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ANGLE BISECTOR SEGMENTS
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Summary. In triangle geometry, alongside basic segments such as altitudes, angle bisectors,
medians, and circle radii, there exist so-called secondary segments which, despite their less obvious
nature, play a crucial role in solving various geometric problems. The study of these segments
significantly deepens the understanding of triangle properties, enriching its structural geometry.
This paper, in particular, examines segments located on the angle bisector of a triangle. It is
noteworthy that these segments exhibit cyclic properties, meaning they can be found on the
bisectors of all triangle angles, not just one. The analysis of these segments enables the derivation
of a set of important formulas presented in this work. The obtained results may prove valuable in
solving a wide range of geometric problems related to the properties of triangles.

Keywords: Mansion Circle; Circumscribed Circle; Inscribed Circle; Excircle; Angle Bisector; Angle
Bisector Segments; Trinity formula;, Identity Proofs, Segments of Tangents to the Circle.

The center of the inscribed circle in triangle ABClies on the bisector of angle
£2BAC, or I, the incenter of the triangle. The line Al intersects the circumscribed circle
around triangle ABC at point Wy, which is the center of the Mansion circle with radius

W,C = W,B =W,I = Ry,.

Similarly, the point I, lies on the bisector Al as the center of the excircle, which
is tangent to the extensions of two sides AC and AB of triangle ABC and to side BC
(see Fig. 1).

7o =(0;04=R)

7?:(141;':l:[T)

w2 Bg_
Vum :(WI;WIC=RM) s

Fig. 1
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This paper discusses segments located on the angle bisector £BAC of triangle
ABC and the resulting formulas. Problems are presented for consideration, and a
series of related identities are proven.

Problem 1.

Prove the two proposed formulas: Al + Al, = 2AW; or AIJ'ZAI“ = AW;.

Proof.
AW, = Al + 1wy, (1)
AW, = Al, — 1w, 2)

Thus, (1) + (2) - 2AW, = Al + Al,.

A — A,

2

Problem 2.

Prove the formula Al, — Al = 21w, [3].

Proof.

The proof follows from the Mansion circle yy (Wy; Ry = W1C = Wi B = IW;).
Alternatively, IW; = I,W; = Ry, the radius of the Mansion circle.

Or Al, — Al =11,.

Since 11, = 2Ry, the diameter of the Mansion circle, we have 11, = 2IW;.
Therefore, Al, — Al = 2IW;.

Problem 3.

Prove the formula Al - Al, = bc,

where b and ¢ are the sides AC and AB of triangle ABC.
This formula is known as the Trinity formula [1] introduced in the works of I. A,
Kushnir [2], an honored teacher of Ukraine and author of more than 60 books.

Proof.

We apply the well-known formula for the area of a triangle, S =rp,
where r is the radius of the inscribed circle, and p is the semiperimeter of triangle
ABC (see Fig. 2).

Fig. 2

All rights reserved | Creative Commons Attribution-ShareAlike 4.0 International License 2024
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£4BAC
r=1K; = Al sin

£LBAC
2
Since AT; = AT, as they are segments of tangents to the excircle y3 = (I; 1),

we have

p = AT; = Al, cos

AT, = AC + CT, = AC + CTj, (3)
AT; = AB + BT, = AB + BT}, (4)

Setting (3) equal to (4), otherwise we get

AC + CT, = AB + BT, = p.

We have S =rp = Al sin‘BZi-AIa cosLBzi (applying the double-angle sine

formula).

S =2 Al - Al sin £ BAC,

S = Al - Alysin £ BAC = S bc - sin £ BAC,

Al - Al, = bc.

Proven.

We will prove the identities that form the segments of the angle bisectors of
the triangle (see Fig. 3).

Problem 4.

Prove the formula :—I B

Ig = BIp = CI,
Proof.

We have (see Fig. 3) 4 = pp%a, since

Al
LBAC LBAC

Al = AK3 cos——= (p — a) cos——, and

LBAC

Al, = AT, cos% =pcos
A I _ (-o)+e-b)+-c) _3p=2p _p _ 4

1 BI C
Therefore, E+E+C_Ic > > 5

Proven.
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Problem 5.
2 2
BI CI 1

Al?
Prove that — +
bc ac ab

where a, b, and c are the sides BC, AC, and AB of triangle ABC.
Proof.

We have A _ A _ AL (since bc = Al - AI, - see Problem 3).
bc  AI'Al, Al; a
— BI? BI? BI cr? cI
Similarly, — = =— —=—=
ac  BI‘BI, BI)) ab CI,

The sum of these fractions - + 2L

cI .
yTRRTRET equals 1 (proven in Problem 4).

BI? CcI* Al | BI | CI

Thus, 22 + — =1
" bc ac ab ~ Al BI, cI,
Proven.

. . bc ac ab
Similarly, it can be proven that Tttt =1
Problem 6.

Prove that 2253 4 fifs | Mle _ 4 4

T,Ts  T,PT3P T,
Where Ky, K,, and K3 are the points of tangency of the inscribed circle with the

sides BC, AC, and AB of triangle ABC; T,?, T,%; T,, T,%; Ts, Ts" are the points of
tangency of the excircles with the sides BC, AC, and AB of triangle ABC (see Fig. 5).

Fig. 4 Fig. 5

Proof.

. K> K. Al sin £BAC K> K. Al
We have (see Fig. 4) 222 = =°° 273 —

T,Ts  AlySinZBAC ~ T,Tz  Alg
L . KK CI sin LACB CI K1 K. BI sin LABC BI
Similarly (see Fig. 5), =% = —— =— S = : =—

Ty T, Cl.sin2ACB ~ CI. T,PT; Blpsin £ABC ~ BI

K;K3 | KiKs3 KiK, _ Al | CI | BI _ , .
T,Ts + TP T TR Al * Cle * Bl L (see identity 4)

Otherwise we have

Proven.

