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MEMBERSHIP FUNCTIONS OF MODIFIED TERMS
OF LINGUISTIC VARIABLES AND THEIR ANALYSIS

The work offers semantic procedures to find out membership functions of modified terms of linguistic variables that
correspond to such words as "very", "more or less”, "much more" or "much less", and provides formulas to account for them.
The work features peculiarities of fuzziness indexes of the above words. It also analyses how the fuzziness indexes change and
provides corresponding formulas.

Introduction. The major difficulty in decision making comes with the factors as uncertainty in information, multicriteriality of
a problem, impossibility to cardinally measure certain partial factors of decisions or difficulties in their evaluating; time
limitations to make immediate decisions; human factor in decision making; impossibility to do objective experiments to check
efficiency of various decisions; risk related to any decision. That is why systems of decision support have been developed for a
vast range of problems, the most effective of them being systems of decision support with fuzzy logic [1, 2, 3, 4, 5]. The strong
appeal of fuzzy logic for systems of decision support lies in its closeness to real speech. It makes the process of creating both
data base and interface easy, as statements of a human expert may be directly translated into mathematical formulas of fuzzy
logic and the other way round. Data base of such systems may be used basing on composition rules with fuzzy linguistic
expressions. At that it is possible to use modified terms of linguistic variables. The work lays emphasis to the significance of the
problem as there is no unified methodology to determine the functions of membership of modified terms or of their analysis.
The purpose of this articles is to develop semantically the procedure to determine the membership function of modified terms
of linguistic variables that correspond to such words as "very", "more or less"," much more" or "much less" and so on; to have
formulas to work out the corresponding membership function and their analysis.

Main results. System of decision support will be analyzed in its narrow sense of the word as "intellectual " software that
uses experts’ knowledge and expertise (knowledgebase) as well as information about an object of decision making and
"understanding” the person, who makes decisions (PMD) in his field (database). On the basis of processing them optimal
resolutions are worked out (algorithm of fuzzy output operation), control signals are developed (fig. 1).

Algorithm of fuzzy output
Knowledge base operation Interface T ]
Expeits. T -
Data base “ Processing expert’'s Ly ]‘?“‘3,‘-'01'3'1)9\'(110
data information
PMD

Fig. 1. Main elements of managerial decision support system and links between them

By intellect we understand ability to adapt to new information that is characterized by new external conditions and new
objects of decision making.

The system is supposed to have 3 modes of operation: receiving expert’'s knowledge (creating data base), receiving
data about the situation and object of decision making (creating a data base) and the mode of logic output, basing on which
decisions are made.

In many cases the data base is defined by a system of fuzzy production rules as shown in [2, 3]:

IfV, Al thenV Bl ;i=1,n, (1)

where VkAiL;izl,n, — linguistic expression of the type AiL :Ej which is the antecedent with term modifier V,;

E — name f linguistic variable; E; — one of its terms; V,BiL - fuzzy linguistic expression with term modifier V,, which is the
consequent of fuzzy production.

For instance, the indistinct linguistic expression AiL = Ej — "The installation has very low reliability level" has a linguistic

variable E "Installation reliability”, one of the term of which is E; — "Low reliability level". Modifier of the term V,—is

expressed by the word "Very". Another indistinct linguistic expression VzBlL "There needed parallel connection of much
© Vasylevych L., 2016
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higher than average number of such installations" uses linguistic variable E "Number of parallel installations”, one of the
term of which is E;"Average number of installations". Modifier of the term VZBIL — is defined by the words "much higher",

which in this case is equivalent to modifier "Very".

As the semantic procedures of forming the modifiers and corresponding formulas of determining membership functions
of the terms with linguistic variables with modifiers do not exist, so this work is going to consider this task, too.

Further in the work there will be used terms A" for linguistic variables as fuzzy variables with trapezoidal function of

membership, that are featured by 4 numbers: A= <a :bhic: d>, in which the carrier of fuzzy variables s =d —a , and kernel
r=c—>b (fig. 2). The work [7] shows that setting up side branches of membership functions as linear ones doesn'’t lower the

generality of the evaluation task, but all the mathematical operations on fuzzy variables are becoming significantly simpler.
The left branch of the trapezoidal membership function takes the form:

xX—a
x)= ; xelab|, 2
M) =2 — xeab] (2)
. d—x
the right branch — ,(x)= Ve [c;d]. 3)
-c
For defuzzification of such a fuzzy variable using the method of gravitation center it is convenient to use the formula [6]:
x-u(x)dx
_'[O h) d*+c* +de—a® —b* —ab
xum. = © = . (4)
3(d—-a+c-b)
I w(x)dx
For fuzzy numbers (b=c) formula (4) becomes even more simple:
a+b+d
Xym. = R (5)

