l}z n(n—1z"",

nie pap 36iraerbes B o6macti B, (0) .
4. Oynkuio f(z)= 2; MOYKHA 3alMcaTy y BUITIAAI
z"—=3z+2
CyMI:
111
22 -3z+2 z-2 _z—l '

fz)=

BukopucToBytoun ifero npo posknaz fpo0y B CTelIeHeBUII Psif,
OTPUMYEMO:

)= O S S SR S

Z22-3z42 z-2 z-1 zZ 1-z

e IS S Y (S IR

n=0

. . 1 / 1
nie psip 36iraerbest B Kpysi By(0), me R %Lr)?on 1- il =1

Ipuknap 2.3.11. Poskmactu B cTemeHeBuil pAf  QyHKIIO

f(@)=(z— De”™" B oxormi ToUOK z,=1,z,=0.

Posg’azanns. Ipu poskinai GyHKIIIN B CTeTIEHEBUIT PNl MOX-
Ha TaKOX BUKOPUCTOBYBaTM 3amuc (300pakeHH:A) (yHKIi
3a gonomoroxo paxis Teitnopa.
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Posrnanemo cnovatky To4Ky Z, = 1. 3ayBaxkxumo, 1110, o-1ep-

. -1 ‘o ‘o

ute, pynkuia f(z)=(z—1)e*" ronomopdua B yciit KOMIIIEKCHiT
IUIOMIVHI; TTO-ZIpyTe, B OKOJIi TOukNM Z, =1 poskiaan QyHKIIi B cTe-

TIEHEeBUII PAL, 3LiVICHIOETbCA 3a CTEIIEHAMHA (z—1). Toni, BpaxoBy-

1041 TeOpeMy IIPO €[UHICTb PO3KIafy ronoMopdroi QyHKIii
B CTEIIEHEBUIL PAL, MAEMO:

f(2)=(z-1)e" " =(z-1) (z-1) :Z(z—nll) ’

|
n=0 n. n=0

fie psp 30ira€Tbcst B YCill KOMIUIEKCHIN IUIOLIVHI, OCKiTbKM

AHajoriuHo, 11 posknafgy faHoi GyHKIii B okomi Toukn z, =0,

3HAXOVIMO:

_ _ _ 1 ® Z" 1 0 Zn
f(Z)Z(z—l)ez L oloe? —ele? =2y 22N 2
e ont e3yn!
0 (ZH+1 Zn\

1

- >
| |

€., o\ N n.

Jie PsIfi OYEBUAHO TeX 30ira€Thcsi B yCiil KOMIUIEKCHIV IUIONVIHI.
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3ANUTAHHA | 3SABOAHHA ANA CAMOKOHTPOJTIO

1. ki TBep/KeHHA BUKOPUCTOBYIOTHCA IIPY JOBEJEHHI Teo-
peMu Ipo po3BUHEHHA ronoMopdHoi pyHKIii B cTemeHe-
BUIL pAAL?

2. Cdopmymorite Teopemy JliyBimns.

3. Um BUKOHYIOTbCA yMOBU Teopemu JIiyBimna mnsa GyHKuii

f(z)=sinz?

4. Hagepitp npuknan ¢yHkuii f(z), sika € romomopdHo0
i oomexxenow B C.

5. Hexait ¢ynkuisa f(z) e romomopdnow B obmacti D. Un

icaye mna ¢ynkuii f(z) moxigHa gpyroro mopAgKy B 06-
nacti D?
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2.3.8.Pap Jlopana

(Pad Jlopara 20nomopepHoi 8 kinbyi yHKyii. [07108Ha ma npagunbHa ya-
cmuHa pAdy Jlopawa, o6racme tio2o 36ixHocmi. Knacuikayia ocobnusux
MOYOK 20/10MOPHOI 8 KinbUi (yHKyii. Teapemu npo suend pady Jlopawa
8 NPOKO/I0MOMY OKOJTi CKiHYeHHOT 0C00/1U80T MOYKU O 8UNAOKY YCYBHOI
0C0671UB0I MOYKU, Nostoca ma icmomHo 0co6ausoi moyku. Pad Jlopaxa
8 0KOJTi HeCKiH4eHHo 8id0aneHoi moyKu)

Sxmo psagu Teinopa naoTh 300paXKeHHA 207I0MOPPHUX
bYHKIIII B KPY3i, TO pAAM BUITLALY:
> ¢ (z—a) (2.3.34)
n=—o0
TOOTO PN, AKi MICTATD 5K JOAATHI, TaK i BiI €MHI CTelleHi BOYIeHa
(z —a), parTb 306pakeHHs 20/10MOPPHUX QYHKIII y Kinbiii:

K={zeC:r<|z—a|<R},OST’<RS+OO (2.3.35)

Y Bumagxy, konu r = 0, pagy Buragy (2.3.34) [o3BOMAIOTh JOCT-
AVTY BIACTUBOCTI QYHKIIii B OKOMi TOYKY 2 = 4, Y AKili faHa QyHKIIiA
He € roroMopdHO0. Taki TOUKM Ha3MBAIOTHCA OCOOMIMBIMI TOYKAMU

byHkii f(2).

OsnaveHHs 2.3.16. Payy Burnany (2.3.34), me

1
€, =— J. L)ldé, neZ,r<p<R, (2.3.36)
2mi (E-a)"

-5

HasuBaeTbes psioM Jlopana ¢yukuii f(z) B kimbii (2.3.35).
TyT iHTerpyBaHHA 3ifICHIOETbCA IO JIOAATHO OPIEHTOBAHOMY

+ -1

KOHTYpPY {|Z—a| = p} . IIpn npomy pan Z ¢,(z—a)" HasMBaeTbCA

n=-—o
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o0
207I0BHON) 4ACMUHOMO pﬂay ]IopaHa, a pAan z cn(z—a)” — npaewzb-
n=0

HoW uacmumoro psoy Jlopaua.
OueBupHO, mo psay (2.3.34) s6iraerbes B Touni z €C Topi, i Tinb-

KM TOMi, KO/MM 30iraloTbCs 1Or0 INpaBMIbHA i TOMOBHA YaCTUHIN.

[IpaBunbHa yacTuna pany Jlopana — pap Y. c,(z—a)" 36iraerbes
n=0

. 1 .
y kpysi By(a), ne e il_rfo’, c,| » 60 Ije cTeneHeBuIt psf.

Po3risiHEMO — TONOBHY — 4acTMHY — psAgy  JlopaHa:  psn
-1 0
>, (z—a)'=2c (z—a)™".
n=1

n=-—oo

. -1
BukoHaBum saminy & =(z—a)" , ronoBHy Jactuuy psgy Jlopana
0
MOXKHa 3aIliCaTu y BUITIAAL pAgy > c E", AKuit 36iraerbcs B Kpysi
n=1

1 — _
|<§| <ty, me —=limylc_,|. 3axatoun, mo &=(z—a) ' et psiz 36i-
fy no

1

ra€rbca B 007acTi {Z:|Z—a|>—=1’ . OTxe, 06/macTi0 361KHOCTI
T
0

pany Jlopana (2.3.34) e kinbue:

K(a):{z:r<|z—a|<R}, (2.3.37)
| FTa.
e E:%ﬂﬁ’r:ig’nlc—“|'

SAxmo 7> R, to psap Jlopana (2.3.34) po36ixumit, ko x r <R,
TO BiH 36iraerbcs B Kinbui (2.3.37).

Insa pany Jlopana, aHanoriuHo psAnosi Tertopa, Mae Miciie Teope-
ma Komi-Aznamapa.
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Teopema 2.3.13. Kowi-Adoamapa ons psoy /lopana

Pap (2.3.34):
1) € abcomoTHO 36i>xHUM W4 Bcix z € K(a) ;

2) € po36iXHUM 1A BCIX 2 eE(a) ;

3) sxoro 6 He Oy/Ta KOMIIAaKTHA (3aMKHYTa i 0OMe>KeHa) MHOXXIHA
Bc K(a), psin piBHOMIpHO 361KHMIT y1s1 BCiX Z €B.

[ yHKIil KOMIUIEKCHOI 3MiHHOI Ma€ Miclje TeopeMa Ipo pos3-
BUHEHH: IudepeHuinoBHol QyHKII B psay JlopaHa.

Teopema 2.3.14. Teopema /lopana

Hexait ¢yukuis f=f(z) € romomopdroro B  Kinbmi
K(a)= {z :0<r<|z—al R} . Toxi ¢ynkuito f(z) MmoxHa 3amuca-

o0

™ y BuriAgi papy  f(z)= ZCn(z—a)”, ne ze€K(a),

1
-~ [ LE e pewmn).
2m ey B0
Hosederns. Posrnssaemo JIOBinbHE KiJblle

K, (a)= {z:OSr1 <|z—a|<R1}, me r,>r, R <R. Ockinbkn
K (a) cK(a), ro dpyukuis f(z) € roroMmoppHO0 B 3aMUKaHHI 06-

nacti Ki(a). 3rigHo 3 inTerpanbhow popmynow Kowi maemo:

Q== I f(é) = f(&) Lo f(&) )y
|z al=R } Iz al=r}"
() )
I f& I fid&

Hemader) TS
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Posrisinemo KoxkeH i3 nux iHTerpanis. Maemo:

f(&) f(i)
I &z 5 h=- Zm I

IZ*IR {le=al=r}

OCKinbKI 1A Hp06y B HlHlHTeI‘Pa}IbHH/I (I)YHKI_III MO>XHa 3aIln-

1 1 1
caTu TAaKy TOTOXKHICTb: c = : = ,
-z —a+ta-z z—a
(E-a) [1 1 ]
E-a
00 iHTerpyBaHHA B I, 3[iiiCHIOETbCA IO KOy |§ - a| =R, ne
z—a _
E <1, 10, cKOpMCTaBUIMCH HOPMYIION0 I CyMU HeCKiHYeH-
—a
. . 1 <
HOI reOMEeTPUYHOI IIPOrpecil BUTTIALY 15 Zq <1, oTpnu-
- n=0
MaeMO:
1 1 1 &fz-a)
T - Z(ﬁ “j (2.3.38)
-z z—a —a,o\C—a
(- a)[l - ) ’
E—-a

0 n o0
A zZ—a n .
3Ba)kam4y Ha HEPIBHICTb Z[ ] < Z|q| 1 BUKOPUCTO-
n=0 & —a n=0

ByIoul TeopeMy BeepiuTpacca, IpUXoauMo 10 BUCHOBKY, 110 PsZ
(2.3.38) € piBHOMipHO 30DKHMM IpU |?’; —a| =R,, a 0TXKe, Ma€ Mic-

11e CIIiBBiTHOIIIEHHSI:

Ly f(&) el f(@z(é_ojdé_

2
|z al= R Tl:l{|z—a|:Rl}Jr a % n=0
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—Z

(z—a)"
2n1| I (& ”“f(é) ="

= Z(Z_a)n E I ( f(g))nﬂ dg |-
n=0 {|zfu|:R }+ g —a

Posrisinemo Tenep Apyruit iHTerpan I, :L f () dg .
27 (femafon ] -z

Ockinbkn

1 1 B -1 1 1
E—z B E—a+a—-z - z—a—(§—a)  z-a (1_ &—a) ’
z—a

a iHTerpyBaHHs B [, 3[[I/ICHIOETHCS 110 KOITY |§ - a| =1, [ie BUKOHY-

—a

€TbCSI HEPIBHICTD <1, 10, cKOpUCTABIINCH HOPMYION I

zZ—a

CyMU  HECKiHYeHHOI  TeOMETPUYHOI  IpOrpecii  BUITIAAY

__Zq
n=0

X -1 Ly g_“jn 2.3.39
E—z (z—a)[l—é_a] Z—ag(z—a ( :

Z—a

<1, oTpumyeMo:

n o0
. . zZ—a
BanOBy}O‘II/I HEPIBHICTDb Z(é ] < Z|q| i BUKOPUCTO-
—a
n=0

BYIOUU TeopeMy BeepuiTpacca, IpUXoaMO O BUCHOBKY, 1O PSJL
(2.3.39) € piBHOMipHO 30DKHMM, @ OT)Xe, Ma€ Miclie CIiBBiHO-
HIEeHHA:
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f (&) po L fO< [ ]
I 2mi '[ z— az d5=
Iz al=n, {le=al=n}"
S| o\
=-ZE [ o=
PO le-al=n )
__QO _ \—(n+]) L f(&a) _
e, 1

{le=al=n

S L f(©)
== (- L“i J - )nﬂdé}

TakyM uMHOM, BiOBIgHO [0 y3arajbHeHOI Teopemu Komri
IIPO PiBHICTh iHTErpasiB 110 TOMOTONHMX KPMBUX, MAEMO:

_ L SO N, L f(&)
()_ZniaJKlﬁ—Zda 2,50 [2' | & ”“”m}

T
{lz—al=R,}

" f(©)
+3 o | |-
p— [ sty 69

e @ |
—Z(Z a) {2 j (i a)n+1d8~‘

= {lz—al=p}

= i c,(z—a)", p e(r;R),

_f@
e ¢, :2_7-[' J. ((i n+1 d& ’

{lz=al=p}"

Teopemy foBeneHo.
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Hacrmigok. Hexait ¢yukuisn f(z) romomopdna B Kinbri
K(a):{z:p<|z—a|<R} Ta Mp:max|f(z)|, ’Yp=a+peit,
zey,

t €[0;2n], p €(r;R) . Tomi iz moBinbHOTO N €Z Mae Miclje HepiB-
. M
HicTb |Cn| <—.

