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GEOMETRIC CONFIGURATION WITH AN
ARBITRARY POINT INSIDE A TRIANGLE

Liudmyla Hetmanenko

Senior Lecturer, Department of the Natural Sciences and Mathematics
Education and Technologies

Institute of In-Service Teacher’s Training

Borys Grinchenko Kyiv Metropolitan University, Ukraine

Summary. This article presents a series of math problems of elevated complexity, primarily solvable
through geometric reasoning. These problems revolve around a geometric configuration of a
triangle with an arbitrary point inside it. Each problem is accompanied by an original solution,
with solution methods progressing from simple to intricate.

Intended for mathematics educators, the article serves as a resource for use in upper-level classes
and supplementary sessions for advanced geometry studies. The content provided herein is also
beneficial for mathematics university students and individuals seeking to independently deepen
their knowledge of geometry.

Keywords: lines parallel to triangle sides, arbitrary point within a triangle, similar triangles; circle
inscribed in a triangle; triangle areas.

We propose to consider problems involving geometric configurations of a
triangle with a point inside it, along with new original solutions.
Problem 1

On side BC of triangle ABC, an arbitrary point X is chosen. Through this point,
lines parallel to sides AB and AC are drawn, intersecting them at points X; and X,
respectively. The areas of triangles XX,B and XX,C are denoted as §; and S,
respectively (see Fig. 1). Find the area of triangle ABC [1].

Given: AABC; X € BC; XX, ||AB; XX,||AC; Sxx,5 = S1 Sxx,c = S2.

Find: Sypc.

A

Fig.1
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Solution:
letCX =x, BX =y, BC =a.

Since A XX,B~ A CX X~ A CAB:

51 _ yZ 52 _ xz

asc  a? Sapc  a¥
S S x+y
Therefore, J% + J% =—==1Si+$= NS

Or Supe = (/S1 ++/52)%

Answer: Supc = (/S1 +/S2)%
Problem 2

Through point X, located inside triangle ABC, lines parallel to the sides are
drawn. These lines form three triangles with the sides, having areas S;, S, and
Ssrespectively (see Fig. 2). Find the area of triangle ABC.
Given: triangle AABC; X € (ABC), X,P,||AC; X,T,||AB; P,T,||BC;
Sxx,x, = S Sxp,p, = S2/ Sxry1, = S3-
Find: Sypc.

Solution:

Let CX; = x, X1 X, =y, BX, = t.

BC=ax+y+t=a)

Since A XX X,~ A P,XP;~ AT T,X~ A ACB:
S _y 5 _t s _x

VSapc @ \fSapc @ Sapc @

Therefore, 5L 4+ ¥ |

JSapc  /Saec  /Samc T a a

o V5; + /5% + /S = fSac

Sapc = (\/5_1 + \/5 + \/g)z-

Answer: Sage = (/S1 + Sz +/S3)%.

This configuration has not gone unnoticed, and new problems have emerged.
Problem 3

Through a point inside triangle ABC, three lines parallel to its sides are drawn,
dividing it into three triangles and three parallelograms (see Fig. 3). Prove that the
product of the areas of the parallelograms is 8 times greater than the product of the
areas of the triangles [2].

Given: AABC; x € (ABC); X,F,||AC; X,E;||AB; E,F,||BC;
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SXX1X2 = Sl/‘ SXF1F2 = SZ/' SXElEz = 53/‘
Sag,xr, = Q1 Sce,xx, = Q2/ Spx,xr, = Q3.
Prove: Q1Q2Q3 = 8- 515,S3.

Proof:
Based on problem 1, the area of triangle AEF;: Sag,r, = (/S2 + /S3)?.
Thus, the area of parallelogram AE, XF,: Q1 = Sag,r, — S — S3 = 2,/S,Ss.
Similarly, @, = 2,/51S3, Q3 = 2./5,S,.
Therefore, we have: Q;0,Q5 = 8/(515,53)% = 85,5,53, 0;0,Q3 = 8-5,5,55.
Proven.
Problem 4
Let's denote the segments formed on the sides of triangle ABC by the lines
passing through an arbitrary point X and parallel to the sides as shown in the figure
(see Fig. 4). Prove that x;y1t; = x,y,t, = x3y3t3 [3].
Given: triangle AABC, X € (ABC), X, P,||AC,; T,P;||BC,; X,T;||AB;
CXy =x1, X1Xy = y1, BXy = t4) BPy = x5/ 1P, =y, LA =ty
ATy = x3, Ty T, = y3, T,C = t3.
Prove: x,yit; = X3Y.ty = X3Y3t3.

SECTION XV. PHYSICS AND MATHEMATICS
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Proof:
. . L XX X1X, PqP. XP.
Since triangles AXX;X,, AP,XP; and AT, T,X are similar; . == =-22% 12 ="AHA
T, XT,' XTy XT,

b_yy_h

or ; =—
V3 X1 Ezt X1
Therefore, 22 = x; = 222
V2 i3
Thus titz _ Y1Y3
"y, t3

or tytats = y1Y3Ya.

Similarly, x1x,%3 = tityts, X1X2X3 = Y1Y2Y3 = titats.

Proven.
Problem 5

Point X belongs to the circle inscribed in equilateral triangle ABC. Through this
point, lines parallel to the sides of the triangle are drawn (see Fig. 5). The areas of the
formed triangles are denoted as Sy, S5, S3, and S representing the area of triangle
ABC. It is required to prove that §; + S, + S3 = %S.

Given: AB = BC = AC = a; y(I;7), m. X C y; X,P,||AC, T, X,||AB; T,P;||BC;

Sxx,x, = S1 Sxp,p, = S2/ Sxr,1, = S3/ Sapc = S.

Prove: S; + S, + 53 = %S.

A
&
g - _,"' =< J
_K2 7 ) K3
L/ 1 )
b | P b |
E, /) I

Fig. 5
Proof:

Let x;, x, and x3 be the sides of triangles AXX;X, AXT,T, and AXP,P,
respectively. Points of tangency with the sides BC, AC, and AB are denoted as K, K,
and K3, respectively.

LXK C = a, £XK,C = f5.

Then a+ f =35 U K XK; = 60°.

Let's draw the altitudes of triangles AXX;X, and AXT,T, as XE; and XE,
respectively:

ctga = 2111;1
But XE; = "12—‘/5 EyKy =+ x5 — BK;

or EyK; = 2 (2x; +x; — BC).
E1K1 _ 2x3+x1—BC

Therefore, ctga = PX = s
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. _ 2x3+x,—BC

Similarly, ctgp = i
) ) __ctga-ctgf-1
Considering the formula ctg(a + ) = Prr——

e - & ot s

or 4(x3)> —4-BC - x5 — 4x,x, + BC* =0

(BC = x1 + x5 + x3).

Thus, 4(x3)% — 4(x; + x5 + x3)x3 — 4x,x, + BC? = 0.

We have: BC? = 4xyx, + 4x,x3 + 4x1x3 = 2(x12 + x3% + x32 + 2x1x + 2x,%5 +
2x1X3) — 2x12 — 2x5%2 — 2x3% = 2(xq + x5 + x3)% — 2(x1 2 4+ x,% + x3%) = 2BC? —
2(x,2 + x32 + x32) or BC? = 2(x1% + x5 + x32).

Since triangles AXX;X,, AT, T,X and AP,XP; are similar:

S=2(S1+5,+53) =55 =5 +S,+55

Q.ED.
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