When using various modifies the following transformations of membership function of the term of linguistic variable or
fuzzy variable are possible:
1. Extension of the membership function, when the left branch of membership function moves left and the right one —

right, which corresponds to such modifies V,, as "more or less";

2. Contraction (concentration) of the membership function, when the left branch of membership function moves right and
the right one — left, which corresponds to such modifies V, , as "about", "nearly";

3. Reduction of the fuzzy variable, when both the left and right branches of membership function move right, which
corresponds to such modifies V5, as "much less ", "very little";

4. Increase of the fuzzy variable, when both the left and right branches of membership function move left, which

corresponds to such modifies V, as "much more", "very big".

Determining trapezoidal membership function of modified terms of linguistic variable VinL=<a 'bm;cm;dm> is

mo

suggested as follows (fig. 2).

Aoy {0

14

oo ¥

Apyy A8

P
-

Figure 2. Diagram of determining membership function of modified terms of linguistic variables

When the left branch of membership function moves left, then points T1 and T2 can be determined as shown in fig. 2.
The left branch of the corresponding modified term is drawn through these points. When using (2), we get for this branch:

b,y =a+pb-a); (6)
_ a_Bbml 7
A (I_B) s ( )

where B € (0;1) — is an index, that characterizes the stage (power) of action of the corresponding modifier.
When B=0, the left branch of membership function gets vertical (b,,, =a,, =a) and when 8 =1, it turns into infinite

horizon (—c0;b) . When B 20.5, the carrier of the modified term changes at larger rate than its kernel.
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When the left branch of membership function moves right, then points T3 and T4 are found as shown in fig. 2. A new left
branch of modified term is drawn through them. When using (2), we get:

a,, =a+PBb-a); (8)
b-—(1-P)a
p
When B =0, the left branch of membership function turns into infinite horizon (a;®), and when B =1, it becomes
vertical (b,, =a,,, =) .

When the right branch of membership function moves left and through point's Ts and Tg, then using (3), we get the
following:

dml :d_B(d_C); (10)
—-(1-B)d
cmlzc ( B) ml’ (11)
p
When the right branch of membership function moves right and through points T7 and Ts, then using (3), we get the following:
Cpy =d —P(d —c); (12)
d—-PBc
dyy == "% B’”z : (13)

From formulas (6), (8) and (10), (12) we getthat b, =a,,,;and d,,; =c,,,.

This result corresponds to graphic finding these points as shown in fig. 2.
Index a is supposed to provide the condition

b, <c
at which the use of modifier V, will not lead to subnormal status of membership function.
When plugging (9) and (11) in (14), we find a condition for choosing index 3 :

—VVvi—4

(14)

ml>

\Y
p= o
where V:M. (15)
(d-a)—(c=b)

To evaluate the variation of membership function of terms of linguistic variable or fuzzy variable we offer to use index of
fuzziness kp as a functional that is analogous to Shannon entropy [5]:

k, :—TuA(x)lnuA(x)-dx,

where p ,(x) —of membership function of fuzzy variable A.
The index of fuzziness has the following properties.
Property1. Index of fuzziness kp of any normal continuous fuzzy variable (FV) is directly proportional to the difference

between its carrier s and kernel r of the fuzzy variable:
k,=K(s-r), (16)

where K- fixed coefficient [7].

For the linear side branches as show in work [7], K=0.25 and changes irrelevantly, if side branches of the membership
function are non-linear.

Property 2. When shifting the membership function of FV along the X axis index of fuzziness does not change. In other
words, if

k4 =—T pg(x)inpy (x)-dx

—00

then

kp/i = J' g (x=1)Inu, (x—l)-dx:kpA .
Proving is done by changing the variables in the integral.
Property 3. When extending the membership function of FV the membership function of FV along x axis in the way that
the carrier and kernel grow by one and the same value L, index of fuzziness does not changes.
Indeed, according to (16), we have

kp :K-(s+L—r—L):K(s—r).

Property 4. When membership function of FV along x axis is extended n times, so is changed the index of fuzziness by
n times, too.