Josedenns. Ockinbkn ¢yHkuis f(z) romomopdra B Kimbii

K(a)= {z p<|lz—al R} , TO, 3a TeopeMoio JlopaHa, 1151 QYHKI[is

3aMUCYEThCA Y BUITIAAL ARy f(2) = Z c,(z—a)", z€K(a), pe

c, = L J' f((:) —==d¢ . O1Ke, MaeMo:
Feaier (E.. )"
= 1 I &d :L Tf(Lpeit)pieifdt <
n 2T {le—al-p)’ (}; —a)n+1 2T ) (pelt)n+1
I f (athpci1 | gy <
(pe")"

1 %|fa+pe”)
_I|_

| it n+l
pe

Hacmigok moBeneno.

. 1 %M M
|pie’t dts—jn—flpdt=—np-
2ny p p

Burnag psany Jlopana B OKo/mi OCOOMMBUX TOYOK 3aJIeXKNUTh Bif
TUIY 0co6mBYUX ToYoK. CIOYaTKy posIsiHeMo Kiaacudikaiiio iso-
JIbOBAHMX OCOOMBIX TOYOK.
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Hexaii Touka a € C. IIpokonotuM R-0KO/IOM TOYKM @ HA3UBAETh-

¢ MHOXUHa Br(a)= {Z:0<|Z—a|< R} , akmo touka a €C i mHO-

KIHA BR(a)={z:R<|z|<oo} , AKIIO 4= 00,
OsuavenHs 2.3.17. fxmo ¢yHK1is f(z) romomopdna B ne-

AKOMY IIPOKOTIOTOMY OKomi Br(a), ane He ronmoMopdHa B >KOTHOMY

OKOJIi 1ji€l TOYKM, TO TOYKA Z = d HA3UBAETHCA 130/IbOBAHOIO0 0COO/IN-
BOIO TOYKOI0 (PpyHKIII f(2).

Osnauenns 2.3.18. Hexait Touka z = a — i30/1pOBaHa
ocobnmBa Touka ¢yHKuil f(z). ko icuye rpanmis lim f(z) i us
zZ—a

TPaHMIIA € CKIHYEHHOIO, TO TOYKA Z = @ Ha3MBAETHCA YCYBHOI 0CO0-
NIMBOIO TOYKOIO.

Osnavenns 2.3.19. Hexaii Touka z = a — i30/1boBaHa 0co-
6muBa Touka QyHKIii f(z). ko icHye rpanuis lim f(z) ius rpanu-
zZ—a

ae€ HEeCKiHYeHHOI0, TO TOYKa Z = d Ha3MBAETbCS MTOTIOCOM.

Osnauenns 2.3.20. Hexait Touka z = a — i30/1bOBaHa 0CO-
6/vBa Touka GyHKI f(2). ko rpannis lim f(z) He icHye, To TOUKa
zZ—a

Z = a Ha3MBAETBCA CYTTEBO (260 iCTOTHO) 0COOMMBOIO TOUKOIO.
Posrianemo KinbKa IpuKIajiiB.

_ sinz .
IMpukmag 2.3.12. Posrnanemo ¢ynkuito f(z) =——. lla dynkuia
z
rojfoMopdHa B ycill KOMIUIEKCHIN IUIOMmMHI, KpiM Toukn z = 0.
OTxe, Touka z = 0 € 13071POBAHOI0 OCOONMNMBOIO TOYKOIO JIsI JAHOI
dynkuii. 3Haiinemo rpanuio lim f(z) . Maemo:
z—0
. . sinz
lim f(z) =lim——=1.

z—0 z=>0 Z
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sinz
Orxe, TouKa z = 0 — ycyBHa ocob6mBa Touka GyHKIil f(z) = .

ITpuxmap 2.3.13. Posrnanemo dyskuio f(z) = Ll I1a pynxmia
zZ+

rojjoMop(Ha B yCill 3aMKHEeHi1 KOMIIIEKCHII IJIOIMHI, KpiM To-
YOK z = —1, z = oo, OueBUHO, 1110 IIi TOYKN € i30/IbOBAHMUMMI OCO-
O6nvBMMM TOYKaMM IS faHol QyHKUil. Busnaummo ix tum. [nsa

LIbOTO 3HANJEMO IPAaHNUII0 lim f(z). Maemo:
z—>-1

lim f(z) = lim —— =

z—>-1 zo-1z+1
Otrxe, Touka z=—-1 — ocoOnMMBa TOYKA TUIIy HOMIOC (QYHKIHI
z
f@)=—:.
z+1

PosrisiHeMo Telep TOUKY Z = o, sIKa TeX € 130/IbOBAHOI0 0COOMM-
BOI0 TOYKOIO JUIA HaHOi (yHKIii. 3HaieMo IpaHnuio lim f(z)-

Z—>0
Maewmo:

z
lim f(z) = lim——=1.
z—)oof() 21—1;?02-1-1

z
Orxe, TOYKa Z = o0 — yCyBHa 0cob/mBa TouKa QyHKIil f(z) = ——.
z+1

[puxnag 2.3.14. Posrnsuemo dynkuito f(z) =e°. s dynkuia

€ TOTTOMOP(HOIO B yCilf KOMIUIEKCHI IUIOMIVHI, @ B TOUIIi Z = oo, K
yci yHK1il KOMIUTeKCHOT 3MiHHOT, Mae 0cO6MMBicTb, 60 1i 3HaYeH-
HA He MOXKHA BM3HAauMTM B Lill Touli. OTxKe, TOUKa Zz = o0
€130/IbOBaHOI0 0CO6IMBOIO TOUKO yHKLIT f(2) = €”. BusHaunmo

TN 1i€i 0co6mMBOi Touku. [y LbOTO PO3I/ITHEMO TPaHUIIIO

lim f (2)- OueBUsiHO, O TpaHNLA lim e¢® He icHye. Y 1jboMYy Jer-
z—>0 z—™
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KO TIEpEKOHATHCh, pOSINIAHYBIIM, HaNpUKIaf, [OBa IIJIAXU
NpAMYBaHHA 3MIHHOI Z [O HECKIHY€HHO BiffjaZeHol TOYKU
z=o0, a caMe: z=o0 Z=X, X €R, x>+, ta z=iy, yeR,

y — +00 . JIificHO, MaEMO:
lim e* =0, lim e” = lim (cosy+isiny)¢+oo.
X—>+0 Y+ y—>+o0

OTxe, TOYKAa Z=o0 € CYTTEBO OCOONMMBOIO TOUYKOW (yHKIi

flz)=¢€".

3’scyemo Tenep BuriApg psapy JlopaHa B okoni i30/1bOBaHOI 0CO-
O/1MBOI TOYKM, KNI, AK 3a3HAYEHO BUILE, CYTTEBO 3aJIOKUTD Biff
TUITY 0COOIMBOI TOUKIL.

MaroTp Micile Taki BTaCTUBOCTI.

Teopema 2.3.15. Buensao paoy /lopana é oxoni ycyéHoi oco6nueoi
mouxu

[30mpoBana ocobmmea Touka Z2=a €C ¢yukuii f(z) € ycyHOW0

0co6/BOI0 TOUKOM (GyHKIIT f(2) TOAl i TIIBKM TOAI, KON icHYE

ancno R>0, take, mo st gosinbHoro z €Br(a) ¢yuxuis f(z)

Moyke 6yTV 3ammcaHa y BUILAAL pany Jlopana f(z) = Z c,(z—a)".
n=0

Ipumimxka. 3rifHo 3 niero Teopemoro p:Ap Jlopana B okoji cKiH-
4eHHOI 0COO/MMBOI TOYKY Ma€ JIUIIIE IIPABU/IbHY YaCTHHY.

Jlosedenns. JloBeeMo CIIOYATKy HeOoOXifHY YMOBY TeopeMu,
TOOTO IMOKaXKeMO, 10 AKIO i30/1bOBaHAa OCOOMMBA TOYKA Z = d
¢yHkii f(z) € ycyBHOI0 0c06mMBO0 TOUKOW0 GYHKIII f(2), TO ic-

o

Hye Take uncno R> 0, wo s Beix z € Br(a) dyukuio f(z) mox-
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Ha 3ammcatM 3a gomomorow  papy Jlopama  Burmagy

o0
f(z)= ch(z —a)" . OckinbKu To4Ka Z = a Ayt GyHKIi f(2) € i30-
n=0
JIbOBAHOIO 0COOIMBOIO TOYKOIO, TO 1151 PYHKIIis rooMopdHa B fie-
AKOMY IPOKOJIOTOMY OKOJMi TOYKY Z = d, HAaIpPUKIaZl, B OKOJIi

Br(a), a orxe, 3a Teopemoro JlopaHa, Mae Miclie 300pakeHHS
o0 o
flz)= Z ¢, (z—a)", ze€Br(a). KpiMm TOro, Ockinekum z=a
n=-—o0
€ YCYBHOIO 0CO0/MBOI0 TOUKOK0 (yHKII f(2), TO6TO icCHY€E rpann-
g lim f (z) 114 rpaHmnIs € CKIHYEHHO, TO ICHYE TaKe JoJjaTHe
z—a

ancno M, mo mia Bcix Z €Br(4) BUKOHyeTbCS HepiBHICTD
[f(2)|<M.

Tyt Mu ckopucTranucsa BiloMOI0 T€OPEMOIO 3 MaTeMAaTMYHOTO
aHaJIi3y Ipo Te, WO AKIIO (PYHKIIA Mae CKiHUEHHY T'PAHUINIO, TO
1151 QYHKIIS € 0OMeXeHOI0 B IesIKOMY OKOJIi TOYKM, [I0 KO Ipsi-
MY€ He3ajie)KHa 3MiHHA.

CxopucTtaeMoch Ile HaclaiikoM 3 Teopemu JlopaHa, 3rifiHO
3 AKMM Jy1A KoedilieHTiB pAny JlopaHa BUKOHYIOTbCSA HEPIBHOCTI

c,|<Mp™", pe(0;R). 3Bincu s Beix n< 0 BUMIUBAE, 1O TIPU

p— 0 BukoHyeTrbcs piBHicTh ¢, =0, n<0. Orxe, pyHkuis f(z)

MOXe OyTm 3ammcaHa 3a jomoMorowo paAmy Jlopana surmamy

o

f(z)=icn(z—a)” , Z €Br(a).

JloBememo Temep mocTaTHicTh: AKIO pAx Jlopana i QyHKIT
f(z) micTuTh nuIIe NPaBUIBHY YacTVHY, TOOTO Ma€ BUITIAL

o

f(z)= ch(z—a)” , Z€Br(a), o TouKa z = a € ycyBHOW 0C0O6-
n=0

NUBOIO TOYKO0 QyHKLI f(2).
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P

HliticHo, i3 3anmcy pany Jlopana f(z) = z ¢,(z—a)" BunIMBaE
n=0

icnyBanHa rpanuti lim f(z) =¢,, 60 cyma psagy € ronromopdHOI0
z—a

(dyHKIi€O B [lesIKOMY OKOJi TOYKM Z = a. L]e o3Havae, mo To4yKa
Z = a € YyCYBHOIO 0COO/IIBOIO TOUKOIO [/Ist GYHKII f(2).
Teopemy goseneHo.

