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ON THE DISTANCE BETWEEN THE
CENTERS OF THE INSCRIBED AND
CIRCUMSCRIBED CIRCLES FOR A
TRIANGLE AND A QUADRILATERAL

Liudmyla Hetmanenko

Senior Lecturer,

Department of the Natural Sciences and Mathematics Education and Technologies
Institute of In-Service Teacher's Training

Borys Grinchenko Kyiv Metropolitan University, Ukraine

Summary. This article discusses two well-known and widely popular formulas. The first formula
was discovered and proven by the English mathematician William Chapple in 1746 and was named
after the great Leonhard Euler, which is why it is rightfully called the Euler-Chapple formula. An
analogue of this formula was found and proven by Euler's student, Nikolai Fuss (1755-1825), and
the proof of this formula can be found in mathematical literature. At an open mathematical
seminar, the Ukrainian scientist, renowned educator, and founder of formulaic geometry I. A
Kushnir, together with his student O. A. Cherkassky, discovered their own method for proving this
formula. We are pleased to present it in this article.

Keywords: Euler's formula; Fuss's formula, distance between the centers of the inscribed and
circumscribed circles of a triangle; distance between the centers of the inscribed and circumscribed
circles of a quadrilateral; product of chord segments.

Euler's formula is as follows: 0I? = R? — 2Rr,
where 01 is the distance between the centers of the circumscribed circle around the
triangle and the inscribed circle within the triangle; R and r are the radii of the
circumscribed and inscribed circles around the triangle, respectively (Fig. 1).
A

Fig. 1

Proof. Point 0 is the center of the circumscribed circle around triangle ABC with
radius R; point I is the center of the inscribed circle within triangle ABC with radius r.

All rights reserved | Creative Commons Attribution-ShareAlike 4.0 International License 2024
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Let us perform an additional construction: the diameter E;E, contains the

segment OI. Using the chord segment product theorem (Fig. 2):
D
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Fig. 2

Eil-1E, = Al - IW, (%)
Let's consider each segment: E;I = R+ OI; IE, = R — OlI.
Then expression (x) can be rewritten as:
(R + OI)(R —0I) = Al - IW;,
R? —0I? = Al - IW,,
R%? — Al - IW, = 0I? (**)
T

2

sin
2

VIAVH IHRVLYWILYN-ONUEID TIAX UITEOQd

Fig. 3

IW; = CW,, because A W,IW; = W,CW, (they are equal due to the common
side W, W, and two adjacent angles 2ZCW W, = 2IW,W,, £CW, W, = £IW,W;, as they
subtend equal arcs (Fig. 4)).

— ‘A ——
Wz‘ ‘.'t‘\:\ . - . ‘T ‘.‘-‘ -
A\ . o[t
B ct B
W, W,
Fig. 4 Fig. 5
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From triangle CDW; (Fig. 5): CW; = 2R sin LBZAC = 2R sinLZ—A.
T

Therefore, the productis: Al - IW; = —- 2R sin% = 2Rr.

SlTLT

Formula (**) can then be rewritten as: R? — 2Rr = 01°.

Proven.

At the 4th International Mathematical Olympiad, the following problem was
presented.

Problem. Given an isosceles triangle ABC, where R is the radius of the
circumscribed circle, and r is the radius of the inscribed circle, prove that the
distance d between the centers of the circlesis: d = \/R(R — 2r).

In other words, prove Euler's formula: 0I? = R? — 2Rr.

Now, let us consider the (analogous) distance between the centers of the
inscribed and circumscribed circles for a quadrilateral.

If a quadrilateral is inscribed in a circle with radius R and circumscribed around
a circle with radius r , and the distance between the centers of these circles is d,

then:
1 1 1

(R+d)?2 = (R-d)2  r?
Proof.
1) AW, n CW, = I — the center of the inscribed circle in quadrilateral ABCD;
(DAW, = £BAW; = a;
£DCW, = 2£BCW, = 90° — a;
(since 2DAB + «DCB = 180°).