Indeed, when the membership function of FV along x axis is extended n times so is changed the carrier and kernel by n
times, too. According to (16), we have

kpq= K-(ns—nr) = Kn(s—r).
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Property 5. When only kernel r is extending n times, the index of fuzziness changes.
Indeed, according to (16), we have

Akp :kpA—kp;1 :K~r(n—1);

Property 6. When only carrier r is extending n times, the index of fuzziness grows.
Indeed, according to (16), we have

Ak, =k, ;=kp =K-s(n-1).
When evaluating the index of fuzziness of FV it is convenient to utilize the following theorems.
Theorem1. The index of fuzziness kpA of a sum of fuzzy variables AC,C =1,...1, equals a sum the indexes of fuzziness

kp& of these variables:

Proving is done by mathematic induction method.
Theorem2. The index of fuzziness k,, of difference between two FV equals a sum of indexes of fuzziness of these

variables:

Kpu =k +k .

Proving. In accordance with generalization principle [1] the membership function of difference between two FV is defined
as four numbers «a, -d,,b, -c,,c;-b,,d; -a,»> . Then

kpA =K(s—r)=K(d,—az—(a]—dz)—(c,—bz)—(bl—cz))):
=K(d,—a]—((:1—b])+d2—a2—(cz—bz)):K(s,—r]+(sz —rz)):kp,—i-kpz,

as was to be proved.
Utilizing (16), we will determine the expressions for kernel 7, , carrier sy; and index of fuzziness kai for various modifiers.

1. For the modifier of extension "more or less" V,, when the left branch of the membership function moves left and right

one - right, the modified term V,A" = (a,,; :b, :¢,, :d,,,) has the following formulas:

g1 =Cpp — by =Br+(1=B)s =P(c—b)+(1-B)(d - a); (17)

soy=d ,—a, = s—PBry _ d—a—[}((l—B)(d—a)+B(c—b)); (18)
1-p 1-p

kv =K(sy; —191) = K(dyp =@,y —Cpp + b,y =K Sl__’Z1 . (19)

2. For the modifier of contraction "about" or "nearly" V, , when the left branch of the membership function moves right

and right one — left, the modified term V2AL = <am2 by ey :dml> has the following formulas:

592 =y =Gy = Br+(1=B)s =(c=b) + (1-P)(d —a; 20)
Kyp = Cpy —byp = r—(lEB)svz = C_b_(l_BB)(dml_amZ); (21)
ko = K(syy = 1y2) = K(d,yy = @y = Cpy +D,0) = K(Cppp = oy + By = Byy). (22)

3. For the modifier of reduction "much less", "very little" V5, when both the left and the right branches of the membership

function move left, the modified term V3AL = (aml by i Cn :dm1> has the following formulas:

a—PBb
Sy3 =dy — Ay = d—B(d—c)—l_LB’”l; (23)
c—(1-B)d
g3 = Cpy — by =%—a—[3(b—a); (24)
kv =K(syz —1ry3) = K(d, =@y = Cpy +B,1) = K(5,1 = 11), (25)

where Sm1 = dml T p13Vm = Cm _bml'

4. For the modifier of increase "much more", "very big" V, , when both the left and the right branches of the membership

function move right, the modified term V4AL = <am2 by iCo :dm2> has the following formulas:

Svq = dmZ Ay = a I__B;VI = d-a _B((l — Bl)(—dB_ a) * B(C _b)) 5 (26)
g4 = Cpy ~byy =Pr+1-P)s =p(b—a)+(1-P)(d - a); (27)
kpva = K(syq —14) = K(dyy =@y = Cpp +Dy0) = K(S,5 = 12)5 (28)

where s,, =d,» =557 =Cpr —Dpa-
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As we see with (17) and (20), 7, = Sy,.
When using various modifiers, the indexes of fuzziness change:

Vkal = kpAL —kpleL =K(s—r—d,,+a,; +¢c,»—b,1); (29)
Vkpvz = kpAL _kaZIAL =K(s—r—d, +a,,+Cc,u —b,n); (30)
Vkpv3 = kpAL _kpngL =K(s—r—d, +a, +c,; —b,); (31)
Vkpw = kpAL _kaAIAL =K(s—r—d,,+a,, +¢,n—b,,); (32)

At a=0.5 the index of fuzziness while using the modifiers V,,V;and V, does not change in comparison with the index

of fuzziness of the starting term, as the kernel and carrier change by one and same value (properties 3). Hence, in practice,
if it meets the requirements (15), it is better to choose g = 0.5.

In the end, we will give an illustrational example of using the offered method of defining the membership function of modified
terms of linguistic variables that are used in decision making support on the basis of fuzzy logic system and their analysis.

Example. Given term of linguistic variable A= (a :h:c: d) = (2; 4; 8;10) We will find modified terms and make their analysis.
Solution. If coefficient 8 = 0.5. It meets the requirement (15).