JloBeneHy TeopeMy MOXKHa COPMY/TIOBATH IIie TaK: TOYKA Z = d
€ YCYBHOI0 0cO6/MBOI0 TOUKOI0 (yHKil f(2) ToxAi i TimbKM TOKL, KOMu
byHKis f(2) € 06MeXEHOI0 B [1eIKOMY OKOJIi TOUKH Z = d.

3ayBa>k1MoO, L0 TPV TAKOMY (POPMY/IIOBAaHHI TEOpeMI TOUKA Z =
MOXKe 6yT1/[ B)Xe 1 HECKIHUEHHOI, ajie TOAi pAx JIopaHa MaTuMe [ieIio
IHIIWI BUTTIS,.

ITpaBMIbHICTD JaHOTO TBEP KEHHA BUIIMBAE 31 3MICTY BUK/Iafle-
HOTO BHUIIE OBENECHHA.

Teopema 2.3.16. Buenao psioy /lopana 6 oxoni nontoca

[30npoBaHa ocobmusa Touka z =a € C dynkuii f(z) € ocobmusomo

TOYKOIO TUITY MOIOC QYHKIIT f(Z) TOfIi 1 TIIBKM TOfi, KOMU iCHYE
gypcno R>0 rta enune HarypanbHe yucno N, Taki, 10 A BCix

o

z €Br(a) ¢yukuio f(z) MokHa 3ammcaTy 3a JJOIIOMOIOK PARY

0

Jlopana Burnany f(z)= Z c,(z—a)".
n=N
Josedenns. TIokaxeMO CIIOYATKY, IO SKIIO i30/IbOBAHA OCO-
6mBa Touka z=a €C ¢ynkuii f(z) € 0c061MBOI0 TOUKO0 TUITY
nonoc ¢yHkuii f(z), To GyHKuis f(z) Moxke OyTH 3amcaHa y Bu-

osApi pany Jlopana f(z) = Z ¢,(z—a)", T06TO ronoBHA YacTHHA
n=—N

pany JlopaHa MiCTUTH /uile CKiHYEHHY KiZbKiCTh HEHYIbOBUX
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nonaHkiB. JIiiICHO, OCKiIbKM TOYKA Z = @ — HOMIOC (QYHKIIT f(Z),
TO MA€EMO DIBHICTh lim f(z)=oc0. Po3misHeMO RONOMDKHY
zZ—a

¢dyHKIi0 @(2)= ﬁ OueBnpHoO, 10 GYHKIIA ¢ (2) € romoMop-
z

¢duoo B mpokonoromy okomi Br(a) i BuKOHyeTbCA piBHICTH

o

lim(z) =0 . [loBusHaymBIN ¢yukuio @ (z) B To4Li z = a HyeM,
zZ—a

TOOTO TaKMM YMHOM, 1106 BUKOHYBanacs piBHicT @(a):=0, or-

PUMaEeMo, 10 TOTOXKHO He piBHa Hy/eBi GyHKIiA ¢ (Z) € romomop-
¢uoro B okori Bp(a) i mae Hynb B 04w z = a. CKOPUCTAEMOCD Te-

opeMolo 1po BurAg ronomopduoi gyskuii B okoni Hyna. Toni
OTPMMAEMO, IO iCHye TaKke HaTypanbHe 4ncio N Ta ronroMopdHa
B J€SIKOMY OKOMi TOUKM z=a (yHKuif Y (z), sika He HabyBae
B IIbOMY OKOJIi HY/JIbOBMX 3HAa4€Hb, 1[0 BUKOHYETbCA PiBHICTDH

o(2)=(z-a)Vy(z).

Ockinbku GyHK1is Y (2) rotoMopdHa B OKOi TOUKM Z = a 1 He
HaOyBa€ HY/IbOBUX 3HAYEHb B JIEIKOMY OKOJI TOYKM Z=d, TO

bynKIio T MO>KH@ 3allMCaTy 3a JOIOMOIOI0 CTENEHEBOTO
y(z
PARY Y BUTTIALI: = ZCn (z—a)" . 3BiECU OTPUMYEMO HACTYII-
n=0
HY PIBHICTb:
f(z)= L _ ! —(z—a)_Nic (z—a)" ZEIOBR(a)
= = = : , )
0(z) (z-a)"y(2) par

[TokakeMO Tellep BUKOHAHHS IOCTATHbOI YMOBH, TOOTO [lOBe-
fieMo, 110 Ko GyHKLisA f(2) Moke 6yTH 3amycaHa 3a JOIIOMOT OO

pany Jlopana surnany f(z)= Z ¢,(z—a)", z €Br(a), To TOUKa
n=—N

z = a — nomoc GyHKuii f(2).
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Posrnsinemo — momomikHy — dyHkuio  @(z) =(z —a)" f(2).

OueBNHO, 110 TOYKA Z = d € YCYBHOK OCOOMMBOI0 TOYKOK IS
byskLii @ (z), TOOTO iCHYE CKiHYeHHA IPaHMIIT EBE(p(z) =, #0.

Toni maemo lim f(z) = limL)N =00, TOOTO TOYKA Z = d — IIO-
z—a z>a(z—aq)
nioc GyHKii f(2).
Teopemy goBeneHo.

Osnavenna 2.3.21. Touyka z=a € NOMOCOM HOPAJKY
N ¢yukuii f(z), sxuo Touka z=a € HyreM Hopsaaky N ¢yHkuii

1
Q(Z):%.

Teopema 2.3.17. Buenao psioy /lopana 6 0koni cymmeeo
0co61u60i mouku

[3onboBana oco6nmuBa touka z=a €C ¢yukuii f(z) € cyrreBoro

0c06/MBOI0 TOUKOI (PYHKII f(2z) Toai i TiIbKY TOAI, KOMM TOMOBHA
vqacTuHa psAny J/lopana @yHkuii f(z) B okoi 1ji€i TOYKM MiCTUTD He-
CKiHYEHHY KiJIbKiCTb JJOJaHKiB.

JloBeneHHs TeopeMy BUIIIMBAE i3 TeopeM 2.3.18 Ta 2.3.19, 60 y Bu-
Ia/[Ky HYIbOBOI FOMOBHOI yacTuHU psny Jlopana touka z=a €C

€ YCYBHOI0 OCOO/IMBOIO TOYKOIO, @ Y BUNAZIKY CKiHYEHHOI KibKOCTI
HEHY/IbOBMX JIOlaHKiB TO/NOBHOI 4YacTMHM pAAy JlopaHa Touka
z=a €C e nomocom s 3aanoi GyHKII.

[ToBeninKy yHKIIil B OKO/Mi CyTTEBO OCOOMMBOI TOUKM XapaKTe-
pusye reopema CoXO1bKOTO.

Teopema 2.3.22. Coxouvxozo

Hexall TOUKa Z=a € CyTTEBOI 0COOMBOI0 TOYKOW0 QYHKIII f(2).

Toni mna posinbHoro umcna B eC iCHye Taka IIOCiZOBHICTDH
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TOYOK {Zn nz 1} c C, pnsa sxux BUKOHYIOThCS yMOBM limz, =a
n—o0

ta lim f(z,)=B.

n—>0

Posrnsanemo pap JlopaHa B 0KoJIi HECKiHUeHHO BifjiajIeHOI TOU-
KU Z = oo,

Haragaemo, 1110 BUBYeHHS BIacTUBOCTEN QyHKIl f(2) B (1po-
KOJIOTOMY) OKOJIi HEeCKiHUeHHO BifJla/IeHOI TOUKM Z=0c° IpOBO-

1
IUTHCS WJIAXOM POSITIARY BractuBocTeil pyukuin g(§) = f(—]

g

Y BiIIIOBiTHOMY (IIPOKO/IOTOMY) OKOJIi TOUKM & = 0.
Posrisinemo ¢yHKIio f(z) komiuiekcHoi 3minnoi z € C, rono-

MOpGHY Ha JesAKili MHOXWHI {Z eC:R< |z| < o0 } , IKa Ha3WBa-

€TbCS IIPOKOIOTVIM OKOJIOM HeCKiHYeHHO Bifjfja/leHOl TOYKY Z = oo,
HeckinyeHHO BifjaneHa TOYKa Z= oo 3aBXIU € OCOOIMBOIO TOY-
kot A QyHKUl f(z), 60 faHa QYHKIiA He BM3HAUEHA B TOYII
zZ=co, YV NeBHUX BUIIAJKaX L0 (QYHKIi0 MOXXHA JOBU3HAUUTU

B TO4YIi Z= oo 3a HellepepBHIcTIO. [IificHO, AKIIO iCHy€e CKiHYeHHa
TpaHUILA lglolo f(2), sy mosnaunmo c,, To, noxmasumm f(e0) =c,, o1-
prMaeMo QYHKIII0, BU3HAYEHY i HellepepBHY B HECKiHUEHHO Bif-
fajeHin To4Li z = co. Toxi PpyHKITiA g(g)z f é Oyzie BU3Ha4YeHa

B JIEIKOMY OKOJIi IIOYaTKy KOOPAMHAT, TOOTO OKomi Touku z=0,
i Oynme B HboMy ro/IoMOPQHOI0, K PYHKIILis, 1[0 TOIOMOPdHa B fie-
AKOMY IIPOKOJIOTOMY OKOii Touku z=0 i HemepepBHa B Hiil.

Harapaemo, mo ¢yHkuis f(z) HasuBaeTbcs ronoMopdHO0 B He-

1
CKiHYEHHO BifjjajieHilt Tl z = o, axuio pyukuia g(&) = f (—

g

€ roniomop¢Hom B Toui & = 0.
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1
BpaxoBytoun oueBupHy piBHicTh lim f(z)=Ilim f (—] , sIKa Ma€
Z—>0 z—0 z

MiclIle 3a IPUITYIEHHs, 110 TaKa IPAHNIIA iCHYE, IPUXOAUMO JIO BUC-
HOBKY, III0 TUII 0COOMMBOI TOYKM B HECKiHYEHHO BimjasieHiil TodLi
MO>KHA BU3HAUUTY aHA/IOTIYHO BUIA/IKy CKiHY€HHOI 0COOMMBOI TOU-
Ki. OT>Ke, TOUKA Z = oo HAa3MBAETbCA YCYBHOIO i30/IbOBAHOI0 TOYKOIO
bynkuii f(z), axmo ¢yHKiA f(z) romomopdHa B 1eAKOMY IPOKOJIO-
TOMY OKOJIi TOUKU Z = oo I iCHy€ CKiHYeHHa I'PaHNLIA li_r>n f(z).

Z—>0

Touka z=co HazauBaeTbCs NoMocoM QYHKII f(z), AKIO QyHKIiA
f(z) ronomopdHa B feAKOMY IIPOKOTIOTOMY OKOJIi TOUKM Z = oo i iCHy€

rpanniA lim f(z), mpudomy lim f(z)=o0.
Z—>0 Z—®©
3ayBaxuMo, L0 HOPAAOK mHomoca ¢yHKLil f(z) B Touli z=oco0

1
BU3HAYAETHCA AK TMOPANOK nomoca ¢yukuii (€)= f| —| B Touui

g
£=0.

Touka z=co HasMBAa€ETbCA CYTTEBO OCOOIMBOI TOYKOK (YHKIII
f(z), axmo byHKiA f(z) ronoMmopdHa B IeAKOMY IPOKOTOTOMY OKOIi
TOYKM Z = oo i He iCHY€ TPaHuULs li_r)n f(2).

Z—®0

3ayBaxMMo, 1[0 HeCKiHYeHHO BifjajieHa TOYKa MOXKe OyTu rpa-

HIYHOK TOYKOW momiociB. Hampuknan, mnsa ¢yukuin f(z)=1tgz
ta g(z) = ctgz T0uKa Z= o0 € IPAHNYHOK TOYKOIO TIOTIOCIB.

