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.ARTICLE. 

DOI 10.36074/grail-of-science.01.11.2024.058 
 
UNKNOWN FORMULAS OF TRIANGLE 
ANGLE BISECTOR SEGMENTS 
 
Liudmyla Hetmanenko  
Senior Lecturer, 
Department of the Natural Sciences and Mathematics Education and 
Technologies 
Institute of In-Service Teacher’s Training 
Borys Grinchenko Kyiv Metropolitan University, Ukraine  
 
Summary. In triangle geometry, alongside basic segments such as altitudes, angle bisectors, 
medians, and circle radii, there exist so-called secondary segments which, despite their less obvious 
nature, play a crucial role in solving various geometric problems. The study of these segments 
significantly deepens the understanding of triangle properties, enriching its structural geometry. 
This paper, in particular, examines segments located on the angle bisector of a triangle. It is 
noteworthy that these segments exhibit cyclic properties, meaning they can be found on the 
bisectors of all triangle angles, not just one. The analysis of these segments enables the derivation 
of a set of important formulas presented in this work. The obtained results may prove valuable in 
solving a wide range of geometric problems related to the properties of triangles. 
Keywords: Mansion Circle; Circumscribed Circle; Inscribed Circle; Excircle; Angle Bisector; Angle 
Bisector Segments; Trinity formula; Identity Proofs; Segments of Tangents to the Circle. 
 
 

The center of the inscribed circle in triangle lies on the bisector of angle 
, or , the incenter of the triangle. The line  intersects the circumscribed circle 

around triangle  at point , which is the center of the Mansion circle with radius 
. 

Similarly, the point   lies on the bisector  as the center of the excircle, which 
is tangent to the extensions of two sides  and  of triangle  and to side  
(see Fig. 1). 

 
Fig. 1 
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This paper discusses segments located on the angle bisector  of triangle 
 and the resulting formulas. Problems are presented for consideration, and a 

series of related identities are proven. 
 
Problem 1. 
Prove the two proposed formulas:  or  . 
Proof. 

,                 (1) 
,                (2) 

Thus, (1) + (2)  . 
. 

 
Problem 2. 
Prove the formula . 
Proof. 
The proof follows from the Mansion circle . 
Alternatively, , the radius of the Mansion circle. 
Or . 
Since , the diameter of the Mansion circle, we have . 
Therefore, . 
 
Problem 3. 
Prove the formula , 
where  and  are the sides  and  of triangle . 

This formula is known as the  Trinity formula [1] introduced in the works of I. A. 
Kushnir [2], an honored teacher of Ukraine and author of more than 60 books. 

Proof. 
We apply the well-known formula for the area of a triangle, , 

where  is the radius of the inscribed circle, and  is the semiperimeter of triangle 
 (see Fig. 2). 

 
Fig. 2 
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. 
Since , as they are segments of tangents to the excircle , 

we have 
,     ( ) 
,    ( ) 

Setting (3) equal to (4), otherwise we get 
. 

We have  (applying the double-angle sine 
formula). 

, 

, 
. 

Proven. 
 
We will prove the identities that form the segments of the angle bisectors of 

the triangle (see Fig. 3). 
 

 
 

Fig. 3 
 
Problem 4. 
Prove the formula . 

Proof. 
We have (see Fig. 3)  , since 

, and 

. 

Therefore,  . 

Proven. 
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Problem 5. 

Prove that  . 
where , , and  are the sides , , and  of triangle . 
Proof. 

We have  , (since   – see Problem 3). 

Similarly, ,    . 

The sum of these fractions    equals 1 (proven in Problem 4). 

Thus, . 

Proven. 
Similarly, it can be proven that . 
 
Problem 6. 
Prove that   [4] 

Where , , and  are the points of tangency of the inscribed circle with the 
sides , , and  of triangle ; , ; , ; ,   are the points of 
tangency of the excircles with the sides , , and  of triangle  (see Fig. 5). 

 

 
 

Fig. 4                                                                               Fig. 5 
 
Proof. 
We have  (see Fig. 4)  or . 

Similarly (see Fig. 5), ,  . 

Otherwise we have  (see identity 4). 

Proven. 
 
Problem 7. 
Prove that  . 
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Proof. 
Consider    where we 

applied the formula from Problem 3, . 
Therefore, we have: 

 

 (see identity 4). 

Proven. 
 
Problem 8. 
Prove that   [3]. 
Proof. 
We have   or 

 
(see identity 7). 
Otherwise we have . 

.  Proven. 
 
Problem 9. 
Prove the formula , 
where  is the radius of the circumcircle of triangle . 
Proof. 
We have  (see Fig. 2). 

Also,    (as the radius of the Mansio circle). 
Now,  (see triangle ) (Fig. 6). 

Thus, we can write . 

Proven. 

 
Fig. 6 
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Problem 10. 
Prove that , 
where  and  are the sides  and  of triangle ;  is the radius of the 

circumcircle of triangle . 
Proof. 
We have 

 (see the formula from Problem 3). 
 (see the formula from Problem 9). 

Also,   
Using the formula from Problem 2: 

, or . 
Therefore, we have: . 
Proven. 
I invite the readers to attempt to prove the formula , which is 

manageable but equally significant. 
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НЕВІДОМІ ФОРМУЛИ ВІДРІЗКІВ БІСЕКТРИСИ КУТА ТРИКУТНИКА 
 
Гетманенко Людмила Миколаївна  
старша викладачка кафедри природничо-математичної освіти і технологій 
Інститут післядипломної освіти 
Київський столичний університет імені Бориса Грінченка, Україна 
 
Анотація. У геометрії трикутника, поряд із базовими відрізками, такими як висоти, 
бісектриси, медіани та радіуси кіл, існують також так звані неосновні відрізки, які, попри 
свою менш очевидну природу, відіграють ключову роль у вирішенні багатьох геометричних 
задач. Вивчення цих відрізків значно поглиблює розуміння властивостей трикутника, 
збагачуючи його структурну геометрію. Зокрема, у даній статті розглядаються відрізки, 
що лежать на бісектрисі кута трикутника. Важливо зазначити, що ці відрізки є циклічними, 
тобто можуть бути розташовані на бісектрисах усіх кутів трикутника, а не лише на одній 
із них. Аналіз цих відрізків дозволяє вивести низку важливих формул, які пропонуються в цій 
роботі. Отримані результати можуть бути корисними у вирішенні широкого кола 
геометричних задач, що стосуються властивостей трикутників. 
Ключові слова: коло Мансіона; описане коло; вписане коло; зовнівписане коло; бісектриса 
кута; відрізки бісектриси кута; формула-трійця; доведення тотожностей; відрізки 
дотичних до кола. 
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