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ON PROBLEMS IN AFFINE GEOMETRY

Liudmyla Hetmanenko

Senior Lecturer, Department of the Natural Sciences and Mathematics 

Education and Technologies, In-Service Training Institute

Borys Grinchenko Kyiv University, Ukraine

A deep understanding of geometric transformations is important for solving 

many problems of a scientific and technological nature. This report will demonstrate 

examples of the practical application of geometric transformations in real 

mathematical problems, which expands the understanding of their importance and 

relevance. When studying geometric transformations, I pay attention to those 

transformations that preserve the shape of any figure. A set of similar 

transformations is a subgroup of a group of more general transformations that 

preserve straight lines and parallelism, change the lengths of segments, the size of 

angles, and the area of shapes. These are affine transformations [1]. A separate type 

of affine transformation is parallel design.

Key properties of parallel projection [2]:

-Under parallel projection, any straight line transforms into another straight 

line.

-Parallel lines, when subjected to parallel projection, remain parallel.

-Parallel projection preserves the ratios of line segments that lie on a common 

straight line or on parallel straight lines.

-Parallel projection conserves the ratios of areas for any given figures.

Theorem: Any triangle can be transformed into a triangle similar to the 

reference triangle !" through parallel projection (see Fig. 1).

Fig. 1                                                           Fig. 2

Proof: Suppose triangle  #"$!# lies in the plane %#. Let's select an arbitrary 

plane %$ (distinct from %#) containing  #!# and construct a triangle  #!#"# in %$, 

similar to the reference triangle  !" (see Fig. 2). By choosing the projection direction 

to be parallel to line "#"$, the projection of triangle  #"$!# onto plane %$ results in 

triangle  #!#"#. 
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Thus, the theorem is proven. 

Problem 1: Prove that medians of any triangle intersect at a single point and 

divide each other in a 2:1 ratio, considering the vertex [3]. 

 

Fig. 3                                                  Fig. 4 

 

Solution: We will project an arbitrary triangle  !" (Fig. 3) onto an equilateral 

triangle  #!#"# (Fig. 4). According to the third property of parallel projection, the 

medians of triangle  !" ( $#, !$%, "$&) will transform into medians of triangle 

 #!#"# ( #$#', !#$%', "#$&') that intersect at a single point. Therefore, medians of 

triangle ABC also intersect at a single point. 

Next, we prove that  $:$$#( = (2: 1. Indeed, we have $#!#( = ($# #, and 

 #$#':$#$#'( = (!#$#':$#$#'( = (2: 1 (from the right triangle !#$#'$#'). Therefore, 

 $:$$#( = ( #$#':$#$#'( = (2: 1 (as per the third property of parallel projection). 

Problem 2: Through an arbitrary point )(within a certain triangle  !" (Fig. 5), 

lines parallel to its sides are drawn, creating segments $*, +-, and ./.  

Prove that 
03

45
6

78

49
6

;<

95
= 2. 

 

Fig. 5                                                       Fig. 6 

 

Solution: We project the given triangle  !" onto an equilateral triangle  #!#"# 

(Fig. 6). Point ) is transformed into )#, and segments $*,+-, and ./ are 

transformed into segments $#*#, +#-#, and .#/#, respectively, which are parallel to 

the sides of triangle  #!#"#> These triangles share a common vertex )# and are 

equilateral. Let .#)#( = (?,$#)#( = (@, and *#)#( = (A. Additionally, let  #!#( =

(!#"#( = ( #"#( = (B. We then have:  

0C3C

D
6

7C8C

D
6

;C<C

D
=

EFGFHFEFHFG

D
= 2, а отже, 

03

45
6

78

49
6

;<

95
= 2. 

Problem 3: Within triangle ABC, an inscribed triangle EFT (Figure 7) is placed in 

such a way that its vertices E, F, and T are located on the sides BC, AC, and AB, 

respectively, with the condition 
 !

 "
=

#"

#$
=

%$

%!
= &. Find the ratio of the areas of 
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triangles '() and *+,. 

 

Fig. 7                                                  Fig. 8 

 

Solution: We project triangle *+, onto an equilateral triangle *-+-,- (Fig. 8) 

with a side length of .& / 102 This length is determined by considering 
 !

 "
= &. 

Therefore, triangle '() is transformed into triangle '-(-)-, and the length of one of 

its sides (denoted as 3) can be calculated using the Law of Cosines, resulting in 

3 = 4&5 / 1 6 7& cos 89° = 4&5 / 1 6 &. 

Consequently, the ratio of the areas of triangles: 
 !"#

 $%&
=

'(

)*+,-(
=

*(+,.*

)*+,-(
. 

The report is intended for the self-education of teachers and practical 

mastering of methods of geometric transformations, which are the basis of the 

development of functional and kinematic thinking on mathematical educational 

material. In conclusion, I would like to express my confidence that affine geometry is 

a necessary component of modern mathematical education. The methods of 

geometric transformations, which form the basis of affine geometry, not only raise 

the level of mathematical understanding but also contribute to the formation of 

logical thinking and abstract imagination. 
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