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Summary. This paper explores the properties of the bitangent circle, which is defined as a circle
that is tangent to two sides of a triangle and to the circumcircle of the triangle. The problem related
to such a circle was first proposed at the 20th International Mathematical Olympiad (1976,
Bucharest) for an isosceles triangle. However, it was later discovered that the problem's condition
is general for any triangle. The study of this problem attracted the attention of mathematicians
from various countries, and numerous attempts at a proof emerged. This paper presents a new
approach to solving the problem using formulas that simplify the proof compared to other
methods, such as Archimedes' lemma. Additionally, the paper examines specific properties of the
bitangent circle, which can form the basis for problems of increased difficulty. The content of the
paper will interest mathematicians, educators, students, and all those passionate about geometry.
Keywords: bitangent circle; internal tangency of circles; incenter of a triangle; law of cosines,
Trillium theorem.

Problem 1.

A circle with center I; is tangent to the sides AC and AB of triangle ABC at
points P and Q, respectively, and is also internally tangent to the circumcircle of
triangle ABC [4]. Prove that the incenter I of this triangle coincides with the midpoint
of segment PQ.

In triangle ABC (Fig. 1), points P and Q are the tangency points of the
bidotangent circle (denoted as ys = (I1; 11 = I;P)), O is the center of the circumcircle
of triangle ABC (y = (O;R = 0A4)), and I is the incenter of triangle ABC (the
intersection of its angle bisectors) (Fig. 1).

Fig. 1
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Preliminary Formulas and Proofs
Consider theincircley, = (I,r = IK3) of triangle ABC, where Kj is the tangency
point of incircle with center I, the incenter. Examining triangle AIK; (Fig. 2):

B
Fig. 2
Al= =1 (1)
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The circumcircle y = (0; R = 0A) contains the inscribed triangle ABC. The
angle bisector AL, of angle ZBAC intersects the circumcircle at point W;. The altitude
AH, of triangle ABC is drawn to side BC. The angle H, AL, (between the altitude and

the bisector from vertex A) satisfies:
|£ABC—2ACB| _ |£B—4C]|

2 2
Assuming2ABC > £ACB (or equivalently B > (), we obtain:
£LB—2£C
LHlALl = =

Thus, angle is equal to H;AL4, since they are alternate interior angles with
parallel lines AH, and W;D and transversal AW, (Fig. 3).
For triangle 0OAW;, angles 2OW;A and 20AW; are equal, as they are base
angles of the isosceles triangle 0AW; (where OW; = 0A, Fig. 4).
Consequently,
LOAW, = ‘B;‘C = ¢ 2)
Furthermore, in A DW, A (Fig. 3),
AW, = 2R - COS@ (3)
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Chord Relations and the "Trillium Theorem"

From Fig. 5, chords CW; and BW; are equal because they subtend equal arcs
CW, and BW;. By congruence of triangles A W,CW, and A W,IW, (sharing side W,W,
and having two adjacent equal angles), we conclude: CW; = IW;

Fig. 5

Thus, the following chord equality holds:
CW, = BW, = Iw, (4)

Isaak Kushnir, in his works, referred to these chords as the "Trillium
Theorem" [2].

Additional Proofs

Consider triangle CDW;. We have:
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A
CW; = 2R - sin—

where 2DCW; = 90°, as it subtends a diameter. The angle ZCDW; equals 2CAW; and
also £BAW, (Fig. 6).
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Fig. 6
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To prove Problem 1, we apply the cosine theorem to triangle 0AL (Fig. 7). In
triangle OAI;, we have:

e A0 = R,

e LOAL, = ¢ (from (2),

e 0l; =R —1; (as the distance between the centers of internally tangent
circles),

e Al = 9:_1“‘ since I, lies on the bisector Al of angle 2BAC (Fig. 7).

2
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i
o
Fig. 7
Applying the cosine theorem to A 0Al:
(01)? = 0A* + (AL})* = 2- 0A - Al - COS£0Al,
2
(R —1))? =R2+< vr§A> —2-R-— - cosg,
Slﬂ7 S\ﬂ7
Rearranging,
2
’r'1 T'l
R2—2-R-1+ () =R?-2R- — 7 Cosp+| ——=
SlnT SlnT

Multiplying through by sin? %

(r)? (sin2 %) — 2R - rysin? 42_,4 =@)?—2R -1 - Sin%cosqo,
7 (sinzAZ—A - 1) = SinAz—A(ZRsin% - 2Rcos<p),
71+ C0S? LZ—A = Sin% (2Rcos<p — 2Rsin %),
From (3): 2Rcosp = AW,

2RsinS: = CW,

From (4): CW, = IW;,

Thus, 7y - cos? 5= = sin 5= (AW, — Iw;) (fig. 5)
T - cosz% = Al - Sin%

Since, Al - sin% =7r (1),

we obtain: ry - cos? % =r

Solving for ry, 1, = ——
co 2242

which is the radius of the bidotangent circle ys.
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Proof of the International Olympiad Problem

The proof of the problem from the International Olympiad (see Fig. 1) is based
on the fact that point E coincides with I. In Fig. 1, triangle PAQ is isosceles. The point
E lies on AI, where Al is the bisector of angle £BAC (since A PI;A =A QI A by the
leg PI, = QI; = r; and the common hypotenuse).