SIkmo ¢yHKUiA f(z) B gesskoMy (IIPOKOTOTOMY) OKOJi HECKiH-
YEHHO BiijaZIeHOI TOYKM Z = o PO3K/I[A€TbcA B pAfA JlopaHa, To Ta-
KNI pO3KJIaJ, MPOBOAUTHCA 33 CTENEHAMM He3ale)XHOI 3MIHHOI Z,

T00TO psift JlopaHa QyHKIIII B OKOMI HeCKiHUYeHHO BififaneHoi QpyHK-
1 0
uii mae Burnag (&) = f| — |. BogHouac pan Z c,2" HasMBa€ETHCS
n=-—oo
+00
MPaBWIbHOI YacTUHOW pAnRYy JlopaHa, a pAn ZCHZ” — TOJIOBHOIO
n=1

4acTUHOIO pAAy JlopaHa.
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. 1
Posrnanemo dynkuito (&) = f E , AKa BBAXAETbCA TOJO-

MOpP(}HOI B IPOKOZIOTOMY OKOTi Bp (O):{§:|§|<%}. Topi, saximo

TOYKa Z=oco — YyCyBHa ocoOmmBa Touka QyHkuii F(z), To TO4-

1
ka §=0 rTakox ycyBHa ocobmmBa Touka QyHkuii @E)=f|—|,
a oTxKe, 1i psap Jlopana Mae BUITIAA: ¢

P(&)=2 8"

3Bigcn orpuMyemo, mo psap Jlopana GyHkuii f (z) B oKomi HecKiH-
YeHHO BifITa/IeHOl TOYKI Ma€ BUTTISI:

1) & (1) &,
f@=o{7)-Za(3) -5

baunmo, mo ronosHa yactuna psany J/lopana gopiBHIOE Hy/IEBi.
Skmo Touka z = co — nomoc nopsaaky N ¢yHkuii f (z), To6TO TOU-
1
ka =0 e nomocom nopsiaky N ¢yuxuii ¢(&) = f g , TO il psify

Jlopana B oxori § = 0 Mae Burnap;

o0

0= c&",

n=—N

a oTxe, psagn Jlopana ¢yHKIil f(z) B OKOJIi HeCKiHYeHHO BifmaneHol

TOYKNM Ma€ BUTTIAL:
1 © 1Y
Z)= — | = C —_ =
ro=o)= %al3)

_ N N-1 1 -1 -2
=C_ N2 tC a2  t.tc Z Hcytoz ez 7+

3BifcK BUJIHO, 1O TOJIOBHA YacTUHaA pAAy JlopaHa He JOpiBHIOE
HYJIEBi 11 MICTUTD /INIlIe CKIHYEHHY KiIbKiCThb HEHY/IbOBUX JIOlAHKIB.
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OueBNaHO, 0 Y BUMAJKY, KOMM TOYKA Z=0° € CyTTEBO 0COON-
BOIO TOYKOIO, TO pAf JlopaHa B iessKoMYy ii OKOJIi Oyfie MaTy rOJIOBHY
YJaCTUHY, AKa MICTUTDb 0e3/1i4 HEeHY/IbOBUX JIOIAaHKiB.

1
IIpuknag 2.3.15. Posknactu dyHkIio f(z)=—— B paxn
p by A DG+ P

Jlopana B okomi Touku z, = 0 Ta B Kimbwi K = {z:1 < |z | < 2}.

Poze’sizanns. Ilogamo ¢yHKuio f(2) y Burisaai cymu gpo6is:

1 1 1 1
f@)= (z=1D(z+2) _g[z—l_z+2)

3Harigemo posknaz B psag Jlopana ¢yukuii f(z) =

> !
(z-1)(z+2)

Croyarky B okoni Touku z, = 0. 3 BursAny psAny Jlopana Bumm-

Bae€, 10 PO3K/IaJ] B OKOJIi IaHOI TOYKM M€ 3/Ii/ICHIOBATICA 32 CTe-
neHAMu z. CKOpPUCTaEMOCh (bopMyHOIO I CyMU HECKiHY€HHOI

reOMeTpI/I‘{HOI Hporpecn BUITIAOY — 1— = Zq |q| < 1. Maewmo:
n=0

1

1 1 11 2 1S, 13 2\
fle)= T 31z 3 )“E%Z _6,,2_0( 2) B

(z-D(z+2) 3 1-z 3 1_[_z

2

I R R

n=0 n— n=0 n=0

TO6TO OTpUMaHO psij JlopaHa, IKUI MiCTUTB JINIIE IPABUIbHY Ya-
CTVHY.

. . . 1
Ocxkinbku B Touni z, =0 pynkiia f(z) = ————— e rono-

(z-1)(z+2)

MopdHoto, To psif Jlopana € psagom Tertopa. O6macTs itoro 36ix-
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Hocti — kpyr B, (0), paziyc AKOro BM3HA4a€THCA 3a OMOMOTOI0

dbopmynn Komri-Apnamapa:

Omxe, orpuManmii paj 36iraeTbcs B obmacti Q = {z:| z| < 1}.

3HaitemMo poskiaag GyHKLil y Kinbui Q = {z:1 < | z| < 2}. 3 Teo-
pemu JlopaHa BUIUIMBAE, 1[0 PO3K/IAJ, y BKa3aHOMY Ki/blli Mae
3OijicHIOBATICA 3a cTeneHAMM z. CKOpUCTAEMOCS GOPMYIO0 A/
CyMU HECKIHY€HHOI reOMeTPUYHOIL IIporpecii BUITIALY

0

1 )
T=Zq lal< 1.

q n=0
Maewmo:
1
1 1, 1 5 1S o 1 z)
(@)= )
/ (z-D(z+2) 3, 1 31_(_2] 32) 6;20 2
z 2

= lizfnfl _li (_l)n Zn’
3 n=0 6 n=0 2”
T06TO OTpUMaHO pAx JlopaHa, AKMIT MiCTUTh HEeCKiHYEHHY MHO-
JKMHY [OOJAHKIB AK y IPaBU/IbHINA, TaK i B TOMOBHIill YacTUHaX
pany Jlopana. 3HaiiieMo 06/macTb Jioro 36xHOCTI — Kinbie K(0).
Maewmo:

(_1)n+1

:%, r=Tm41=1.

n—o

Otxe, o6macTi0 30DKHOCTI 3HAIIEHOTO PpARY € Kilble
K(0) ={z:1 < |z| < 2}.
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3ANUTAHHA | 3SABOAHHA ANA CAMOKOHTPOJTIO

1.

Hasepitb npuxian QyHKIii, ika Ma€e HOJMIOC IPYTOro I0-
PAOKY Y TOYL Z = i.

Hasenite npukiaj QyHKIi, A1 KO Z = o € CYTTEBO
0CO0/IMBOIO TOYKOIO.

®yHk1is f(z) Mae 1301bOBaHy 0COOMMBY TOUKY Z = a i 3a-
MICYETHCA B IIPOKOIOTOMY OKOJIi Iji€i TOYKM Yy BUIJLAZL

pany Jopana f(z)= . c,(z—a)" . sIxoro Tumy € 0cob-
n=-2

JMBa TOYKA Z = a A1 PyHKil f(2)?

Hexaii Touka z = a € CyTTEBOIO 0COOIMBOIO TOUKOIO PYHK-
uii f (z). Yn moxe 6yTn $yHKIiA f(z) 06MexeHOI0 B OKOTI
TOYKM Z = a? Bigmosinb o6rpyHTyiiTe.

Hexail Touka z=1 € CyITEBOKW OCOOMMBOIO TOYKOIO
byHkii f(z). Un € z = 1 0co61MBOI0 TOYKOIO 1A QYHKIHI

o(z)= L? Bignosifgp o6rpyHTYIiTE.
f(2)
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2.3.9. Jluwku. Teopemu npo cymy NMLLKIB

(O3HayerHs nuwKy yHKYii, 20M0MOPPHOI 8 NPOKONOMOMY OKOM MOYKU.
Jluwok 6 HeckinyerHo 8iddaneriti moyyi. Teapemu Kowi npo cymy nuwikis
ma nosHy cymy autwikie. Dopmynu 0n5 064uCIeHHS NULIKIB)

[IoHATTA NUIIKY KOpPMCHE NPM BMBYEHHI i30/IbOBAHUX
0COO/IMBYUX TOYOK i, 30KpeMa, IIpy 0O4NC/IeHH] iHTerpaniB Bif QyHK-
1[i/l KOMIIIEKCHOI 3MiHHOI 110 MeXXi 06macTi Ta Bifi PyHKIiN AijicHOI
3MiHHOI (HeBTaCHMX iHTETPaIiB, Bifj TPUTOHOMETPUYHUX IIOJIIHOMIB).
Ile TOHATTA BU3HAYAETHCA [IEIIO IIO-PISHOMY [ BUIIQ/IKiB CKiHYEH-
HUX O0COONMBUX TOYOK i I HECKIHYEHHO Bif[Ja/IeHOI TOYKIL.

OsnavenHsa 2.3.23. Hexait ¢ynkuia f(z) e ronomopd-

HOI0 B IIPOKOJIOTOMY OKoyti Touku z=a, a €C, 10610 Ha MHOXMHI

B.(a)= {Z :0<|z—a|< R} . Jlumkom GyHKUI f(Z) B TOUNi Z=a Ha3u-
Ba€TbCs BEMMYMHA:

1
resf()=== [ f(2)z, (2.3.40)
z=a 2 .
{lz=a=pl}
me pe(O;R).
OsuavenHsa 2.3.24. Hexait ¢ynkuia f(z) e romomop-
¢$HOI B IIPOKOIOTOMY OKOJi TOYKM Z=o0, TOOTO Ha MHOXMHI

Bgr(o0)= {z : |z| > R} . JInmkom pyHK1il f(z) B TOUL Z = co HA3MBAETH-
CsA BeIMYMHA:

r_esf(z)=_i. I f(2)dz, (2.3.41)

271 .
{ll=p)

ne p €(R;+x) .

1
Ipuxnag 2.3.16. O6uncimuty mmok GyHkuii f(z) = ! B TOY-
Z+

miz=—-liBToUliz=o00.
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> . . 1
Posé’szanns. Ockinbkn QyHKIA f(z) = —— € TonoMopdHOI0
z

B IIPOKOJIOTOMY OKOJIi TOYKM Z = —1, TO 32 O3HAUEHHAM JIMIIKY B
CKiHYeHHil To41i 3rifHo 3 hopmynomw (2.3.40) Maemo:

27 . it 27
1 1 1 dt 1
res f(z) =— I —dz=— ple—,t=—, idt =1.
z=a 2mi Lz+1 2mi Y —1+pe” +1 2mi
{‘Z-%—l‘:p} 0 0

1
O6uncmumo nmumok GyHkuii f(z) = [ B TO4Ili Z=o0. 3riffHO
zZ+

3 O3HAUeHHSM /IMIIKY B HeCKiHYeHHil Touni 3a ¢popmynomo (2.3.41)
3HaXOVIMO:

2n it
1 1 1 1 ¢d
res f(z)=res ——=——— I —dz=——__|.(p—ei3=
z=00 z=0]+4 2z 27i A4z 27i ¥ 1+ pe
{lel=e} ‘
2m i 2
_ _LI d(pe") _ L oety T
2miy 1+pe”  2mi 0

Teopema 2.3.18. Teopema Kowi npo cymy nuwxie

Hexait G — obmexeHa o0macTh, Mexa sKoi 0G = kLnJ Voo M€ Vp
=0

k=0,n, cknajaetbea i3 3aMKHYTUX >KOPJAHOBMX KPUBIX,

10 He MEePETUMHAITbCH, MpUIoMy Vi CI”lt(Yo), kzl,_n, Yy —

KpuBa, sika obMmexye obmactp G, ¢yHKuis f(z) romomopdHa

B 5\{(11,612,...,%} , e ouxu a, 206G, k=1,p . Toxi:

j f2)dz = 2m‘§p: res f(2) (2.3.42)
'G k=17

=a;
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Ioseoenns. PosrissHemMo Take 4uciio v > 0, 10 [/ JOBI/IBHO-

ro k:@ OKIiJT E(ak)cG i mpu upomy gr(ai)mgr(aj):®,

R P _
i,j=1p.IlosHaunmo G, =G\ UB,(ak) . Toni 3rigHo 3 HacmigKOM
k=1
i3 Teopemn Komii npo piBHICTH iHTerpaiisB 10 TOMOTOIIHUX KPU-

BJX Ma€EMO:
[ f2ydz=0 (2.3.43)
G,
3 iHmoi 60Ky, BpaXoBYIOUM B/IACTUBOCTI aAMTUBHOCTI iHTerpa-
na Ta TeopeMy Koi mpo cymy nMIKiB, 3HaXOAUMO:

| f2)dz= j f@de-Y [ fede= [ flodz- 2mzres f@).

8'G k=1¢*B (a,) 0'G

,

3Bifcy, BpaxoByouM cmiBBigHOmeEHHA (2.3.43), oTpuUMyeMO
piBHicTb (2.3.42).
Teopemy moBezeno.

