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ÀÍÎÒÀÖ²ß 

Ó ñòàòò³ àâòîð ðîçãëÿäàº âàæëèâ³ñòü âèâ÷åííÿ åëåìåíò³â 

ôîðìóëüíî¿ ãåîìåòð³¿ â ïðîöåñ³ ìàòåìàòè÷íî¿ îñâ³òè òà ïðîïîíóº 

îðèã³íàëüí³ ìåòîäè ðîçâ�ÿçóâàííÿ êëàñè÷íèõ òà àâòîðñüêèõ çàäà÷, 

ùî ïîáóäîâàí³ íà íîâèõ, íå â³äîìèõ äî öüîãî ÷àñó çàëåæíîñòÿõ; 

çíàéîìèòü ç àâòîðñüêîþ ôîðìóëîþ-òð³éöåþ.

Ôîðìóëþâàííÿ ïðîáëåìè. Ó ñó÷àñíîìó øê³ëüíîìó êóðñ³ ãåîìåòð³¿ 

äëÿ ñåðåäíüî¿ òà ñòàðøî¿ øêîëè ôàêòè÷íî â³äñóòí³ â³äîìîñò³ ïðî 

åëåìåíòè ôîðìóëüíî¿ ãåîìåòð³¿. Õèáíèì óÿâëåííÿì äåÿêèõ 

ìàòåìàòèê³â, ÿê³ íå ìàëè äîñâ³äó âèêëàäàííÿ, áóëà òåçà, ùî â 

êëàñè÷í³é ãåîìåòð³¿ ê³ëüê³ñòü ôîðìóë ìàº áóòè ì³í³ìàëüíîþ, à 

åëåìåíòàðí³ òðèãîíîìåòðè÷í³ ôóíêö³¿ ïîâí³ñòþ â³äêèäàëèñÿ. Àíàë³ç 

ñó÷àñíèõ äîñë³äæåíü òà îñîáèñòèé äîñâ³ä ðîáîòè ïåðåêîíëèâî 

äîâîäÿòü íåäîñòîâ³ðí³ñòü òàêî¿ ïîçèö³¿.

Ìàòåð³àëè ³ ìåòîäè. Ïðîâåäåíî ñèñòåìíèé àíàë³ç íàóêîâèõ 

äæåðåë ùîäî íàÿâíî¿ ³íôîðìàö³¿ ñòîñîâíî òåîðåòè÷íèõ ïîíÿòü òà 

ïðàêòè÷íèõ ìîæëèâîñòåé çàñòîñóâàííÿ ôîðìóëüíî¿ ãåîìåòð³¿. Ó õîä³ 

ï³äãîòîâêè ñòàòò³ áóëè âèêîðèñòàí³ òàê³ ìåòîäè òà çàñîáè 

äîñë³äæåííÿ: ïîð³âíÿëüíèé àíàë³ç òåîðåòè÷íèõ ïîëîæåíü, ðîçêðèòèõ ó 

íàóêîâ³é òà íàâ÷àëüíî-ìåòîäè÷í³é ë³òåðàòóð³; ìàòåìàòè÷íèé àíàë³ç 

òà ìàòåìàòè÷íà ëîã³êà; ñïîñòåðåæåííÿ çà íàâ÷àëüíî-âèõîâíèì 

ïðîöåñîì ó÷í³â çàêëàä³â  çàãàëüíî¿ ñåðåäíüî¿ îñâ³òè. 

