572

SECTION XXIV. PHYSICS AND MATHEMATICS

International scientific journal «Grail of Science» | Ne 47 (December, 2024)
ISSN 2710-3056

DOI 10.36074/grail-of-science.20.12.2024.081

UNEXPECTED EFFECT OF EULER'S
FORMULAS

Liudmyla Hetmanenko

Senior Lecturer

Department of the Natural Sciences and Mathematics Education and
Technologies

Institute of In-Service Teacher’s Training

Borys Grinchenko Kyiv Metropolitan University, Ukraine

Summary. This paper explores significant aspects of geometry, specifically problems and theorems
related to two classical Euler's formulas: 10? = R? — 2Rr, which describes the distance between the
centers of the circumcircle and the incircle, and (01,)* = R* + 2Rr,, which characterizes the
distance between the centers of the circumcircle and the A-excircle. The author notes that, despite
their importance, one of the problems proposed by S. . Zettel in his book Problems on Maxima
and Minima has been largely overlooked in the mathematical community. The paper demonstrates

how the application of formulas for the radii of the incircle and excircle, r, = 4Rsin§cos§cos§
andr = 4Rsin§sin§sin % not only simplifies the solution of the problem but also leads to a new
extension of this result. The key idea is the use of the "analogy" method, which allows the discovery
of new relationships and makes this approach appealing and useful for a broad range of
mathematical researchers. Additionally, the paper includes a discussion of theorems and lemmas
that will be applied in the proofs of the results, with the expectation that the material will be
practically useful for readers.
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Let us consider the triangle AAIK;.
The length of Al is given by: Al = —2— =T,
Sin—/-y— Sin——

2

where r is the inradius of the triangle ABC (Fig. 1).
According to the Trillium Theorem [1], we have:
IW1 = CWl = BW1

Also, we have IW; = CW; (Fig. 2). Fig. 1

For triangle ACW,W,, we have:

ACW,W, = AIW,W;, since they share the common side
W, W, and two adjacent equal angles.

Moreover, CW; = BW;, as the chords subtend equal arcs.

Fig. 2
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In triangle ACDW;, we have: CW; = 2Rsin

where R is the circumradius of triangle ABC.
Therefore, we can express:
Al-IWy = Al - CW, = —/—- 2Rsin42—A which simplifies to [4]:

Sin—
2

. 2A
= 2Rsin X

|AI- IW; = 2Rr| (1

Let ¥y = (0; R = 0A) be the circumcircle of A
triangle ABC.

Let yi = (Wy; Ry = IW,) be the Mansions
circle.

Let y, =y 1 =1,T,) be the excircle,
tangent to side BC and the extensions of sides AC
and AB (Fig. 3).

We also know that:

W, = CW, = BW, = W,I, = Ry,
where Ry, is the radius of the Mansions circle,
which is the circumcircle of triangle BIC,
with I being the incenter, the point of intersection of
the angle bisectors of triangle ABC.

Next, we have:
Al =22 — 51;__/* (AAT,1,) (see Fig. 3). Fig. 3
2

sin:
2

Thus, we can write:
Al, - Wyl, = 22 2Rsin“2 = 2Rr, [3],
sin—- 2

which simplifies to:

|Al, - Wyl, = 2Rr,| (2)

Below is the proof of the first Euler's formula (the distance between the centers
of the circumscribed and the inscribed circles around a triangle):
(0% = R% — 2Rr
(where R is the radius of the circumcircle around triangle ABC, and r is the radius of
the incircle of triangle ABC) (Fig. 4).