Teopema 2.3.19. Teopema Kowii npo noeény cymy nuuiKie

Hexait ynkuisa f(z) ronomopdna B (C\{al,az,...,ap}, e

Ap5Qys..5@, — OesKi TOYKM KOMIUIEKCHOI Iutomuum. Tomi:
p
Z res f(z)+res f(z)=0 (2.3.44)
k:1 z:ak Z=00

Tosedenns. Posrnanemo take uyncino R > 0, w0 f1d JOBiIbHO-
ro k=1,p a, €By(0). Topi 3a Teopemoro 2.3.18. mpo cymy nuiu-
KiB MaeMo:

I f(z)dz= ZmZ res f(z).

0" B, (0) 157 %
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P

3BificK, BpaxOBYIOUM O3HaY€HH:A JMIIKY B HECKiHYEHHO Bifjane-
Hiil TOYIli, OTPUMYEMO PiBHICTb:

P
27 res f(z)+27ciz res f(z)=0,
z= k=1

—, 2=4

sIKa eKBiBa/leHTHa piBHOCTI (2.3.44).
Teopemy foBeneHo.

Il obuncnenna miuikis € psag popmyn. HaBegemo ix.
1. Hexait ¢ynkuis f(z) romomopdHa B IIPOKOIOTOMY OKOJIi

B.(a)= {Z 10<|z—a|< R} . Toni, 3a Teopemoro Jlopana, GpyHkuis f (z)

MOXe 6YTI/I 3alliCaHa 'y BI/II‘TIH}Ii CyMU pAQNYy:

o0

f@)= 3 c,(z-a)',z €B/(a),

1 f(2)
e p— ———dz,
"o2mi (z=a)"!
{‘z—a‘:p}

3BiIKM OTpUMaeMO GOPMYITy [/IA TMIIKY B CKiHUEHHI TOYILi:
res f(z)=c_, (2.3.45)
zZ=a

2. Hexait ¢ynkuia f(z) ronoMmop¢pHa B IIPOKOTOTOMY OKOJI He-

CKiHueHHO Bifinenoi Touku Br(0)= {Z : |Z| > R}. Topi ananoriyHO

BUIIAJIKY CKiHYEHHOI TOYKM MaeMO (HOpMyITy [/If JIUIIKY B HECKiH-
YeHHi TOYIIi:

res f(z)=—c_, (2.3.46)

3. Hexait ¢yukuin f(z) romomopdna B IIPOKOTOTOMY OKOJi

Bi(a)= {z:O< |z—a| <R} . SIKIo CKiHYeHHa TOYKa Z=d € YCYBHOIO

0CO0OIMBOIO TOYKOI0, TO
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rfsf(z) =0, (2.3.47)

60 ronoBHa yacTuHa psARY /lopaHa B OKOJIi TaKOI TOUKM JOPIiBHIOE HY-
TeBi.
IIpumimxa. Ko To4Ka z = oo — yCcyBHa 0COOMMBA TOYKA PYHK-
il f(z), To mumok uiei pyHKuii B ToULi z= o0 He 0006 A3K060 IO-
piBHIOE HYITIO.

4. Hexait ¢yukuia f(z) romomopdnHa B IIPOKOTOTOMY OKOJIi
B:(a)= {z :0< |z - a| < R} , @ TOYKA Z =4 € II0JII0COM IIePIIOro HOPsfi-
Ky. Togni:

res f(z) = lim((z - a)f (2)) (2.3.48)
zZ=a zZ—a
Josedenns. [Ina nosenenna popmynu (2.3.48) 3acTocyemo Te-

opeMy Ipo BUIIAR pARy /lopaHa B OKOJIi ITO/II0CA TIEPIIOTO MOPAL-
KY, 3TiZIHO 3 KO0 MA€EMO:

flz)=—4= +icn(z—a)”,zelo3r(a) (2.3.49)

C
(z—a)

JoMHoXuBIIM 06UABI yacTMHU piBHOCTI (2.3.49) Ha (z—a),
3HAXOMMO:

(z—a)f(z)=c_,+ icn(z—a)”“,

n=0
3BifIKI OTPUMYEMO C_; = lim((z — a)f(z)) .
z—a
5. Hexait ¢ynkuia f(z) ronmomopdra B IPOKOTIOTOMY OKOJIi

B:(a)= {z :0< |z —a| < R} , @ TOYKAa Z=a € NMomocoM N-ro mopAapKy.
Topi muiox GyHKII f(z) B it TOYIi MO>KHA 3HAVITH, CKOPUCTABILNCD

dbopmyoro:
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1 N-1

_ : N
eSO @) eas
Jlosedenns. [Ina posenenna ¢popmynu (2.3.50) 3acTocyemo Te-
opemy npo BurnAj pAny Jlopana B oxoni momoca N-TO MOPANKY.
Maemo:

f(z)= —+ C-N+;]71 TSR N
(= a) (z=a) ] (z=a) (2.3.51)
+ch(z—a)", z€ B:(a)

TIoMHOXXMBIIY cliBBigHOIeHH (2.3.49) Ha (z—a)", 3HaX0gVUMO:
(z —a)Nf(z) =c_yte gy, (z—a)+c y,(z —a) +...+

o0
+c_(z—a)V + ch(z —a)"™N,
n=0

3Bificu OTpUMYy€EMO:

N:gmﬁz—me@ﬁ,(;NH=hm11«z—me@»,

C nia hm—((z a) f(z))

N-1

(anﬁmﬂNﬂsz@)

Orxe,
N1

1
)= = gt =)
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3ANUTAHHA | 3SABOAHHA ANA CAMOKOHTPOJTIO

1.

SIka BigMiHHICTD B O3HaYeHHAX MMIIKY QYHKLII 11 BU-
MKy CKiHY€HHOI TOYKM Ta I BUIIA[Ky HECKiHY€HHOI
TOYKU?

®yHK1iA f (z) Mae 130/1bOBaHY 0COOMUBY TOUKY Z = a i 3a-
IUCYETbCA B IPOKOIOTOMY OKOJIi 1€l TOYKM Yy BUITIAZLL

0

pany Jlopana f(2)= D ¢,(z—a)" . Yomy nopisrioe mu-

n=-10
mok GyHKIi f (z) B Touni z = a?
3a K010 GPOPMY/IOI 00UNCITIOITD MNIIOK PYHKIII B CKiH-
YeHHill 0cOO/MMBIi TOYIi TUITY IOMTIOCA TIOPAAKY 3¢
Cdopmymorite Teopemy Ko mpo cymy ymmkis.
Yomy nopiBHIoe muiok QyHKUII f (z) B 1l cKiHueHHi i30-
JIbOBaHI 0COO/MBII TOYL, KA € YCYBHOIO?
Touka z = o € yCyBHOI 0COOMMBOIO TOUKOM. U1 BUKOHY-

€TbCs piBHICTD res f(z) =02 Bigmosigps o6IpyHTYIITE.
Z=00
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2.4. lnpepeHuianbHi piBHAHHA

2.4.1. YmoBu icHyBaHHs i €AUHOCTI po3B'A3KY 3aAaui Kowi
AnA audepeHLianbHOro piBHAHHA NepLLOro NopAAKy

(3a2anbHuti ma yacmuxHuL po38 a3Ku OugepeHLianbHo20 pigHAHHA. 3adaya
Kouwsi, [eomempuyrudi 3micm noyamxogux ymog 04 dughepeHyiansHo2o pie-
HAHHA NepLI020 NopAOKY. Teopema icHyBaKHA | €DUHOCMI po36’A3Ky 3a0ayi
Kowi 0na HopmaneHo2o dugheperyiansHo20 pisHAHHA nepuio2o nopAdKY.
[Toramma npo oco6ruguli po3s 30k OugheperyianbHO20 PiBHAHHS)

A. 3azanbHuti ma yacmuHHUU po38’A3Ku duhepeHyianbHo20
pieHAHHA. 3adaya Kowi. leomempuyHuti 3Micm no4yamkoeoi
yMoeu 0151 OupepeHyiasbHo20 Pi6HAHHSA Nepuio20 NOPAOKY

3BuyariHe aydepeHLianbHe PIBHAHHS MEpIIOro MOPARKY
Y 3araJIbHOMY BUIVIAZL 3aIa€ThCA CIIBBiIHOMIEHHAM:

F(x,9,9)=0 (2.4.1)
a6o

y'=f(xy), (2.4.2)

e X — He3a/leXXHa 3MiHHA, ¥y = ¥ (x) — HeBigoma (mrykaHa) ¢yHk-
i, y' = y'(x) — ii noxigna. Hesanexxnoi 3miHHOI i mrykaHoi pyHKuii
MO>Ke ABHO B PiBHAHHI He OyTy, aje moxifHa mrykanoi QyHkuii Tam
€ 060B’A3K0BO. [IudepeHIiianbHe piBHAHHA y BUrAni (2.4.2) Ha3uBa-
I0Th PiBHAHHAM, posB’HsaHMM BiffHOCHO TTOXifHOI, 2060 HOpPMaJIbHUM
nudepeHLiaIbHUM PiBHAHHAM.

Bynb-saxa ¢yHKiia y(x), ska nepeTBopioe audepeHianbHe piB-
HAHHA Ha IIEBHOMY IIPOMDKKY Y TOTOXKHICTD (iHaKIIe KaKyTb — 3a-
IOBOJIbHSIE PIBHSHHS), HA3MBAETHCS PO3B SI3KOM i epeHIiiaTbHOro
PiBHAHHSA Ha LIbOMY IPOMDKKY. [padik po3s’a3ky gudepeHIiaTbHOrO
PiBHAHHSA HAa3MBAIOTD iHTEIPaJbHOI0 KPUBOIO IIbOTO PiBHAHHA.
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Hanpuknapn, y° = x — pudepennianpHe piBHAHHA Bupy (2.4.2).

OueBuyHO, 1O Iie PiBHAHHA Ha BCili MHOXMHI R 3a10BO/IbHAE Oyb-
2

. X . .
AKa QyHKILiA BURY y :7+ C, ne C — pmosinbHa crana. To6to, pis-

HAHHA Ma€ HeCKiH4YeHHY MHOXXVHY PO3B’A3KiB (OfHOIIapaMeTpu4Hy
CiM'10 iHTerpabHUX KPUBUX).

Bussnserncs, mo 1 noinbHe gudepeHLianbie piBHAHHA (2.4.2)
IIpY TIeBHUX yMOBax (Lli yMOBM PO3ITITHEMO Jjajli) Ma€ HECKiHUeHHY
MHOXXVHY PO3B’sA3KiB, 110 3a/Ie>XKaTh Bijl OfHi€l JOBiNbHOI cTanoi (I1a-
pamertpa):

y=yx C) (2.4.3)
a60 B HEABHOMY BUITIAJI:
D(x,9%C)=0 (2.4.4)

MHOoxuHy (2.4.3) Ha3UBAIOTb 3d2a/bHUM PO36’A3KOM (2 MHOXMU-
HY (2.4.4) — 3azanvHum inmeepanom) nyiepeHIiaTbHOTO PiBHAHHSA
(2.4.2). Po3p’s130k mn¢epeHIiabHOTO PiBHAHHSA, OTPMMAaHMII i3 3a-
ra/IbHOTO PO3B’sA3KY (3ara/IbHOTO iHTerpasa) pyu KOHKPETHOMY 3Ha-
4eHHi cTanoi C, Ha3MBaIOTh yacmunHum (a60 okpemum) PO3B’I3KOM
(iHTerpamoM) IIbOTO PiBHAHHS.

3a3Buyait, MO0 AiCTATV YACTUHHMII PO3B’A30K AydepeHIiiaTbHO-
ro piBHAHHA (OKpeMy iHTerpanbHy KPMBY), 3aJal0Th TaK 3BaHy IIO-
Y4aTKOBY YMOBY, AKY M€ 3a/I0BO/IbHATI PO3B A30K:

y(x,) =y, (2.4.5)

TeomeTpnyHO 3aflaHHA MOYATKOBOI YMOBY O3HA4a€ BYMOTLY 3Hall-
T cepeq YCiX iHTerpalbHNX KPUBYX PiBHAHHA TY KPUBY, AKa IIPOXO-
IUTH Yepes TOUKY (X, V).

Bumora 3HaiiTi po3B’sa30k udepeHIiabHOr0 piBHAHHA (2.4.2),
SIKUIL 3a/J0BOJIbHSIE TTOYATKOBY YMOBY (2.4.5), Ha3MBa€eThCs 3aadero
Kommi.