Ðåçóëüòàòè. Ó ðåçóëüòàò³ äîñë³äæåííÿ áóëî ñèñòåìàòèçîâàíî 

ï³äõ³ä äî ñïîñîá³â  ðîçâ�ÿçóâàííÿ ãåîìåòðè÷íèõ çàäà÷ çà äîïîìîãîþ 

ôîðìóë. Ðîçêðèòî îñîáëèâîñò³ çàñòóâàííÿ ôîðìóëüíîãî ìåòîäó äî 

ðîçâ�ÿçóâàííÿ âåëèêî¿ ê³ëüêîñò³ êëàñè÷íèõ òà àâòîðñüêèõ  

ãåîìåòðè÷íèõ çàäà÷ ð³çíîãî ñòóïåíþ ñêëàäíîñò³. Îñíîâí³ 

ðåçóëüòàòè äîñë³äæåííÿ îòðèìàí³ ç âèêîðèñòàííÿì ìåòîä³â 

ôîðìóëüíî¿ ãåîìåòð³¿. Ðåçóëüòàòè ðîáîòè áóëè àïðîáîâàí³ ó 

Íàóêîâ³é øêîë³ Êóøí³ðà ².À. «Êðàùà àâòîðñüêà çàäà÷à ç ãåîìåòð³¿», ó 

Êè¿âñüêîìó óí³âåðñèòåò³ ³ìåí³ Áîðèñà Ãð³í÷åíêà, à òàêîæ 

ïðîïîíóþòüñÿ ó÷íÿì ïðè ï³äãîòîâö³ äî îë³ìï³àä ç ìàòåìàòèêè.

Âèñíîâêè. Ðîçâ'ÿçóâàííÿ ãåîìåòðè÷íèõ çàäà÷ ôîðìóëüíèì 

ñïîñîáîì ñóòòºâî çìåíøóº ðîçì³ð äîâåäåííÿ. Âèêîðèñòàííÿ 

ôîðìóë, âëàñòèâîñòåé ãåîìåòðè÷íèõ ô³ãóð òà àëãîðèòì³â 

äîïîìàãàº ñêîíöåíòðóâàòèñü íà îñíîâíèõ ³äåÿõ çàäà÷³ òà âèêîíàòè 

ðîçðàõóíêè øâèäøå òà åôåêòèâí³øå. Ðîçâ'ÿçóâàííÿ ãåîìåòðè÷íèõ 

çàäà÷ ôîðìóëüíèì ñïîñîáîì ìàº òàêîæ âàæëèâó åìîö³éíó ñêëàäîâó 

äëÿ øêîëÿð³â, ùî âèâ÷àþòü ìàòåìàòèêó. Öåé ï³äõ³ä ñïðèÿº 

ñòâîðåííþ ïî÷óòòÿ âïåâíåíîñò³ ó âëàñíèõ çíàííÿõ. Ðàö³îíàëüíå 

âèêîðèñòàííÿ ôîðìóë òà àëãîðèòì³â ó ðîçâ'ÿçàíí³ ãåîìåòðè÷íèõ 

çàäà÷ ñïîíóêàº ó÷í³â äî ëîã³÷íîãî ìèñëåííÿ òà ðîçóì³ííÿ çâ'ÿçê³â ì³æ 

ð³çíèìè ãåîìåòðè÷íèìè îá'ºêòàìè. Êð³ì òîãî, óñï³øíå ðîçâ'ÿçóâàííÿ 

çàäà÷ ñòèìóëþº ïîçèòèâí³ åìîö³¿, òàê³ ÿê ðàä³ñòü â³ä äîñÿãíåííÿ 

ðåçóëüòàòó ³ çàäîâîëåííÿ â³ä âëàñíî¿ êîìïåòåíòíîñò³.

ÊËÞ×ÎÂ² ÑËÎÂÀ: ôîðìóëüíà ãåîìåòð³ÿ; ôîðìóëà-òð³éöÿ; 

ð³âíîâåëèê³ñòü; ãåîìåòðè÷í³ îë³ìï³àäí³ çàäà÷³; àëãåáðà â ãåîìåòð³¿.

ABSTRACT

This article explores the importance of studying elements of formulaic 
geometry in the process of mathematical education and proposes original 

methods for solving classical and authorial problems based on new, 
previously unknown dependencies. The author introduces the author's triple 
formula.

