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TPUKYTHUK TPbOX LIEHTPIB
30BHIBNMUCAHUX KIn

eTMaHeHKO fltogmmna MunkonaiBHa

CTaplla BuKnagadka kadeapu NpupoaHUYO-MaTeEMATUYHOI OCBITW | TEXHOOTIN
[HCTUTYT NICNAANTINIOMHOI OCBITU

Kuiscokul crou4HUd yHigepcumem iMeHi bopuca [ piHYeHKa, YkpaiHa

AHOMayis. Y cmammi 00CnioxeHo 81acmugocmi mpuKkymHuKa, ymeaopeHo20 YeHmpamu mpsox
308HIBNUCAHUX Kifl Ya, Vi, Yer NOBYOOBAHUX 0418 008iN16HO20 MpukymHuka ABC. Po3ensHymo
2e0MempPUYHI 3a/1eXHOCMI MIXC MPUKYMHUKoM ABC | mpukymHukom I, I, 1, G makox
8/10cmu8ocmi, WO 8uUNIUBaOMs i3 yiei nobydosu. [1oKa3aHO, Wo mpukymHuk ABC €
opmouyeHmpu4YHUM 00 mpukymHuka I, I, 1., 0 onucaHe Ha8ko/10 MpukymHuka ABC KOO €
00HOYaCHO KosoM Elnepa 0nd mpukymHuka Iy, 1, I.. 3anponoHos8aHo Hosi ¢popmynu 075
CmMopiH mpukymHuka I, 1, I,, @ makoxc no3uyitiHi 3ada4i Ha nobydosy mpukymHuka ABC 3a
300aHUMU MOYKaMU. Ynepuie 8UC8imeHO 38'930K MIIC e1eMeHmMamu Yux mpukymHukis i Koaom
Elinepa ma 3anponoHO8aHI 00 po38'a3Ky 3a0ad4i, AKI paHiwe He by/au onybaiKosaHi.

Knro4osi ¢108a: 308HisnucaHe koo, koo Elinepa, ko0 0esamu moYoK, opmouyeHmpu4HUL
MPUKYMHUK, no3uyiliHi 3a0a4i, Niskoa0 HA CMOPOHI MPUKYMHUKQA K Ha diamempi.

The circumcircle of triangle ABC, with center 0 and radius R, is denoted as
y1=(0; OA=R).

In addition to the circle y, let us consider the excircles y,, yp, ¥ Of triangle ABC,
which are tangent to one of the sides of the triangle a, b, or ¢ (BC = a, AC = b, AB =
c) and to the extensions of the other two sides (Fig. 1).

7=r)
7, =U,1)

Y4 v.=U;r)

Fig.1

All rights reserved | Creative Commons Attribution-ShareAlike 4.0 International License 2024



MiXHapOAHNA HayKoBUIA XypHan «paanb Hayk» | Ne 46 (nuctonag, 2024)
ISSN 2710-3056

The centers I, I, and I, of the circles y,, v», ve, respectively, lie on the angle
bisectors of the angles ZBAC, £ABC and £ACB.

Connecting the points I,, I, and I, we obtain the triangle I,1,1.. Let us explore
some properties of the triangle I,I,1., derived formulas, and new positional
problems related to the construction of triangle ABC from three given points. These
problems are published here for the first time.

Property 1. Since the center of an excircle is the intersection point of the
internal angle bisector and two external angle bisectors, the angle 2I.Al, = 90° (as
the angle between the bisectors of adjacent angles) (Fig. 2).

/,

Fig. 2

Similarly, the angles «I,BI, and 4I,CI. are also 90°. This implies that the
vertices of triangle ABC lie on the sides I,1., I.1, and I,1,, serving as the feet of the
altitudes of triangle I,1,1.. Thus, I, A, I, B and I.C are the altitudes of triangle 1,1, 1.

Triangle ABC is therefore referred to as the orthocentric triangle of triangle
I,1,1.. The circumcircle y4, circumscribing triangle ABC, is the Euler circle (or the nine-
point circle) of triangle I,1,1.. The midpoints of the sides of triangle 1,11, lie on the
Euler circley; (Fig. 3)

1,

Fig. 3

2024 ABTOpPCHKI NpaBa 3axuLLeHi | Creative Commons Attribution-ShareAlike 4.0 International License
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Property 2. The angles of triangle I,I,1. are equal to 90° —% 90° —% and
90° — %C where 2A = £BAC, «B = £ABC and «C = £ACB. This result follows from
triangle C1,B (Fig. 2).

Specifically, the angles 2BCI, = 90° — %C and £CBI,; = 90° — %, since CI, and
Bl, are the external bisectors of the angles at vertices € and B of triangle ABC.

Property 3. Since the circumcircle y; with radius R, circumscribing triangle ABC,
is the Euler circle of triangle I,1,1., the radius of the circumcircle of triangle I,1,1,,
equals 2R, i.e., it is twice as large [2].

Using the sine rule as a corollary, the sides of triangle 1,1, 1.: can be expressed
as follows:

I,I, =2 - 2R sin(90° — &) = 4R cos =%,
5 /B
1,1, = 4R sin(90° — ‘7) = 4R cos | M)
lolp = 4R cos =~
Let us propose an alternative way to express the sides of triangle 1,1, 1. . Refer
to Figure 4 for this approach.

Fig. 4

Points T, and T5 are the points of tangency of the excircles y, and y; with the
extension of side BC = a.