/ A

Wi
Fig. 4

2024 ABTOPCHKI NpaBa 3axuLLeHi | Creative Commons Attribution-ShareAlike 4.0 International License

573

VIAVH IHRVLYIWILYN-ONMEID "AIXX U1TEO0d



574

SECTION XXIV. PHYSICS AND MATHEMATICS

International scientific journal «Grail of Science» | Ne 47 (December, 2024)
ISSN 2710-3056

Proof:
Using the chord segment product theorem (see Fig. 4), we have: EI - IF = Al - IW;
Where EI =R + 0l and IF =R — OI. E 4
Thus, (R + O)(R — 0I) = Al - IW;
Simplifying, R? — (01)? = AI - IW;

Using equation (1), we get: R? — (0I)? = 2Rr
or R? — 2Rr = (0I)?

This is the first Euler's formula.

Q.ED.

Now, we will prove the second Euler's formula (the
distance  between the centers of the
circumscribed and the exscribed circles of the
triangle):
(01,)?> = R* 4+ 2Rr,

(where 7, is the radius of the excircle opposite
vertex 4,

tangent to side BC and the extensions of sides AC Fig. 5
and AB of triangle ABC) (Fig. 5).

Proof:

By the tangent-secant theorem, which states that the square of the tangent
equals the product of the secant segment and its external part, we have:

[1,A - I,W; = I,E - I,F| (3)

where I,A and I,E are secants to the circle y = (0; R = 0A).

Using formula (2), we get:

1,E = 0l + OE = 0l, + R and I,F = 0l, — OF = 0I, — R
Thus, the product I,E - I,F becomes:
I,E - 1,F = (01, + R)(0I, — R)
I,E - I,F = (0I,)? — R?

Rewriting equation (3), we get: 2Rr, = (01;)* — R?
or R? + 2Rr, = (01,)?

This is the second Euler's formula.
Q.E.D.

Let us now consider a few interesting
dependencies:
AK, =AKz3 =p—a
BK, =BK;=p—b
CK,=CK,=p—c
(where p is the semiperimeter of triangle ABC,
and a, b, ¢ are the sides BC, AC, and AB of

triangle ABC, respectively) (Fig. 6). C K B
Now, consider the triangle AAIKs.
Wehave:IK; =r = AK;3 - tg LBZAC =(p-—- a)tg% Fig. ©
. . .. _btc—a  £A _ 2R(sinZB+sinsC—sinzd) LA _
This can be rewritten as: r = : = > o=
= R(sin4B + sinsC — sinzA) - sz = 4R -sin2 - sin - sin<E,
cos= 2 2 2

2

All rights reserved | Creative Commons Attribution-ShareAlike 4.0 International License 2024



MiXHapOAHN HayKOBWIA XypHan «paanb Hayku» | Ne 47 (rpyaeHs, 2024)
ISSN 2710-3056

575

Thus, we obtain the formula:

. LA . /4B . «C
r= 4Rsm7sm7$m7 4)

Next, we consider the following dependency:
AC =b,AB =c¢

CT2=CT1=p_b
BT1:BT3:p_C

ATZ = AT3 =D

a+b+c
2

(wherep = ) (Fig. 7).

From the triangle A AI, T, we get:

£LBAC LA
IaT3 = Ta = AT3tg > = p " tg 7

The formula forr, =p- tg% can be rewritten in a

Fig. 7
form analogous to equation (4):
. LA . LA
_ ZA _ atb+c sm% __ 2R(sinsA+sin/ZB+sin/C) sm% _
ra_p'th_ 2 ' ZA 2 ' ZA —
COST COST
A LB cc sintt LA LB +C
VA > .
= 4Rcos = cos — cos — - —%; = 4Rsin—cos — cos —.
2 2 2 cosA 2 2 2
Thus, we obtain the formula:
. LA 4B Ao
Ty = 4Rsm7c057€os7 (5)

VIAVH IHRVLYIWILYN-ONMEID "AIXX U1TEO0d

INn 1948, S.I. Zetel [2] proposed the following problem:

In triangle ABC, with the smallest side BC = a, segments CE and BF are drawn
from vertices € and B along sides CA and BA respectively, such that BC = a. Prove
that the radius of the circumcircle of triangle AEF is equal to the distance between
the incenter (the point of intersection of the angle bisectors of triangle ABC) and the
circumcenter (the center of the circumcircle of triangle ABC).

y =(0;0A =R)
9 = (I;r =1K3) (Fig. 8)
Yo = (Q; R, = QA) (Fig. 9)
Alternatively, we need to prove that: R, = VR? — 2Rr.