Hanpuknapn, sagaga Komri s posraaHyToro Buiie gudepeH-
Iila/IbHOTO PIBHSAHHS Y’ =X 3 MO4YaTKOBOK yMoBow ¥ (0)=3 mae
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2
X .. o
pOSB’H?)OK y= 7 + 3, AKUM AICTAaHEMO, AKIIO Yy 3arajibHun pOSB)S{SOK

2 2
X . e 0
y= > +C migcraBumo x =0, y=3 i 3i cniBBifHOmEeHHA 3=—+C

3Hangemo C = 3.

Y 6ararpox BUITaJiKaxX 3HANTYU TOUYHMIT PO3B 130K 3ana4i Komri He-
MoxxuBo. Topi 3aady pos3B’s3yl0Th HaOMVDKEHO. AJle IIpU L[bOMY
Tpeba Oy TV BIEBHEHVM, 110 PO3B SI30K iCHYE i €VIHMIL.

b. Teopema npo icHysaHHs i eduHicmb po3e’asky 3adayi Kowi
0219 HOpMANbHO20 OugpepeHyianbHO20 pieHAHHA 1-20 NOPAOKY

Teopema 2.4.1. Teopema Ilikapa

Hexait Mmaemo piBHAHHA (2.4.2) 3 TOYaTKOBOIO YMOBOIO (2.4.5), e

¢byHkLis f (x, y)BU3HAa4YeHa i HelepepBHA B JIesKill MPSAMOKYTHI

ob6macti D: |x —x0| <a, y—y0| <b i 3amoBONbHAE B Lill 00/IaCTi
ymoBy JlinmuisA mo 3MiHHI y:

V(x,y,),(x,y,) eDIL >0:|f(x,y1)—f(x,y2)| SL|y1 —y2| (2.4.6)

b 1
Tomi Ha Bimpisky [xo—h; x0+h], his h=min(a,ﬂ,z],

M=(m%x |f(x,y)| icHye emuHUIT PO3B’A30K y (x) mudepeHi-
x, y)eD

QJIbHOTO piBHAHHA (2.4.2), AKUI 3a[JOBOJIbHSE ITOYaTKOBY YMOBY
(2.4.5).

Jlosedenns. Inest noBefeHHs MOJATAE Y HACTYIHOMY. [aHe mum-
(epeHLianbHe PiBHAHHA 3 II0YaTKOBOI YMOBOIO 3aMiHIOIOTH PiB-
HOCWJIbHVMM JIOMY iHT€Tpa/JibHUM PiBHAHHAM, AKe y CBOIO 4epry
3aziae iHTerpanbHe BioOpakeHHs. [lepexoHaBIINCh, L0 Iie Bi-
HoOpaXkeHHs CTUCKYI04Ye, pOOJMO BUCHOBOK, 1110, 3TiIHO 3 Teope-
Moro banaxa, BoHO Mae €[juHy HepyxoMy TOuKy. CaMe BOHa € TUM
€IVHUM pO3B’A3KOM 3ajaui Komri.
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CnovaTky nepekoHaemocs, 1o 3agada Komri (2.4.2)-(2.4.5)
€KBiBaJICHTHA IHTEIPAJIbHOMY PiBHAHHIO:

y(x) yo+ffty ))dt (24.7)

CrnipaBji, Hexall Ha [JeAIKOMY Bifipi3Ky I C [xo -a, x,+ al "e-
nepepsHa QyHKIiA y (X) 3 06MacTIO 3HAYEHDb Y MHOXMHI [y, — b,
Y, + bl— posB’sasox audepennianbHoro piBHAHHA (2.4.2), AKuMit
3a710BOTIbHAE YMOBY J (X,) = y, (T06TO moyaTKOBY yMOBY (2.4.5)).
InTerpyemo o6uaBi yacTuny piBHAHHA (2.4.2) B MeXax Biff X, /10 x:

J.y dt—jf(ty dt<:>y| J.fty dt@y(x)z

:y(x0)+jf(t,y(t))dt.
Ypaxosywouu, mo Y (x)=y, Ma€eMo OCTaTOYHO:

y(x) =y, + jff(t,y(t))dt, TO6TO ¥ (X) — pO3B’A30K iHTETPaNbHOTO

piBHAHHA (2.4.7) Ha Bigpisky 1.

Hapmaky, Hexail Temep HellepepBHa (QYHKIIisA y(x), x el,
€ PO3B’A3KOM iHTerpanbHOro piBHAHHA (2.4.7). Ockinbku QyHKIiA
f(t,y(t)) y IpaBiit yacTuHi piBHOCTI (2.4.7) HenepepBHa i fudepeH-
ilfoBHa (32 BIACTUBICTIO BIM3HAYEHOTO iHTeTpaa AK QYHKIII Bepx-
HBOI MeXi), To 71 QyHKLiA y (x), IO 3aA€TbCA CHiBBiTHOIIEHHAM
(2.4.7), HenepepBHa i gudepeHnirioBana Ha 1. Baasum noxigHy Bif
060X JacTyH piBHOCTI (2.4.7), 6ymemo MaTu:

0= ot o (5= ).

a migcrasnsoun B (2.4.7) x = x, — y(x,) = y,. To6T0 y(x) 3a0BONBHSE
mudepeHIianbHe piBHAHHA (2.4.2) i MOYaTKOBY YMOBY (2.4.5).
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Takum umHoM, 3agada Komi (2.4.2)-(2.4.5) exBiBajeHTHa iHTe-
rpaibHOMY piBHAHHIO (2.4.7). Tomy pasni moBopMTMMEMO iCHYBaHHA
i eguHiCTD po3B’A3KY iHTerpanbHOrO piBHAHHA (2.4.7).

[IpaBy i10ro YacTMHY HIPUPOJHO PO3IIANATH AK IHTETpaIbHMIL
omnepatop U, AKMiT KO>KHIN HellepepBHill Ha Bifpisky I pyHKii y (x),

06macTio 3HaYeHb AKOI € TMi]MHOXIHA Bifpiska [y, — b, y, + b], cTa-

X
BUTD y BiIMOBiIHICTh HenepepBHY QyHKIi0 ¥, + J f (t, y(t))dt; Io-
3HauuMo ii z(x). To6To z = Uy. X,

[Tokaxkemo, 1o fo omepaTtopa U Moxe OyTy 3aCTOCOBaHa Teope-
Ma banaxa, 3rifHO 3 KOO CTMCKyHOYe BijoOpa)keHH:, siKe IepeBO-
IWUTD TIOBHWII METPUYHUI IPOCTIp y cebe, Mae €UHY HEPYXOMY TOU-
Ky. Ilepecigunmocs: axmo I = [x, - h, x, + h], T0 ymMOBU Teopemu
banaxa pns oneparopa U BUKOHYIOTbCA.

1. O6nactp BU3HaueHHA omeparopa U — MHOXINHA Hellepeps-
HUX Ha BifpisKy [x, — h, x, + h] dynxuiit, To6to0 y (x) € C[x, — h,
x, + h]. 3nayenns nux GyHKIi HameXaTh IPOMDKKY [y, — b, y, + b].
[Tepexonaemocs, 1o onepatop U KoKHY PyHKII0 ¥ (x) 3 MHOXIHMA
C [x, = h, x, + h] mepeBonuTb y GyHKUI0 2(X) 3 Ti€] ) MHOXMHIL.

Cnpaspi, dynknia z(x) =y, + If(t,y(t))dt HellepepBHa Ha BifI-

pisky [x, - h, x, + h] (mokasano Bu1Le) i, KPiM TOTO, /11 KOXKHOI PyHK-

il y(x)eC [xo —h, x, +h] 1 mIa Bcix x e [xo —-h, x, +h] Ma€EMO

( b 1

upu h=min| a,—,— |:

M L

|z(x)—y0|= If(t,y(t))dt S”f(t,y(t))‘dtSM|x—x0|SMhSM-%:b,

T06TO yCi 3HaYeHHsA QyHKIi z(x) MicTATbCA Ha TpoMixKy [y, - b,
¥, + b]. OTxe, oneparop U nepeBofnTb TIOBHMIT METPUYHMIT TIPOCTIp

Cx,-h,x,+ h] y cebe.
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2. TTokaxemo, mo U — omepaTtop CTHUCKY, TOOTO BiICTaHb MDX
Oynb-AxuMy obpasaMy He IepeBUINYeE BimcTaHi MK ix mpoobpasa-
Mu. Maemo:

Vz,,2,: p(zl,zz) = mjlx|z1 (x) -z, (x)| = mj1x|Uy1 (x) -Uy, (x)| =

— max|y, + jf fltn(t)dt -y, - T f(ty, (1))t

%o Xy

X

= max| [ [ £(£.1(£)) - £(£:25(1)) |t

X
X,

< mij‘f(t,yl(t))—f(t,yz(t))‘dt <

0

< ]ﬁ mxax|f(t,y1 (t)) - f(t,y2 (t))|dt < metx|y1 (t) -, (t)| . jﬁ dt =

Xo %o

1
=Lp(y,,y, )|x = xo| < Lhp (59, ) < L-—p(7032)=p(y72):

Orxe, U — onepaTop CTUCKY, KU IepeBOANTD IOBHUI METPUY-
HUIT IpocTip y cebe. ToMmy BiH Mae efuHy HepyXoMy TOuKy. [HakIie
Ka)Xy4n, icHye eHa QYHKIiA y(X), BU3HAUeHA i HellepepBHA Ha IIPO-

MDKKY [xo —h, x, + h] , TaKa, [0 BUKOHYETbCA PiBHICTh y(x) = Uy(x) ,

abo Te came, 1110 y(x) =Y+ jf(t,y(t))dt )
Tobrto icHye enyHMIT PO3B’A30K iHTerpanbHOTrO piBHAHHA (2.4.7),
a OTXKe, il eKBiBaJIeHTHOI itoMy 3amadi Komii (2.4.2)-(2.4.5).
Teopemy noseneno.

Hpumimxa. Ymosy Jlinmmnna B teopemi Ilikapa He 3aBxan Baa-
€TbCA 7erko nepesiputu. Tomy Ha mpaxkTuii ii 4acTo 3aMiHAOTD
YKOPCTKIIIIOK0, 3aTe MPOCTIIIO [ TepeBipKy, YMOBOK 0OMesxe-
HOCTi YaCTMHHOI OXifiHOI 110 y pyHkuii f (X, y) .

Cnpaspi, saxuo 3K >0: |f'(x,y)| <K V(x,y) eD, 10:
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£ (x.20) = £ (23, = £ (230 013, = 2]) [0 = 7o < K3 = 3,

TOOTO BUKOHYETbCS yMoBa Jlimumus (2.4.6).

b

IIpuxnap 2.4.1

1. 3apaya Komi s pudepennianbHoro piBHAHHS y'=ysinx+e”
3 OyZIb- AKOIO IOYaTKOBOIO YMOBOIO y(xo) = ), Ma€ ENVIHNIL PO3B’A-
30K, 60 IpaBa J0ro yacTuMHa — HelepepBHa (QyHKILis, a i moxig-

Ha I10 y 0OMeKeHa:

= |sinx| <1 V(x,y) eR’.

d . x
—( ysinx +e )
dy

2. ¥V Bumaaxy pudepeHIiafpHOro piBHAHHA y' =33 y2 MAaEMO

inmy curyanir. ITpaBa 7ioro yacTuna f (x, y)= 33 )’2 HelepepBHA
. 2 g ! 2
B yciX Toukax (x, y) € R*. YacTuHHa nmoxigHa fy (x, y) = T CTa€ He-

obmexeHoto pnt ¥ = 0, To6TO B TOuKax oci Ox. OTxe, B IUX TOY-

KaX MO)Ke IOPYIIYBaTHCA YMOBa €NVHOCTI po3B’A3Ky. | cmpaspi,

y = 0 € po3B’I3KOM piBHSHHS. A 3arajbHIII PO3B’SI30K Ma€ BUITIA:

y = (x + C)’. To610 Yepes KOXKHY TOUKY iHTerpanbHOi KpuBoi y = 0

(oci Ox) mpoxoAuUTh iHTerpasbHa KpMBa i3 CiM'1 KPUBMX 3arajbHOTO
b

po3B’asKy (puc. 2.4.1).

y

Puc. 2.4.1
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Po3B’s130Kk pudepenIiiabHOrO piBHAHHSA, B KOXKHI TOYIIi SIKOTO
MOPYIIYETHCA YMOBA €AMHOCTI, HA3VBAETHCS 0COONIUBUM PO3B A3KOM.