Formulation of the problem. The modern school curriculum for middle 
and high school geometry lacks information about elements of formulaic 
geometry. Some mathematicians, who lacked teaching experience, 
mistakenly believed that the number of formulas in classical geometry 
should be minimal, and elementary trigonometric functions were 
completely discarded. Analysis of current research and personal experience 
convincingly prove the unreliability of such a position.

Materials and methods. A systematic analysis of scientific sources 
regarding the available information on theoretical concepts and practical 

applications of formulaic geometry was conducted. The following research 
methods and tools were used in preparing the article: comparative analysis 
of theoretical positions disclosed in scientific and educational literature, 
mathematical analysis and mathematical logic, observations of the 
educational process of general secondary education students.

Results. The research resulted in the systematization of approaches to 
solving geometric problems using formulas. The peculiarities of applying the 
formulaic method to solve a large number of classical and authorial 
geometric problems of varying complexity were revealed. The main 
research results were obtained using the methods of formulaic geometry. 
The findings were tested in the scientific school of I.A. Kushnir's "Best 

Authorial Problem in Geometry" at Borys Grinchenko Kyiv University and are 
also recommended to students preparing for mathematics Olympiads.

Conclusions. Solving geometric problems using the formulaic approach 
significantly reduces the size of the proof. The use of formulas, properties of 
geometric figures, and algorithms helps focus on the main ideas of the 
problem and perform calculations faster and more efficiently. Solving 
geometric problems using the formulaic approach also has an important 
emotional component for students studying mathematics. This approach 
contributes to building confidence in their knowledge. Rational use of 
formulas and algorithms in solving geometric problems encourages 
students' logical thinking and understanding of the connections between 
different geometric objects. Additionally, successful problem solving 

stimulates positive emotions such as joy in achieving results and satisfaction 
from one's own competence.

KEYWORDS: formulaic geometry; trinity formula; equisize; geometric 
Olympiad problems; algebra in geometry.
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AH  �  !"#$%& h! $'!()$*!(%&ABC 

a, b, c � "$#'#*!&BC, AC, AB 

+ ,'$%-.#&) %/)&*%&«0#'.)12*,&(#1#», 3%&4#5#.#/#6&7(#/#&8)4,&#4,'9%*#&4,(:12(%&$,#',.&:&*# !;&0#'.)1<  
=0#'.)16-.#&:&4# ,4,.#&5,'>)&?%"$!*)&0#'.)1!-$':@A:: 

 bc = AW"l!     (1) 

+%"$#")-.#&0#'.)1)&B'%;.%/)5$! bc = 2R # h! C)&>(#1:& #*%&4# #4!1%"7&D,&)&38:'*!()&3%4%?&E!8(:*% (1956)) 

F#3*%?!.#&$L"AH" 7(&%. 

G%-.#: bc = 2R # h!
&'( )

&'( )
   %8#&&bc = 2R # cos % #

*+

&'( )
= AW" # l! C$'!()$*!(%&ADW" - AL"H"). 

+&"%.#H&0#'.)1!&.#9*%& ! ,"$!, $%(&3 %*), 0#'.)1)&I%/'%*9%J l!
.

= bc / b"c"   0c" = BL", b" = CL"1. 

Äîâåäåííÿ.  !"#$:% bc = AW l! = (l! + L W )l! = l!
"
+ l!L W  !&$ 

  l!
"
= bc # b c ,%&$%b c = L W $ l! ('(%)$&*+$(%-.)/.0(.-%1$/)). 

2$-3)3#$%)/*4*%5!6+78*%9$/#*;7-+/.<=.: 

 bc = AI $ AI!     (2) 

)3 I! � =38+/%0$-8.->76!8$4$%($;!%?/76@%AB 

C6(.;D(7%l! = AW # L W ,  

+$%bc = AW $ l! = AW $ (AW # L W ) = (AW )
" # AW $ L W . 