Fig. 6

2) 0 € W, W, (Fig. 6): point 0 is the center of the circumscribed circle around
quadrilateral ABCD.

Since 2W,CW; = £W,CB + £BCW; = £BCW, + £BAW; = a + 90° — a = 90°.

Similarly, 2W,;AW, =90°, which means W;W, is the diameter of the
circumscribed circle around quadrilateral ABCD or point 0 € Wy W,.

3) Consider triangle Wy IW,.

10 is the median, O0I = d, W;W, = 2R

We have: 4012 = 2((IW;)? + (IW,)?) — (W, W,)?,

4d? = 2((IW1)? + (IW3)?) — 4R? (**%)

Note that AIl-IW; = (R—d)(R+d) as the product of chord segments
(Fig. 7).
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Fig. 7
Similarly, CI - IW, = (R — d)(R + d).
ThUS, IWl = W/ IWZ — w
T r _ r

From Fig. 8: Al =

!

sina " sin(90°-a)  cosa’

Rewriting the expressions: IW; = (R_d)rﬂsin a, IW, =

Thus, equation (x*x) becomes:
4d? =2 ((—(R_d)(R+d) sin a)z + (—(R_d)(R+d) cos a)2> —4R?
T T
4d? =2 (R — d)*(R + d)? — 4R?,
4(d? +R?) = = (R — d)?(R + d)2.
Now, 2(d? + R?) = (R + d)? + (R — d)2.
1
We also have: (R + d)? + (R — d)? = SR - d)?(R +d)?

VIAVH IHRVLYWILYN-ONUEID TIAX UITEOQd

1 1
(R+d)? + (R-d)2 12’
Proven.
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nMPO BIACTAHb MK LEHTPAMM BNMUUCAHOIO | ONMUCAHOIO Kin
ANA TPUKYTHUKA TA HOTUPUKYTHUKA

leTMaHeHkKo /ltogMnna MukonaiBHa

CTapLua BMknagadka kageapy NpupoaHNYO-MaTEMATUYHOI OCBITU | TEXHONOTI
[HCTUTYT MICNAANNIOMHOI OCBITY

Kuigcekud cmoauyHud yHisepcumem imeHi bopuca piH4YeHKa, YkpaiHa

AHomayisi. Y cmammi tide mosa npo 0ai eidomi U nonysspHI y ceimi gopmynu. lepwy ¢opmysny

6yn10 sidkpumo U dosedeHo aHenilicekum mamemamukom Yinesmom Yanneanom y 1746 p. ma
HO38aHO HA 4ecme 8enuko20 JleoHapda Elnepa, momy ii cnpasedauso Ha3ueamu Gopmysow

2024 ABTOpPCHKI NpaBa 3axuLeHi | Creative Commons Attribution-ShareAlike 4.0 International License



v

International scientific journal «Grail of Science» | Ne 44 (October, 2024)
ISSN 2710-3056

384

Elinepa-Hannena. AHanoe yiei popmyau 6yno 3HalddeHo | dogedeHo yyHem Elinepa Hikonaem
®yccom (1755-1825 pp.), dogedeHHs yiei popmyau HasedeHo y MamemamuyHit nimepamypi. Ha
8I0KpUMOMY MameMamu4yHoOMy ceMiHapi ykpaiHcekul s4eHud, sidomull nedaz2oe, 30CHOBHUK
popmyneHoi 2eomempii . A. KywHip pasom 3i ceoim yuHem O.A. Yepkacekum 3HaUW08 enacHul
cnoci6 dogederHs yiei popmyau. Moo i3 3000801eHHIM HAOAEMO y yitl cmammi.

Kntowoei cnoea: popmyna Ednepa; popmyna ®ycca;, 8i0cmaHb MK YeHMpPamu enucaHo20 |
ONUCAHO20 Ki- MPUKYMHUKa, 8i0CMaHb MiX YeHmpamMu B8nUCaHO20 | 0NUCAHO20 Kin
YomMUpPUKymHuka, 006ymok 8idpizkig xopo.
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