OTrxe, y = 0 — 0co6muBuMit po3B’s130K HaHOTro AydepeHIiaTbHO-
IO piBHAHHA.

3ATINTAHHA | 3ABOAHHA 719 CAMOKOHTPOJIO

1.

[llo Take 3arajbHMII PO3B’A30K AMepeHLiaTbHOr0 piB-
HAHHA?

[Ilo Take YacTMHHMII pO3B’A30K AUQEpEHIiaNTbHOIO piB-
HAHHA?

IIfo Taxe 3apmaya Kowii? Hasemite nmpukmapg 3apaui Ko
Wi audepeHIiiabHOrO PiBHAHHA: @) IEPIIOTO MOPSJKY;
6) Apyroro mopsKy.

Sxuit reomerpuunmit 3mict 3agaui Komi s nudepen-
1ia/IbHOTO PIBHAHHSA: a) HEpLIOro MOPsAKY; 6) Apyroro
HNOPAAKY?

JloBeniTh, KOPUCTYIOUMCH O3HAaYeHHAM, IO QYHKIIA
y = Ce* € 3araJIbHNM PO3B A3KOM AVQepeHIIiaTbHOrO piB-
HAHHA §' - ¥ =0.

Cdopmymoiite Teopemy Ilikapa icHyBaHHsA i €RMHOCTI
po3B’asky 3azaui Komi my1s HopManbHoro audepeniiaib-
HOTO piBHAHHA NE€PLIOTo NOPAAKY. fKa ifesd ii JoBeeHHA?
o Take ymosa Jlimmus gia gyskuii f(x, y)? Sdxmit i
3B’5130K i3 0OME>XEeHICTIO YaCTMHHOI IOXiAHOI 110 y QyHKIiT
floy)t

Ilfo Take oco6MUBMIT PO3B’A30K AudepeHIiaTbHOTO
piBHAHHA? [laiiTe JOro0 reOMETPUYHY iHTepIpeTaLio.
Hasepith npukimap.
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2.4.2. CTiliKicTb NiHIAHUX cucTem audepeHLianbHuX
PiBHAHD 3i cTanUMu KoediljieHTamu

(OcHogHi noHamma meapii cmitikocmi, Cmitikicme AikitHUX cucmem ducpe-
PeHyiabHUX piBHAHb. Knacugikauyis moyok cnokoro)

Bararo peanpHMX IpoIeciB Ta SBUIL ONUCYIOThCA Ande-
peHLlia/IbHUMY PiBHAHHAMM Ta cucTeMaMy aydepeHIialbHUX piB-
HAHb. OfHaK I TOro 1mo6 BUCHOBKY, 3po0/eHi Ha OCHOBI 1mO6y-
JTOBAHOI MaTeMaTMYHOI MOJIesi, BiIIIOBiTaM MiliICHOCTi, MOZIeb Ma€
Oy TV KOpeKTHO0. 3’ICYEMO, SKIIT BK/IQAETHCS 3MICT Y IOHATTS KO-
PEKTHOCTi y BUIIAfIKy, KOJIY MaTeMATUYHOK MOJE/II0 HAEeAKOro Ipo-
11eCy BUCTYIIa€ HOpMaJIbHa CHcTeMa fAndepeHIiaIbHUX PiBHIHb:

% = fi(t, x5 0x,), tel, i=ln (2.4.8)

¢yukuii f,(¢,x) (x € D) Bu3Ha4YeHi B IPOCTOPI (I X D) — R", e
I=(a; +o), D C R".

Cucrema (2.4.8) HasuBaeTbcsA ideanvHoio abo He3byperoro. [l 3a-
Oe3reyeHHs KOPEKTHOCTi BOHA MA€ 3a/{0BO/IbHATH PSIfi BUMOL.

1. Jinsa 6ynp-sxoitoukn (fy, X,) € I x D sagavaKowi %, = f,(£,x),
x(ty) = X, MOBMHHA MaTV €MHWIT PO3B’A30K (yMOBU icHY8aHHSL ma
eounocmi po3s’asky sadai Kowi ous. 2.4.1).

2. Ilpm cTBOpeHHi ifgeanisoBaHOi MaTeMaTMYHOI MOfeni He Opa-
JINCA [0 YBary fesKi gpyropsanHi pakropyu (Tak 3BaHi 30ypeHH:), AKi
B peasIbHiil cuTyallii BIVIMBAIOTh Ha Nepebir JOCIimpKyBaHOro Mpo-
necy. OKpiM TOro, Ha IpPaKTHUIli IMOYaTKOBi HaHi IPOLECY HEMOX-
NMBO BUSHAYMUTU aOCOMIOTHO TOYHO. SIKIIO Maji 3MiHUM [TOYaTKOBUX
yMOB x(t,) = x, 3yMOB/IIOIOTb 3HAYHi BiIXM/IEHHA PO3B’A3KiB, TO TaKi
PO3B’3KM HaBiTh HAOIVKEHO He OIUCYIOTh PO3I/IAYBaHE SABUIIIE.

TobTo, MM Maemo 6yTy BIeBHEHMMU, LIO B pasi 3aMiHu 3ajadvi

Komi x, = f,(t,x), x(f))=x, 6yzmp-AK00 36ypeHoI0 MO0 Hei 3a7ja-

wew X, = f,(t,X), X(f)) =X, moxHa Oyge, IpMHAMHI Ha CKiHYEHHO-
My HPOMDKKY, 3a0e3lednTy Hamepef 3ajfiaHe, JOCUTb Maje Bigxu-
NeHHs1 36ypeHoro po3B’sisKy X(t) Bim He36ypeHoOro x () 3a paxyHOK
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JIOCTaTHBOI 6/IM3bKOCTI MOYaTKOBUX mauux (t, Xo) i (£, X,) Ta mpa-
BMX YaCTUH f i ]f .

YMOBU, IIpK SIKUX Majli 3MiHM MOYaTKOBUX JAHNX MPU3BOISTH 1O
Ma/IuX BiIXMIeHb pO3B’A3KiB crucTeMu (2.4.8), ae HacTyIIHa TeopeMa.

Teopema 2.4.2

Hexait ¢ynkuii f(f, x) € HemepepBHUMM B [esKiit obmac-

1i (I x D) < R™" i 3a0BONbHAIOTH yMOBU Teopemu Koui, T06-

TO po3B’A30K X (t), t € I 3amayi Komni %, = f,(¢,x), x(t,)=x, Mae

BracTuBicThb efuHOCTi. Toxi Ha 6yab-sAKOMY Bifipi3Ky ] C I po3B’s-

30K x (t), t € I € cTifikum o710 36ypeHb NOYaTKOBUX AaHuXx (£, x,)

Ta IpaBoi YacTunu f,(t,x) .

Cucremn, 5Ki 3a/J0BO/IBHAIOTH YMOBY JAaHOI TEOPEMI, HA3UBAIOTh-
CsA CTIIKMMM 10710 30ypeHb ITOYaTKOBMX JAHNUX Ta IPaBOi YaCTMHU
Ha CKIHU€HHOMY IIPOMIXKY Yacy.

OpHak Teopema 2.4.2 Mano IpujaTHa [ AOCTIIPKEHHS Ipolle-
CiB, IKIi MOXXYTb TPUBATM NMPAKTUYHO HECKiHYEHHO HOBTO (f—>+00).
To6T0, 6/IM3bKiCTh MOYATKOBYX YMOB Ta IIPABMX YACTUH HE FapaHTYE
CTIKiCTP 00 30ypens mis cuctemn (2.4.8).

Hampuxman, po3IigsHeMO [iBa CKa/JAPHUX PIBHAHHA: X =—X Ta
X =x. PosB’spkeMo 1A Hux 3ajady Komri 3 moyaTkoBO0 yMOBOIO
x(0) = x,.

1. JIna mepuioro piBHAHHA X = —X: ax _ —x = dx = —xdt =
dx dt
X
|x| =e'e" > x=Ce".

To610, x = C,e”" € 3arambHMM PO3B’A3KOM PiBHAHHA X = —X .
YpaxoByroun modarkoBy ymoBy (0, x), sHaxommmo Ci:
. bl —
X, = Cle0 = C, = x,. Orxe, 3aaua Kouti Mae po3B’a30K X = X, € !
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2. AHaJIOTiyHi epeTBOPEHHA IPOBEIEMO NI/IA PiBHAHHA X = X :

dx dx dx
—=x D dx=xdt > —=dt =>[—=[dt = ln|x|=t+C =
dt X X
1
e n‘x‘ — et+C = |X| — et . eC — x= Cle’.
To6To, x = Ce' € 3aralbHMM pO3B’A3KOM DIiBHAHHA X=X .

Ypaxosyioun modaTkoBy ymoBy (0; x,), sHaxogumo C: x, = C,e’ =
C, = x,. OTxe, 3azjaya Komi Mae posp’a3ok x = x, €.

Ak 6aunmo, Ha TPoMixkKy (0; +00) PO3B’AKM X = X e Ta X = X €'
BiJIIOBi[HO PiBHAHb X =—X Ta X=X HeINEPepBHO 3aj/eXXaTb Bif t
i x, amme IIpy t—>+00 HACTI/IKM 36y PEHHS ITOYaTKOBMX JIAHMX /IS KOXK-
HOTO 3 PiBHAHD BUSBIIAIOTHCS PI3HUMIL

[Tpumyctumo, mo & <1 — safane 36ypeHHs, TOOTO X, Bifjo6-

paxaerbca B X, =x,+0. [lna mepmoro piBHAHHA HETOY-
HiCTb y BMOOpi IIOYaTKOBOTO 3HAYEHHS HiBETIOETBCA 3 YaCOM:

xoe't —(x, + S)e_t| = |8|e_t — 0 mpu t—>+oo.

Ins  ppyroro x — Hi |x,e —(x, +6)et|=|8|et — +o0
npu t—>+. Tak, HETOYHICTH y BUOOpI IOYATKOBOIO 3HA-
yeHHsA mopsapky 1 % (6 =001, t = 0 = Se' =0,01-¢°=0,01)
BIIMBAETbCA Yy 20-BifCOTKOBY MHOXMOKYy TIpu  OOYMCIIeH-
Hi 3Ha4YeHHA PO3B’A3KY B MOMeHT uacy t = 3: 8 = 0,01, t = 3 =

Se' =0,01-¢° =0,01:19,68 ~ 0,20.

I jocimpKeHHA XapaKTepy 3a/IeXKHOCT] po3B’A3KiB AudepeHiri-
a7IbHMX PiBHAHD BiJj TIOYATKOBMX YMOB Ha BEIMKMX iHTepBaax 4acy
(t—>+o0) Hanpukinni XIX cropivus O.M. JIanynosum (1857-1918)
0y/10 CTBOPEHO CTPOTY TeOPilo CTIIKOCTI pyXy.

Osnauenns 2.4.1. Posp’asok x, = @, (f) cucremu (2.4.8) Ha-
3UBAIOTh CTiIKVM 3a JIAyHOBUM (IIpu f—>+00), AKIIO [ 6yIAb-AKOTO
&> 0 icnye 8 = d(¢) > 0, Taxe, 10 I KOXKHOTO PO3B’A3KY X, =, (t)
[aHOI CUCTEMM, SIKUIT B MOMEHT Yacy f, 3a[J0BOJIbHSIE HEPIBHICTh:
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|9:(t)) =W, (t,)| < 8, i=1,n
JULSL BCIX { > f, BUKOHYETHCSI HEPIBHICTB:

o, ()~ w, () <&, i=Ln.

TeomerpuyHa iHTeprperanis o3HadyeHHs 2.4.1 HacTymHa: rpagik
KOXXHOTO PO3B’AI3KY, AKMi1 B MOMEHT 4acy f, BUXOIUTD 3 §-OKOTy TO4-
. . b
xu (t; ¢(t,)) HOBMHeH Hanexaru e-Tpy61i rpadika poss’sasky ¢(1).