Fig. 8 Fig. 9
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Proof:
From the isosceles triangle CBF (Fig. 10), we
get:
CF = 2a-sinLC2ﬂ = 2a-sin%.
From triangle CEF, using the cosine rule:
(EF)? = 4a?sin? 22 + a2 — 4qa? -sin%

2
cos2FCE.

Since the angle 2FCE is the difference
between angles ZBCA and £BCF, we have:

LFCE = 2C — (90° - %) - "C;—‘A'

. B . B C—2A
Therefore: (EF)? = 4a%sin® =~ + a? — 4a25m%- cos =22

2

Thus, (EF)? = a? (4sin2 42_3 +1- 4sin%cos
LC—LA)).

, . 2 9 . LA . LB . /C
or equivalently: (EF)* = a“(1 — 8sin—sin—sin=).
By using formula (4), we obtain: (EF)? = a? (1 — %) = q? (%)
By the law of sines in triangle ABC: a? = 4R?sin?2BAC = 4R?sin?£A
Thus, (EF)? = 4R?sin? 24 (=2) = 4sin? LA(R? - 2Rr)

|(EF)? = 4sin? LA(R? — 2Rr))| 6)

2

LC—AA)

2
_ /B, . (B

=a’(1+ 4sin=-(sin—- — cos

On the other hand, from triangle AEF, using the law of sines, we get:
(EF)? = 4R%sin?4BAC = 4R2sin’£A

|(EF)? = 4RZsin?£A | (7)

Comparing equations (6) and (7), we obtain:
4sin?2A(R? — 2Rr) = 4R2%sin’2A

Simplifying, R? — 2Rr = R2

Thus, VR? — 2Rr = R,

The first Euler's formula, which was proven earlier, states that:
(0% = R% — 2Rr or OI =+R? — 2Rr.

Hence, it has been proven that
R, = O =VR? = 2Rr.
Q.ED.

Below is a formulation and proof of a similar problem that has not been
encountered in the professional literature before:

In triangle ABC, with the smallest side BC = a, segments CE and BF are drawn
along the extensions of sides AC and AB from vertices € and B such that

CE = BF = a. Prove that the radius of the circumcircle of triangle AEF is equal
to the distance between the circumcenter of triangle ABC and the center of the
excircle that is tangent to side BC and the extensions of sides AC and AB.
y = (0;R = 04)
Yo = g 14 = 1,T3) (Fig. 11)
Yo = (Q; Rg = QE) (Fig. 12)
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Alternatively, we need to prove that: Ry, = 01, = \/R? + 2Rry,.

\ ) F

Fig. 11 Fig. 12

Proof:
From the isosceles triangle CBF (Fig. 13), we have:

CF = 2a-cosLAz£ = 2a-cos%.
From triangle CEF, using the cosine rule:
(EF)? = 4a? - cosz§+ a? —4a?- cos%-

cos/ECF.

Since the angle 2ECF is the difference between
angles BCE and £BCF, we get:

LECF = 180° — £C — % = 90° — ‘C;‘A.

Thus, (EF)? = 4a? - cosz% +a%?—4a?-
4B . £LC—2A

COST Sin——.

Therefore,

2LC—2LA

2LC+LA

2 _ 2 LB LB . _ 2 LB .
(EF)* =a“(1 + 4c057(c057 —sin ) =a (1 + 4c037(5m -

2
. LC—2A . LB LB LC
—sin T)) = a?(1 + 4sin — C0s—-cos 7).