E%>$).&8$6+.%+/7(*+87(.-%AW C%&%CW L % -7>;7-!",%F$ 

AW $ L W = (CW )
" = (IW )

"   ?+3$/3#!-+/70*&B@ 

C+G3, bc = %AW 
" # IW 

" = (AW # IW ) $ (AW + IW ) = AI $ AI!. 

C+G3,%9$/#*;!-+/.<='%#!"%-74;') 

 bc = AW $ l! = AI $ AI!    (*) 

!&$ 

S =
1

2
AW l! sin A =

1

2
AI $ AI! sin A  

 

Çàäà÷à 1.  !"#$%&,'(! S = r  p (S � )*!(+'%-&./%0&.+ ABC, p � )1")#-&2#%-'%-&./%0&.+ ABC). 

Äîâåäåííÿ.  !"#$:%bc = AI  AI!,
"

#
bc  sin $A =

"

#
AI  AI!  sin $A; 

"

#
bc  sin $A = AI  %AI!  sin

$&

#
 cos

$&

#
. 

&'()*+(,%AI!  cos
&

#
= p ,%%%%AI  sin

&

#
= r-%.$%S = r  p. 

Çàäà÷à 2.  !"#$%&,'(! S = r (p ! a). 

Äîâåäåííÿ.  !"#$#%%&'(%()!*+,%#'-($(,+'1.'"/(0!"23,4.'5! AI ! sin
"#

$
= r ; AI ! cos

"#

$
= p % a. 

Çàäà÷à 3.  !"#$%&,'(! S =
 !"

#$
. 

Äîâåäåííÿ.  !"#$:%abc = a  AI  AI! = 2R(sin A  bc) = 2R  2S = 4SR,%&'()*+%S =
!"#

$%
. 

Çàäà÷à 4.  !"#$%&,'(! S =
 

!
U U!l" (U #$#U! % &'()*+$,#-(.*/#W #01#2-('(0/#AC#$#AB). 

Äîâåäåííÿ.  !"#$%&'$()*+,-.&/%0%1#))2&$)%1).3(+&!&4%5$!0(&678 

S =
 

!
"#$ % &'(" % l)  

9%':02)#$%&$)%1).3&AW % sin A. 

;,+3%0%&<%-.5.3!-).3,&AU W U! %/.=#$%&3%0% 65.>?&@8.  

A%"(B&AW % sin A = U U!B&%-1#&%-5.$,C$%&)%+!B&"+%3%$/%)#)-)!&4%5$!0!&/0%D(&S. 

S =
1

2
U U! % l)  

E%5$!0,&+.30.3,C&F,1,))2&"%+#>-.&5(+)%+#0.3(>-G&<%-.5.3!-).3, AU W U! (&-5.3!-).3,&ABC?&H(I>)%B&!&<%-.5.3!-).3,&

AU W U! (&-5.3!-).3, ABC >/(0G),&<,>-.),&� <%-.5.3!-).3 ABL U  65.>?&J8?  
 

  
 

K.>%-.B&D%&/5%+#"#)(&'&-%<3. W  ),&/52$(&AB i AC B&5(+)(? 

L,0.=,C-G>2&"%+#>-.B&D%&U!B = U C. 

M0#B&-5.3!-).3. W BU! (& W CU *5(+)(B&%>3(0G3., W B = W C*(&W U = W U! .  

N-1#B&U!B = U C (&-5.3!-).3.&L BU!*( L U C � 5(+)%+#0.3(B&D%&"%+%".-G&-+#5"1#))2&',",<(?& 
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 !"#$%&!,'("')#*+!*-.#//('0!1&-23-+14564 7!1!8$-9'/!.-'#.+!1*:"-')#8#;-< 

Çàäà÷à 5.1. =!.%*+3'0!1&-2-'S =
 

!
K!K"AI# (K!  !K" � "#$%&!'#"&%(!)*&+,-#.#!(!"/&%("-&%!%#0,!'#!+"#/ -!AC  !AB). 