Thus, AE is both the median and the altitude of triangle PAQ (i.e., QE = EP).

We have:

AE = AP - cos‘Z—A (see Fig. 1, A AEP)

AP = 1I,P - ctg= (Fig. 1, A API)

ZA

ZA r COS—
11P=T1,'AP=T1‘Ctg—= 74" .LZA
2 cosz7 sin~-
AP = —1— (since — = AI (1))
SIN—COS— SIN—
AIZ 2 2
AP =—4
COST

LA Al LA
Thus, AEZAP-C057= — + COS—
COS

AE =Al=>E=1

We have proven that the incenter I of triangle ABC is the midpoint of segment PQ.

Problem 2.

Z.A. Skopets, a renowned world-class geometer, studied the bidotangent circle
and proved that: AP = % [1],

where b and c are the sides of A ABC opposite to AC and 4B, respectively, and p is
the semiperimeter of triangle ABC. He used four circles and Casey's theorem to
prove this result.

Al

Given the formula: AP = —;
COS—
2
try to derive this result on your own.

Problem 3 (Analogue of Euler’s Formula).
Prove that:

Il = Al - tg* =~ [3].

Proof:

I, = Al — Al (Fig. 8)

Al =22 (A APLY)
COS7

AP Al

I, =—5xx— Al = T_AI (since
u - cos -
AP 2)
cos—-
Al AI(l—cosz—) Al sth%
I = — SZA = 2ZA Al -
0s= cos2=- 0s2=~
tg? <2, Fig. 8

Thus, the proof is complete
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BJIACTUBOCTI BIAOTUYHOI'O KOJIA

'eTMaHeHKO JTtoamunna MukonaiBHa

CTapLua BMknagadka kageapy NpUpoaHNYO-MaTEMATUYHOI OCBITU | TEXHONOTIN
[HCTUTYT MICNAANNIOMHOI OCBITY

Kuigcekud cmoauyHud yHisepcumem imeHi bopuca piH4YeHKa, YkpaiHa

AHomayjis. Y cmammi po321490aromecs 81aCmusocmi 6id0muyH020 KOG, SKe 8U3HAYAEMbCS K
K0/10, W0 00MUKaEMsCA 00 080X CMOPIH MPUKYMHUKA ma 00 0ONUCAHO20 KO/Q HABKO/O U020
MPUKYMHUKG. 300040, NO8A3aHA 3 MAaKUM KO/OM, 8nepule 6y/n1a 3anponoHosaHa Ha XX
MixHapoOHItG  MamemamuyHid — onimniadi (1976 p.,  byxapecm) 048  pieHO6edpeHo20
mpukymHuka. OOHAK nizHiwe 6y10 8UABAEHO, U0 yMO8Q 3a0a4i € 3020/16HOK 018 008I/16H020
MPUKYMHUKG. BuguyeHHs i€l npobaemu npusepHyso ysazy Mamemamukie pisHUX KPaiH, |
3'g8unocsa yumano cnpob dogedeHHs. Y cmammi npedcmasneHo Hosul nioxid 0o po3s'asky
300a4i 30 00NOMO20K0 PopPMy/, U0 00380/50Mb CNPOCMUMU 00KA3, NOPIBHAHO 3 [HUIUMU
Memodamu, HaNPUKaao, nemoro Apximeda. Kpim mozo, 0ocrioxyromecs okpemi enacmugocmi
b6i0omuy4yHo20 KOG, WO MArMe NOMeHYian cmamu OCHOB80K 044 3a0a4y nidsuuweHor
cknadHocmi.  Mamepianu cmammi  MOXYmb  3ayikagumu — MamemMamukis,  euknadauis,
cmydeHmig i 8Cix, Xmo yikasumecsi 2eomMemplero.

Knto4oei cioea: 6idomuyHe ko0, 8HympiuIHIt domuk Kin, iHUeHmp mpukymHuka, meopema
KOCUHYci8;, meopema “TpunucHuka’.
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