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GEOMETRIC CONFIGURATION WITH AN 

ARBITRARY POINT INSIDE A TRIANGLE

Liudmyla Hetmanenko
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Summary. This article presents a series of math problems of elevated complexity, primarily solvable 

through geometric reasoning. These problems revolve around a geometric configuration of a 

triangle with an arbitrary point inside it. Each problem is accompanied by an original solution, 

with solution methods progressing from simple to intricate.

Intended for mathematics educators, the article serves as a resource for use in upper-level classes 

and supplementary sessions for advanced geometry studies. The content provided herein is also 

beneficial for mathematics university students and individuals seeking to independently deepen 

their knowledge of geometry.

Keywords: lines parallel to triangle sides; arbitrary point within a triangle; similar triangles; circle 

inscribed in a triangle; triangle areas.

We propose to consider problems involving geometric configurations of a 

triangle with a point inside it, along with new original solutions.

Problem 1

On side BC of triangle  !", an arbitrary point # is chosen. Through this point, 

lines parallel to sides  ! and  " are drawn, intersecting them at points #$ and #%

respectively. The areas of triangles ##%! and ##$" are denoted as &$ and &%

respectively (see Fig. 1). Find the area of triangle  !" [1].

Given: ' !"; # ( !"; ##)|| !; ##*|| "; &++,- = &), &++./ = &*. 

Find: &0-/ .

Fig.1
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Solution: 

Let  ! = ", #! = $, # = %. 

Since & !!'#~ &  !(!~ &  )#: 
*+

*,-.
= /0

10
, 

*0
*,-.

= 20

10
. 

Therefore, 
3*+

3*,-.
4 3*0

3*,-.
= 25/

1
= 6, 37( 437' = 3789:  

or 789: = ;37( 437'<'. 

Answer: 789: = ;37( 437'<'. 

Problem 2 

Through point !, located inside triangle )# , lines parallel to the sides are 

drawn. These lines form three triangles with the sides, having areas 7(, 7' and 

7>respectively (see Fig. 2). Find the area of triangle )# . 

Given: triangle ?)# ; ! @ ;)# <; !(A'||) ; !'B(||)#; A(B'||# ; 

7CC+C0 = 7(; 7CD+D0 = 7'; 7CE+E0 = 7>.  

Find: 789:. 

 

 
Fig. 2 

 

Solution: 

Let  !( = ", !(!' = $, #!' = F. 
# = % (" 4 $ 4 F = %). 

Since & !!(!'~& A'!A(~& B(B'!~ & ) #: 
3*+

3*,-.
= /

1
, 

3*0
3*,-.

= G
1
, 

3*H
3*,-.

= 2
1
. 

Therefore, 
3*+

3*,-.
4 3*0

3*,-.
4 3*H

3*,-.
= /5G52

1
= 1

1
= 6 

or  37( 437' 437> = 3789: , 

789: = ;37( 437' 437><'. 

Answer: 789: = ;37( 437' 437><'. 

This configuration has not gone unnoticed, and new problems have emerged. 

Problem 3 

Through a point inside triangle )# , three lines parallel to its sides are drawn, 

dividing it into three triangles and three parallelograms (see Fig. 3). Prove that the 

product of the areas of the parallelograms is 8 times greater than the product of the 

areas of the triangles [I]. 
Given: ?)# ; " @ ;)# <; !(J'||) ; !'K(||)#; K'J(||# ; 
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7CC+C0 = 7(; 7CL+L0 = 7'; 7CM+M0 = 7>; 

78M+CL0 = N(; 7:M0CC+ = N'; 79C0CL+ = N>. 

Prove: N(N'N> = O P 7(7'7>. 

 

 
Fig.3 

 

Proof: 

Based on problem 1, the area of triangle )K'J(: 78M0L+ = ;37' 437><'. 

Thus, the area of parallelogram )K(!J': N( = 78M0L+ Q 7' Q 7> = I37'7>. 

Similarly, N' = I37(7>, N> = I37(7'. 

Therefore, we have: N(N'N> = O3;7(7'7><' = O7(7'7>, N(N'N> = O P 7(7'7>. 