Using formula (5), we get:
21, R+271,
(EF)? = a? (1+22) = o2 (22),

R
Since a? = 4R?%sin?£A by the law of sines for triangle ABC, we obtain:
|(EF)? = 4sin? LA(R? + 2Rr,)| @®)
From triangle AEF, using the law of sines, we get:
(EF)* = 4Rjsin* LA 9)

Comparing equations (8) and (9), we get: 4sin®2A(R? + 2Rr,) = 4Rjsin*£A
Simplifying: R* 4+ 2R, = R}

Thus, y/R% + 2Rr, = Ry

The second Euler’s formula, which was proven earlier, is:

(01,)* = R* + 2Rr, abo 0l, = \/R? + 2Rr,.

2024 ABTOPCHKI NpaBa 3axuLLeHi | Creative Commons Attribution-ShareAlike 4.0 International License

577

VIAVH IHRVLYIWILYN-ONMEID "AIXX U1TEO0d



578

SECTION XXIV. PHYSICS AND MATHEMATICS

International scientific journal «Grail of Science» | Ne 47 (December, 2024)

ISSN 2710-3056

Therefore, it has been proven that
Ro = 0I, = /R? + 2Rr,.
Q.ED.

There are other ways to prove the proposed problems. | suggest exploring
them independently.
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HECNOAIBAHUM E®EKT ®OPMYN EMJIEPA

'eTMaHeHKO JTtoamunna MukonaiBHa

CTapla BuKk1ajadka kadpeapu NPMpoAHNYO-MaTEMATNHYHOI OCBITU | TEXHONOTI
IHcmumym nicaa0uniomMHoI ocsimu

Kuigcekud cmoauyHudl yHisepcumem imeHi bopuca piH4YeHKa, YkpaiHa

AHomayis. Y cmammi 0ocnioxylomecs saxciugi acnekmu 2eomempii, 30kpema 3adayi ma
meopemu, Wo CMOoCyrmecsi 080X KAACUYHUX Popmyn Elnepa: 10* = R* — 2Rr, Aka onucye
8I0CMaHbL MiX yeHMpPaMu 0NUCaHO20 mMa enucaHozo kin, ma (01,)* = R? + 2Rr,, sKka
XApaKkmepusye 8[0CMaHs MiXC YeHMpPamu 0NUCaHO20 Ma 308HIBNUCAHO20 Ki/. ABMOpP 8I03HAYAE,
Wo nonpu ix 3Hadyujicms, 00Ha 3 3ada4y C. |. 3emens, npedcmasneHa y kHU3I «3a0a4i Ha
MAKCUMYM [ MIHIMyM», 30UWAAACSH HENOMIYeHO 8 MamemamuyHil cnineHomi. B cmammi
NOKG3aHO, AK 3aCMOCY8AHHSA opmMya 044 padiycie 8nUCAHO20 Ma 308HIBNUCAHO20 Kifl, T, =
4Rsin§cos§cos% ma r = 4Rsin gsingsin %, 00380/159€ He ue cnpocmumu po38a30k 30004,

ane 0 3Halmu Hoge npoodoexeHHs Yso20o pesynemamy. OCHOBHOK (0ec0 € 3aCmMOCy8aHHS
mMemody «aHanoziiy, Akul 00380/5€ 3HAXO0UMU HO8I 3a41eXHOCmi ma pobums el nioxio
npusabauBuUM | KOPUCHUM 0/18 UWUPOKO20 KOAG Mamemamu4yHux 0ocnioHukis. OKpiM (b02o,
cmamms Micmume po32480 meopem | aem, Aki 6ydyms aukopucmosyaamucs 045 00Ka3y
OMPUMAaHUX pesyasmamie, ma cnodisaemecss HA NPAKMUYHE 30CMOCY8AHHS Mamepiany
yuma4yamu.

Knro4osi crosea: ¢opmynu Ednepa, onucaHe KO0, 308HIBNUCAHE KOO, 8NUCAHE KOO, KO/O
MaHcioHa, meopema TpunuCHUKA, Meopema KOCUHYCig, meopema CUHyCig, aHaM02is.
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