Osnauenns 2.4.2. Posp’ssok x,=@(t) cucremn (2.4.8)
Ha3MBAIOTh ACUMITOTUYHO CTiNiKuM 3a JIsmyHoBuM (Tipu t—> +00),
AKIO m1sa O6ymb-sxoro € > 0 icHye §=38(g)>0, Mo I JOBIIBHO-
ro posB’A3Ky x, = , (¢) aHOi cucTeMM, AKUI B MOMEHT Yacy f, 3aj10-
BOJIbHSIE HEPIBHICTh:

|0:(t)) —w,(t,)| < 8, i=1,n
JULSL BCIX f > f BUKOHYETBCSI PIBHICTB:

lim [, (1)~ v, (0)| =0, i=Ln.
t—>+00

Osnauenns 2.4.3. PosB’sa30k x, = @ () cucremn (2.4.8) Ha-
3MBAOTh HeCTiitKkuM 3a JIAnyHoBuM (Ipu £ —> +00)), SAKLIO iCHYe IpK-
HaiMHi OIIH PO3B’A30K, /Il AKOTO B MOMEHT 4Yacy f BUKOHYETbCS

HepiBHICTH |(pi(t0)—\ui(t0)|<8, azne |(pi(t)—\yi(t)|>8 VLS BCIX £ > £,
i=Ln.

3ayBaXuMoO, IO 3ajjady IpPO CTifKiCTb po3B’A3Ky X = (1),
x € D c R" cucremu (2.4.8) MOXXKHa 3BeCTH IO 3afjadi PO CTiMKiCTh
HY/IbOBOTO PO3B’A3KY (TOYKM CIIOKOI0) fiesikoi cucteMu y = F(t, ),
OTPMMaHO] 3 BUXi/IHOI 3aMiHOI0 3MIiHHUX X = y + @(1).

Iepexin Bin cuctemn Buny x = f(t,x) no cucremu y=F(t,y) ne
3apxan € nmpoctuM. [To-mepiie, mOTpiOHO 3HATU PO3B’A30K X = ((1).
I[To-gpyre, oTpuMaHa cucteMa Moxke OyTY CKIAfIHIIIOW0, aHDK cucTe-
Ma BUAY x = f(t,x). OpHaK MOXX/IMBICTb CaMOTrO IepeXo/y Bifl JOCITi-
JPKE€HHS CTIiIKOCTi JOBiIIBHOTO PO3B A3KY [0 MOC/I/IKEHHSA CTiIKOCTi
HY/IBOBOT'O € BOK/IMBOIO AK 3 TEOPETUYHOI, TaK i 3 IPAKTUYHOI TOY-
KI1 30DY.



YactuHa |. TEOPETUYHI MATEPIANIN - Po3din 2. flp ionosideli Ha i 167

P

[ToBepuemoch 1o cuctemu (2.4.8) i posrisiHeMO HaIpoCTimmit i
BUNAJIOK — JIiHIIHY OGHOPigHY cucTeMy audepeHIiaTbHIX PiBHAHD
3i ctanumu KoedilieHTaMu:

x=Ax, xeDcR", (2.4.9)
me A — ctana Marpuus (OpAAKY 71) Koe(illieHTiB cucTeMu.

YMoBU cTifiKOCTi cucTemu (2.4.9) mae HacTyIHA TeopeMa.

Teopema 2.4.3

Posp’sasku cucremn (2.4.9) € cmilikumu, AKIO NiICHI YaCTUHU
BCiX BTacHMX 3Ha4yeHb MaTpuii A HemomaTHi (ReA, < 0), acumn-
MOMUYHO CMITIKUMU — SIKIIO TiJICHI YaCTMHM BCiX BJIaCHUX 3Ha-
gyeHb Marpuni A Bigemni (Rek, < 0), Hecmitikumu — AKIIO ce-
pell BIacHUX 3Ha4eHb MaTPHULIi € X04a 6 O[jHe 3 JOAATHOIO /ilICHOIO
YaCTUHO.

Harapgaemo, 110 B/IacHI 3HaYeHHsA MATpULl € KOPEHAMM XapaKTe-

PUCTUYIHOTO PiBHSHHS |A - kE| =0.
IIpuxnap 2.4.2. [locmignTy Ha CTiIKICTh TOYKY CIIOKOX CUCTEMU
xX=y,

Po3é’si3anns. XapaKTepUCTUYHE PiBHAHHS 3alaHOI CUCTEMMU

- 1
|A—XE| = . N =0 ab6o Te came, mo A+ 1 = 0, mae aBa

CyTO ysIBHi KOpeHi: A, , = *i. 3rifHO 3 TeopeMOI0 2.4.3, BpaxoByI0-

gy, o0 ReA; = 0, TOUKA CIIOKOIO CUCTEMH € CTilIKOIO.
TpaekTopii po3B’A3KiB cuUCTEMM BU3HAYAIOTbCA PiBHSAH-
HAM d_y= X Ile piBHAHHA 3 BiJOKpEM/IIOBAaHUMU 3MiHHUMM.
dx vy
Po3p’s3ytouu itoro, orpumyemo: x° + y* = C.
Otxe, TpaexTopiamu (Ppa3soBUMM KPUBUMM) CUCTEMH € KOHLIEH-
TpU4Hi Korna 3 eHTpoM B Touli (0; 0), a cama TOYKa CIOKOI0 B JJAHO-

MY BUIIAJKY Ha3MBA€TbCA HEHTPOM.
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YMoBU CTiltKOCTi (ACMMIITOTMYHOI CTIIKOCTi) TOYOK CIIOKOIO JTi-
HITHMX OHOPIHMX CMCTeM Ta BUIIAJ (HA30BUX TPAEKTOPIN B KOX-
HOMY 3 BUIIQ/IKiB HaBefleHi B mabs. 2.4.1.

3 Teopemnu 2.4.3 BUIUINBAE, 1O 33/ja4da IPO CTilIKiCTh HY/TbOBOTO
PO3B’A3KY JIiHINHOI cucTeMM 3i cTamiMu KoedillieHTaMu 3BOUTBCS
70 3a/la4i PO BU3HAYEHH 3HAKY IIICHMX YaCTUH KOPEHIB BiJIOBif-
HOTO XapaKTePUCTUYHOIO PiBHAHHA. SIKIIIO CTEIMiHb XapaKTepUCTN4-
HOTO PiBHSIHHS JOCUTH BUCOKMIIL, TO PO3B sI3aHHS PIBHAHHSA € He Ha/Jl-
TO IIPOCTUM 3aBJJAHHAM.

Kpurepiit Payca-Iypsina (abo nmpocro xpurepiit Iypsita) go3so-
7€ YHUKHYTHU IIPOLIECY 3HAXOMKEHHA KOPEHIB XapaKTePUCTUIHOTO
PIBHSIHHS IIPU BOCIKEHH] CTIIKOCTi pO3B’A3KiB MiHIMHUX CUCTEM.
Kpurepit I'ypsina ¢popmyntoe ymMoBM, Ipy BUKOHAHHI AKUX JiVICHI
YJaCTUHY KOPEHIB BifITOBiIHOTO XapaKTEPUCTUYHOTO PiBHAHHA Oy-
AYTb Bifl'eMHVMU, a OT>Ke, HY/IbOBUII PO3B’A30K JIiHIITHOI cucTeMn 3i
cTamuMy KoedillieHTaMy — aCMMIITOTUYHO CTiVIKVM.

Tabnuys 2.4.1
KITACUDIKAIIA TOUYOK CIIOKOIO
apnt 1,3, | wontzoppe | ST e
)\‘1 <0 ACM?E’;[?(’;ITI‘IHO
A,<0 o
CTiiTKMIL B30T
Hivicui: A >0 Hecrisika:
A #EN, r,>0 HeCTIKMIT By3071
e
A, >0 >> ( Hecrifixa:
A, <0 L cigno
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Critixi
Kopeni A ’ A ®asosi moprperu TiliKicTh /XapakTep
1 2 TOY0K CIIOKOH
ACUMIITOTUYHO
A CTilKa:
r<0 % R
CTilIKuil BUpofKe-
Hivichi: HUI BY30JI
hy=h, = A | N
Hecriiika:
A>0 HeCTIlKMit
BUPOJKEHNIT B30T
ACUMIITOTUYHO
a<0 b
cTiiiKa:
B0 -
cTivikuit poxyc
KommnexcHi: 0 Hecri
. a > ecTiifKa:
b= ot B B0 ecTiitknit pokyc
. HeCTiKmit
A, = - Bi Y
=0 ﬁ Criiixa: neHT
B=0 ' P

Teopema 2.4.4. Kpumepiii Iypsiua

Ins Toro w06 yci kopeni piBuanus a\'+al" ' +...+a A+

ta,=0,a, >0 manu Bim’eMHi mivicHi yacTuHM, HeoOXimHO i mO-
CTaTHBO, 11100 Bci rooBHI AiaroHanbHi MiHopu marpuui [ypsima

Oy JopaTHi.

Marpuus Iypsina mae Bursiy: H =

(a,

S

0 0 ... 0)
a a, ... 0
a, a, 0
as a, 0
0 0 a
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_ n n—1 . .

Muorounen  f,(A)=a\"+aLA"" +...+a, A+a,, Bci Kopeni

AKOTO MAIOTh Biff €MHi MiICHI YacTWHM, Ha3UBACTbCA MHOZOUTIEHOM
Iypsiya.

Hacmigox. s Toro mo6 yci  KopeHi  piBHAHHA

n n-1 P .
agA" +a "+ +a, A+a,=0,a >0 manu HegomaTHi [ilicHi
YACTUHM, HEOOXITHO i MoCTaTHRO, 00 BCi TOMOBHI [iaroHaIbHi
Minopu Marpui [ypsina 6y1u HeBify eMHi.

IIpuxknap 2.4.3. BctaHOBUTY, 4N € aCMMITOTUYHO CTiIKMM HY-
JIbOBUI posB’ﬂ30K JIIHIVIHOI CUCTEMU 31 CTaINMU Koe(biuieHTaMM,
AKIIO XapaKTepUCTUYHE PiBHAHHA JAHOI CUCTEMM Ma€ BUIJLAM:

A°+30% +50° +50% + 30 +1=0.

Pozé’sizanna. Bunmmemo koedillieHTH XapaKTepUCTUYHOTO
piBHAHHS: g =1, 4, = 3,a,=5,a,= ?, (?4 =3, 4, =.1. .

O64ncmMMo MOCTiZOBHO FOJIOBHI liarOHa/IbHI MiHOpU MaTpu-
ui I'ypsina:

a, a, 31
Al=a,=3>0,A,= = =10>0,
a, a,| |5 5
a a, 0 1
A, =|a, a, a|=|55 3/=26>0"
a; a, a, 1 3 5
a a 0 0 31 00
A:a3 a, a a0:5 5 3 1 3650
4 a; a, a, a, 1 3 5 5
a, ag a a, 0 01 3

i, Hapewri, A, =a;-A, =1-36>0.

Ockinpky BCi TONMOBHI JiiaroHa/ibHi MiHOpU MaTtpuli Iypsina go-
IaTHI, TO, 3rigHO 3 KpuTepieMm [ypsiua, HyIbOBUIT PO3B’A30K JiHITHOI
CUCTEMU ACUMIITOTUYHO CTIKUIA.
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3ANUTAHHA | 3SABOAHHA ANA CAMOKOHTPOJTIO

1.

[ mocmimKeHHs CTIKOCT] AKMX IpoleciB mobymoBaHa
Teopia JIanynosa?

Sxuit po3p’A30K HasMBa€ETbCA CTIVIKUM 3a JIATyHOBUM?
Sxuit po3B’A30K Ha3MBAETbCA ACUMITOTUYHO CTiMIKMM 3a
JIanyHoBuM?

B yomy mojsirae reoMeTpUYHMIT 3MICT CTifKOCTi (acumI-
TOTWYHOI CTiIKOCTi) pO3B’A3Ky?

3anuuiTh XapaKTepUCTHMYHe PiBHAHHA [ JiHIHOI
OZLHOPiZHOI cucTeMu gudepeHIiaTbHUX PIBHAHD 31 CTa-
My koedinienTamu Buy x = Ax,x e D R".

AKX cTifiKicTP HYIBOBOTO PO3B’A3KY JIiHINHOI cucTeMu 3i
cTamMy KoedillieHTaMy 3a/IeKMUTh BijJ 3HaKy JAilicHUX
YaCT/MH KOPEHiB BiJIIOBIJHOTO XapaKTEePUCTUYHOIO piB-
HAHHA?

Cdopmymorite xpurepiii Iypsima. 3ammurite marpuiio
I'ypsina 11 MHOrO4/1€HA

f,M)=a\ +a) " +. . +a, r+a,.

Ha saki xnacu moginsgoThcs TOYKM CIIOKOIO JIIHIIHUX CHC-
TeM Y 3aJIEKHOCTI BiJf 3Ha4€Hb KOPEHIB BiJIIOBIHMX Xa-
PAaKTEpUCTUYHUX PIBHAHD?
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