Äîâåäåííÿ. 1,)%#0#!$#"&/&%("-&%,!AK!IK" #*&234#!%#0# 5/&+6!78. 

 !"#$:%K K! = AI " sin A. 

&$'()*+"#$),%-$'#+.$/-*'0123/  bc = AI " AI#. 

4$#+5   
$

 
bc " sin %A =

$

 
AI " AI# sin%A; 

S =
$

 
AI sin %A " AI#  !6$% S =

$

 
K K!AI#. 

Çàäà÷à 5.2.  !"#$%&'()"*!"#+&,)$%-'%(&,.%*&,/ ABC  )'0!%&(&,.%*&,/ AK I!K" . 

Äîâåäåííÿ. 1$,)+-,&'. %(&,.%*&,/'ABC  )'0!%&(&,.%*&,/ AK I!K" 2�3%&,.%*&,  AK F#F K" � $2)+-*&4'5(&$6'789 %!'

:!"#:#;!9'<! S$%&'( + S)%*'& = S'('&,-. 

1=>(.*%."/**3?'.CK K# � ()"*!=#:(#*&49',.%&'2(&'!$*!")  /CK K# = /CK#K = 90° 1
/$

 
. 

@!0,/'K#2� %!0,/':!%&,.'"2&$/*!A!',!+/'B)'$%!(!*!C'BC.  

CI! � B!"*)D*3'=)$#,%(&$/',.%/'C9'%!;. /F#CI! = 90° 1
/$

 
. 

1$,)+-,&'/CK K" = 90° 1
3

 
= /I!CK#9'%!  K K# 4 I!C )''0!%&(&,.%*&, K K#I!C � %(/2#E)39'!%F#' S$%&'(

= S'(%(,-.  

G*/+!A)0*! :!"!:&%-$3'()"*!"#+&,)$%-'%(&,.%*&,)" BK"F  %/'K#F I! B'%(/2#E)H K#K"BI!. 

1%F#9'S$%&'( + S)%*'& = S'('&,-. 

 !"#:#*!6 

  
 

Çàäà÷à 6.  !"#$%&'(!)*+,+''S =
 

!
T!T" # AI$%(T!,%%%T" � %!-.&'/!%&.+'0!"12"3&$41!5!'.!,4'0'3)!/!"6#117*'$%!)21'

AC 2'AB %)&.+%1&.4 ABC). 

 !"#/#117'2/#1%&-1#'04/4-2'89 

 

:4$.2,;.&'$&,;1!'"&.!)&$%4117'(!)*+,;1!5!'*#%!/+'$3)!<+='2'$.!)!-+=')!0"�70+"4117'04/4->'*!614'0)!0+*2%&'

14' 3)&.,4/2' 043)!3!1!"41!?' 1&6-#' !,2*324/1!?' 04/4-29'  41+' 04/4-+' *!614' /+6#' @"&/.!' )!0"�704%&' 04' /!3!*!5!A'

(!)*+,&-%)2BC2>'$3)!D+B%#9' 

Çàäà÷à ². À. Êóøí³ðà (XVIII  !"#$%&'#$()*!+,!$'$-(./0$-(1987(%!23. 4%&'&5"6##:(0!;62<%=;= AL  <%=2/<#=2$ ABC 

,6%6<=#$>( &,=;$#6( 2&*&( /( <&?@! W A( B( <&?2=(L !!#$( ;<&%&#=(AB ! AC 5!',&5!'#&( &,/C6#&( ,6%,6#'=2/*:%=(L N !(L M. 

D&56;<=-(C&(,*&C$(?&<=%=2/<#=2$(ANW M!'&%!5#E>(,*&C!(<%=2/<#=2$(ABC. 