Problem 7.
Prove that AI?sin 2 BAC + BI?sin 2 ABC + CI? sin 2 ACB = 2S.

All rights reserved | Creative Commons Attribution-ShareAlike 4.0 International License 2024
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Proof.
i ; AIAl sin LBAC-Al AI'AL sin2BAC-AI  2S-Al
Consider I?sin2BAC = sin £ a _ asins _
Ala Alg Al
applied the formula from Problem 3, Al - Al, = bc.

Therefore, we have:

where we

2S-Al 2S-BI 2§-CI
+ + =

AI? sin £ BAC + BI? sin £ ABC + C1* sin £ ACB = il Bl, Cl.

Al BI CI . ;
=25 (A_Ia +ot C—IC) = 25 (see identity 4).

Proven.
Problem 8.
_ 1( (K2K3)® (K1K3)? (K1K3)?
Prove that § = 2 (sin LBAC t sin LABC + sin AACB) 31
Proof.
2 : 2
We have KK _ (AISm2BAC)” _ jy2 ¢in s BAC or

sin £BAC sin £BAC

(K2K3)® | (KiK3)® | (KiK3)?

=Al’sinz 2sinzs 2sinzs
sinZ BAC sinL{lgBC SinZ ACB Al“sin £ BAC + BI“ sin £ ABC + CI* sin £ ACB

(see identity 7).
(K2K3)? (K1K3)? (K1K3)?
Ssin£ZBAC = sin£ZABC  sin£ACB

Otherwise we have %( ) —Lloos=3s

2
S =3S. Proven.

Problem 9.

Prove the formula AI - IW; = 2Rr,

where R is the radius of the circumcircle of triangle ABC.
Proof.

We have Al = ——= (see Fig. 2).

Z
sin

2

Also, IW; = CW, (as the radius of the Mansio circle).
Now, IW, = CW; = 2R sin%‘“ (see triangle CDW;) (Fig. 6).

Thus, we can write Al - IW; = —x=- 2R sin ‘BZAC = 2Rr.
Sin
2

Proven.

Fig. 6
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Problem 10.

Prove that AI? = bc? — 4Rr,

where b and c are the sides AC and AB of triangle ABC; R is the radius of the
circumcircle of triangle ABC.

Proof.

We have

bc = Al - Al, (see the formula from Problem 3).

2Rr = Al - IW, (see the formula from Problem 9).

Also, bc — 4Rr = Al - Al, — 241 - IW, = AI(Al, — 2IW;)

Using the formula from Problem 2:

Al, — Al = 2IW,, or Al, — 2IW; = Al.

Therefore, we have: bc — 4Rr = AI(Al, — 2IW,) = Al - Al = AI?.

Proven.

| invite the readers to attempt to prove the formula Al, - [W; = 2Rr,, which is
manageable but equally significant.
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HEBIAOMI ®OPMYJIM BIAPI3KIB BICEKTPUCU KYTA TPUKYTHUKA

FeTMaHeHkKo JTrogmMuna MunkonaiBHa

CTapLua BMknagadka kageapy NprpoaHNYO-MaTeMATUYHOI OCBITU | TEXHONOTI
[HCTUTYT MICNAANNIOMHOI OCBITY

Kuigcekud cmoauyHud yHisepcumem imeHi bopuca piH4YeHKa, YkpaiHa

AHOmayia. Y 2eomempii mpukymHuka, nopso i3 6a308uMu  8IOPI3KAMU, Makumu K 8ucomu,
bicekmpucu, MediaHu ma padiycu KiA, iCHyxomb MAKOX MAK 380HI HEOCHOBHI 8i0pI3KU, AKi, nonpu
(80K MEHLW 04e8UOHY Npupody, 8i0i2paroms KAKH08Y pose y BUPILUEHH 6a2amMb60x 2e0MempUYHUX
300a4. BugyeHHs yux 8I0pi3kia 3HAYHO NO2AUBAKOE PO3YMIHHA 8aaCmMuUBoCcMel MPUKYMHUKQ,
36a2a4yroqu o020 CmpykmypHy 2eoMempiro. 30kpema, y 0aHit cmammi po32190atomecs 8i0pisKku,
WO A1excams Ha bicekmpuci Kyma mpukymHuka. Boxkaugo 3a3Hayumu, ujo ui 8i0pisku € YUKAIYHUMU,
mobmo MOXymMe bymu po3MawIo8aHI Ha bicekmpucax ycix Kymie mpukymHuka, a He auuie Ha 00HiIt
13 HUX. AHaAI3 Yux 8i0pi3kie 00380/1A€ 8UBECMU HU3KY 8GXUIUBUX YOPMY/, AKI NPONOHYHMLCA 8 Yt
pobomi. OMpumaHi  pesyemamu  MOXyme 6ymu KOPUCHUMU Y 8UPILUEHHI WUPOKO20 KoAd
2e0MeMPUYHUX 30004, UJO CMOCYHOMbLCA 81aCMUB0CMel MPUKYMHUKI8.

Knrodosi ciosa: k0410 MaHCioHa, onucaHe Ko/10; 8nUCaHe KO0, 308HIBNUCAHE K010, bicekmpuca
Kyma, eidpi3ku 6icekmpucu Kyma, @opmyna-mpidys, 0osedeHHs momoxcHocmel,; 8iopi3ku
domuyHux 00 Koa.
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