From the symmetry of the construction, CM; = M;B, and thus T,M; = M;Ts.
The distances from the centers of the excircles to the tangency points are
I.T3 =1, I,T, = 1.

This configuration forms a right trapezoid I, T,T3I. with bases equal to r, and

1., and a midline M, D;, which equals Tb2+rc (I,D; = Dy 1,).
M,D; =2 )
From 4I.CI, = 90° and the fact that D, is the midpoint of side I,1. (Fig. 5), it
follows that I,D; = CD; = D41, (as the median to the hypotenuse). Similarly, 2I,BI, =
90° (see Property 1), so D1B = I.Dy = I,,D;.

IbDl = ICDI = CD1 = BDl (3)

All rights reserved | Creative Commons Attribution-ShareAlike 4.0 International License 2024
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From triangle CD,M;, we can express CD; using Equation (2):
DM, T, + 1,

CDy=—7 7= ZA
oS —- 2co0S—— -

Hence, I1. = 2CD; (using Equation (3)):
Iple =27 )
2

Similarly, I,1, = Ta*jg, 1,1, = Z‘;*jg.
2 2
Thus, we have derived two distinct formulas, Equations (1) and (4), for the sides
of triangle I, 11,
In reference [4], the following formula is proposed:
I,1.* = 4R(ry, + 1) (5)
By applying Equations (1) and (4), we obtain:

I,1,%2 = LI, - I,I, = 4R cos 2 - 12%7¢ — 4R(r, + 7).
OS
2

The following formula is suggested for independent proof:

Il*
SaBc = TpTe (ry + 1.)2 -1
Cc

Positional problems for constructing triangle ABC based on three given points
were studied and compiled by the Ukrainian scholar, educator, and Honored
Teacher of Ukraine I.A. Kushnir [3].

[,

VNAVH IHRVLYIWNILYIN-ONMEID AIXX U1TEO0d

Fig. 5

| propose new positional problems that have not been previously published
(see Fig. 5):

1) Iy, I, My;

D)1y, 1., 1,

2024 ABTOpPCHKI NpaBa 3axuLLeHi | Creative Commons Attribution-ShareAlike 4.0 International License
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3) Iy, 1., 0;
4)
5) Ibr Icr (ha)Xr
) Ip, Ic, Ly,

where CM; = M;B;

Al, N Bl, n CI. = I (the incenter of triangle ABC);

0 is the center of the circumcircle of triangle ABC;

Al,Ny, =W, Al,NBC = L;;

(ha)x is the line perpendicular to side BC of triangle ABC and passing through
vertex A.

More similar construction problems can be found in article [1].

| propose considering the construction of triangle ABC based on the points I,
L, I..

1. Connect points I, and I, to form side I,1, of triangle I,1,1.. From previous
results (Equation 3), I,D, = D,C. This gives point D; , the midpoint of I, (Fig. 6).

[ e - = — ©
b D I,

Fig. 6

2. The segment M;D; is perpendicular to side BC of triangle ABC. By
connecting the given points I, I, , and M;, we determine the angles 2I,M;D, and
£I.M;D,. Accordingly:

£CMyI, = 90° — 21, M, D,

£BMyI. =90° — 2I.M,D;.

Segments I,M; and I.M; are the hypotenuses of triangles I, M;T, and [.M;Ts,
respectively (Figure 4).

Thus, the right triangles I,M;T, and I.M;T; can be constructed using their
hypotenuses and one acute angle. This results in the line T,T;, where M; € T,Ts.
Consequently, BC c T,Ts.

3. We apply Property 1 (I.C and I,,B are the heights of the triangle I,1I,1.), and
draw the semicircle ¢ with center D; on the diameter I, 1. (Fig. 7). The semicircle ¢
will intersect the line T, T at points B and C of triangle ABC.

Ib
I/
i
.‘ D,
I
1
|
! )i
¢
| ,f
A /
N /
N /
Y /
\ 2
\\\ /// rc‘
N AC
\\ 7
[ 1 S &z
T, C . M B T
Fig. 7

All rights reserved | Creative Commons Attribution-ShareAlike 4.0 International License 2024
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4. In Fig. 7, triangle I, T, C is formed with angle 2I,CT,. It is sufficient to extend
the ray CA at angle 2I,CT, from CI,.

CANnI,, = A, since Cl is the bisector of the exterior angle £BCA of triangle
ABC. The triangle ABC is constructed.

| suggest solving the following problems independently and deriving great
satisfaction from it.
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TRIANGLE OF THREE CENTERS OF EXSCRIBED CIRCLES

Liudmyla Hetmanenko

Senior Lecturer,
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Summary The paper investigates the properties of the triangle formed by the centers of the three
excircles, yq, Yu, Ye, CONstructed for an arbitrary triangle ABC. Geometric relationships between the
triangle ABC and the triangle 1,, 1, 1. are examined, along with the properties arising from this
construction. It is shown that the triangle ABC is orthocentric to the triangle I,, 1,, 1., and the
circumcircle of triangle ABC simultaneously serves as the Euler circle of triangle 1,, I, 1.. New
formulas for the sides of triangle 1,, 1, 1, are proposed, as well as positional problems for
constructing triangle ABC given specific points. The connection between the elements of these
triangles and the Euler circle is revealed for the first time, and previously unpublished problems are
introduced for solution.

Keywords: excircle, Euler circle, nine-point circle, orthocentric triangle, positional problems,
semicircle on a triangle’s side as a diameter.
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