 

ÂÈÑÍÎÂÊÈ ÒÀ ÏÅÐÑÏÅÊÒÈÂÈ ÏÎÄÀËÜØÎÃÎ ÄÎÑË²ÄÆÅÍÍß  
 !"#'$"%#&(($ )*!+*,-./(.01"&2&/13!-+%45(.+167!6!8!+1+&91#&:4.#%1*+!;<=(%1 6>4&2!#%124$1?>!4$-<#@1A!1

#.#/&B,51+&,*+&,.>%C1D*=17<20<2167-.$916,#!-*((B17!/%,,$1#7*#(*(!6,<1%1#4&6(.01"(&(($01,&1(&#./>&01%/(<#C1 &;<!(&45(*1

#.>!-.6,&(($1 3!-+%41 ,&1 &4)!-.,+<#1 %1 -!"#'$"%#&((<1 )*!+*,-./(.01 "&2&/1 67!(%>&91 %/(<#1 2!1 4!)</(!)!1 +.64*(($1 ,&1

-!"%+<(($1"#'$"><#1+<:1-<"(.+.1)*!+*,-./(.+.1!8'9>,&+.C1E-<+1,!)!@1%67<?(*1-!"#'$"%#&(($1"&2&/16,.+%4B917!".,.#(<1

*+!;<F@1 ,&><1 $>1 -&2<6,51 #<212!6$)(*(($1-*"%45,&,%1 <1 "&2!#!4*(($1 #<21 #4&6(!F1 >!+7*,*(,(!6,<C1 G&>.=17<20<21 2!1 #.#/*(($1

)*!+*,-<F1(*14.?*167-.$91-!"#.,>%1+&,*+&,./(.01(&#./!>@1&4*1=1#.0!#%916&+!2.6;.74<(%@16.6,*+&,./(<6,51,&1#7*#(*(<6,51

%1#4&6(.01"2<8(!6,$01%/(<#C 

 !"#'$"%#&(($1 )*!+*,-./(.01 "&2&/1 3!-+%45(.+1 67!6!8!+1 ,&>!:1 6%,,9#!1 "+*(?%91 -!"+<-1 2!#*2*(($C1

H.>!-.6,&(($13!-+%4@1#4&6,.#!6,*=1)*!+*,-./(.013<)%-1,&1&4)!-.,+<#12!7!+&)&91%/($+16>!(;*(,-%#&,.651(&1!6(!#(.01

<2*$01 "&2&/<1 ,&1 #.>!(&,.1 -!"-&0%(>.1 ?#.2?*1 ,&1 *3*>,.#(<?*C1 I!6*-*2:*(.=1 ,&1 ,!/(.=1 7<20<21 2!1 #.-<?*(($1 "&2&/1 "1

#.>!-.6,&(($+13!-+%4@12!"#!4$91%/($+1%(.>(%,.1(*7!,-<8(!)!17!#,!-*(($1-!"-&0%(><#1,&12*,&4*=@1A!1"&=+&B,518&)&,!1

/&6%1<1,.+16&+.+1"(&/(!1"+*(?.,.1!86$)1-!"#'$">%C1G&>.+1/.(!+@13!-+%45(.=17<20<21"8<45?%91*3*>,.#(<6,51,&1,!/(<6,51

-!"#'$"&(($1)*!+*,-./(.01"&2&/@1!2(!/&6(!1"+*(?%B/.1-!"+<-12!#*2*(($C 

J!2&45?<12!64<2:*(($1,&1-!"-!8>&1(!#.017-.=!+<#1,&13!-+%41+&B,51(&1+*,<17<2#.A.,.1$><6,51+&,*+&,./(!F1

!6#<,.1,&1"&8*"7*/.,.1%/($+1(&#./>.@1(*!80<2(<124$1%67<?(!F17!2&45?!F1(&#/&(($1,&17-!3*6<=(!)!1-!"#.,>%C1H<27!#<2(.=1

+&,*-<&41+!:*18%,.17-*2+*,!+1%/(<#65>.012!64<2:*(51,&1,#!-/.01-!8<,1"1)*!+*,-<FC 
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