Proven. 

Problem 4 

Let's denote the segments formed on the sides of triangle )#  by the lines 

passing through an arbitrary point ! and parallel to the sides as shown in the figure 

(see Fig. 4). Prove that "($(F( = "'$'F' = ">$>F> [3]. 

Given: triangle ?)# ; ! @ ;)# <; !(A'||) ; B'A(||# ; !'B(||)#; 

 !( = "(; !(!' = $(; #!' = F(; #A( = "'; A(A' = $'; A') = F'; 

)B( = ">; B(B' = $>; B' = F>. 

Prove: "($(F( = "'$'F' = ">$>F>. 

 

 
Fig.4 
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Proof: 

Since triangles ?!!(!', ?A'!A( and ?B(B'! are similar: : 
CC+
E+E0

= C+C0
CE0

, 
D+D0
CE+

= CD+
CE0

 

or  
GH
/H
= /+

2+
, 
/0
G0
= G+

2+
. 

Therefore, 
G+G0
/0

= "( =
/+/H
GH

. 

Thus, 
G+G0
/0

= /+/H
GH

 

or F(F'F> = $($>$'. 

Similarly, "("'"> = F(F'F>, "("'"> = $($'$> = F(F'F>. 

Proven. 

Problem 5 

Point ! belongs to the circle inscribed in equilateral triangle )# . Through this 

point, lines parallel to the sides of the triangle are drawn (see Fig. 5). The areas of the 

formed triangles are denoted as 7(, 7', 7>, and 7 representing the area of triangle 

)# . It is required to prove that 7( 4 7' 4 7> =
(
'
7. 

Given:  ! = !" =  " = #; $(%; &); т. ' * $; '+,-|| "; .+'-|| !; .-,+||!"; 

/00102 = /+; /03132 = /-; /04142 = /5; /678 = /. 

Prove: /+ 9 /- 9 /5 =
+

-
/. 

 

 
Fig. 5 

Proof: 

Let :+, :- and :5 be the sides of triangles <''+'-, <'.+.- and <XP+P- 

respectively. Points of tangency with the sides !",  ", and  ! are denoted as >+, >- 

and >5, respectively. 

?'>+" = @, ?'>-" = A. 

Then  @ 9 A =
+

-
B >-'>+ = CD°. 

Let's draw the altitudes of triangles <''+'- and <'.+.- as 'E+ and 'E- 

respectively: 

FGH@ =
I1J1
I10

. 

But 'E+ =
K1L5

-
, E+>+ =

K1
-
9 :5 M!>+ 

or E+>+ =
+

-
(N:5 9 :+ M !"). 

Therefore, FGH@ =
I1J1
I10

=
-KOQK1R78

K1L5
. 
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Similarly, FGHA =
-KOQK2R78

K2L5
. 

Considering the formula FGH(@ 9 A) =
STUVWSTUYR+

STUVQSTUY
, 

we get  
+

L5
=

+

L5
W
(-KOQK1R78)(-KOQK2R78)R5K1K2
K2(-KOQK1R78)QK1(-KOQK2R78)

 

or Z(:5)
- M Z W !" W :5 M Z:+:- 9 !"- = D 

(!" = :+ 9 :- 9 :5). 

Thus, Z(:5)
- M Z(:+ 9 :- 9 :5):5 M Z:+:- 9 !"- = D. 

We have: !"- = Z:+:- 9 Z:-:5 9 Z:+:5 = N(:+
- 9 :-

- 9 :5
- 9 N:+:- 9 N:-:5 9

N:+:5) M N:+
- M N:-

- M N:5
- = N(:+ 9 :- 9 :5)

- M N(:+
- 9 :-

- 9 :5
-) = N!"- M

N(:+
- 9 :-

- 9 :5
-) or !"- = N(:+

- 9 :-
- 9 :5

-). 
Since triangles <''+'-, <.+.-' and <,-',+ are similar: 

/ = N(/+ 9 /- 9 /5) [ 
+

-
/ = /+ 9 /- 9 /5. 

Q.E.D. 
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