VW -4 _3-9-4
2

%
2

Indeed, B> Y= -0.38,

2(d—-a)—(c-b) 2(10-2)-(8-4) _3
(d-a)—(c—-b) (10-2)-(8-4)
By using formula (6)—(13), we find:

where v =

_ _ k
by =a+pb-a)=2+0.54-2)=3; a,, = “(l_Bg’;l = 21_06553 =L a,,=a+B(b-a)=3;

b-(1-P)a,, 4-(1-0.5)3
m2 = = = 5; dml =
B 0.5
—-(1-B)d —(1-0. d- —-0.5%
_enUPdy 8202059 o gd-c)=10-05(10-8)=9; d , = I Pm2 _10205%9
B 0.5 1-B 1-0.5
Then the membership functions are shown as the following trapezoid:

VIAL = (am1§bm1;cmz;dmz> =(1;3;9;11); VZAL = <am2 :byn 1 C :dm1> =(3;5;7;9); V3AL =
(g Dy oy 2y ) =135 759); 5 v,AL = (@ by 2y 2y ) = (3:5;9;11).
Using formula (16) or formulas (19), (22), (25), (28) we find the indexes of fuzziness of modified terms:
kv = K(sy; —11) =0.25(11-1-(9=-3)) =1; kv, = K(sy, —79,) =0.25(9-3-(7-5)) =,
kyvs =K(sy3 —193) =02509-1-(7-3)) =1; k,y4 = K(sy4 —1y4) =0.25(11-3-(9-5)) =1.

As mentioned above, at 3 =0.5, the indexes of fuzziness for different modifications of the term are identical. But at

d—PB(d-c)=10-0.5(10—-8) =9;

11.

different B these indexes will be different. So if the index of fuzziness of terms At= (2;4; 8;10) equals
kpAL =K(s-r)=0.25(10-2—-(8—4)) =1, then it does not change at any modification.
Let us analyze how the defuzzification variables change when modifying the terms. We use formula (4) and get:
. _d’++dc—a’—b*—ab _100+64+80-4-16-8
y.m.A* 3(d—a+c—b) 3(10-2+8-4) ’
=6; x, =7

xum.VlAL

As we see, the use of modifiers V, and V, didn't change defuzzification meaning of the term, but it is only real for
symmetrical the trapezoid t membership functions. It is natural, that the use of modifier V; has diminished defuzzification
meaning of the term, but the use of modifier V, has enlarged it.

When we take coefficient 3=0.6, then we find:

b, =32; a,, =035; a,, =3.2; b,, =4.53; d,,, =8.8; ¢,,;, =7.46; ¢,,, =8.8; d,, =11.8.

Then the membership functions of modified terms are determined by the following trapezoids:
VlAL =(0.35;3.2;8.8;11.8); VzAL = (3.2;4.53;7.46;8.8); V3AL =(0.35;3.2;7.46;8.8); ; V4AL = (3.2;4.53;8.8;11.8).

The index of fuzziness of modified terms:

kpw =0.25(11.8-0.35—-(8.8—3.2)) =1.46; kpv2 =0.67; kpv3 =1.05; kpV4 =1.08.
As we see, these indexes are already different from the index of fuzziness of the non — modified term A~
VkpVl = kpAL _kalAL =1-1.46 =-0.46; Vkpv2 =0.33; Vkpw =-0.05; Vkpv4 =-0.08.

Conclusions. 1. The work offers the method of determining the membership functions of modified terms of linguistic

variables, that are used in knowledge base of decision making support systems and shows the formulas obtained. 2. The

mN,A- =0 xum.V3AL =5 xu.m.V4AL
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properties the index of fuzziness of fuzzy variables and terms of linguistic variables are given. 3. The work outlines two
theorems for the index of fuzziness of fuzzy variables and terms of linguistic variables that can be convenient to use when
analyzing the sensitivity of decision making support systems based on fuzzy linguistic expressions. 4. The formulas have
been obtained to evaluate the index of fuzziness for various modifiers of the term of linguistic expressions and their
defuzzification. Their analysis is given.
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BacuneBwuu J1., kaHA. TexH. HaykK, Aou.
KviBcbkun yHiBepcuTeT imeHi Bopuca MpiHyeHka, Kuis

®YHKLIT HANEXHOCTI MOOAU®IKOBAHUX TEPMIB
NIHrBICTUYHUX 3MIHHMX TA iX AHANI3

Y pobomi 3anpornoHosaHi ceMaHmMu4Hi npouedypu 3HaxoKeHHsT hyHKUIl HanexHocmi ModughikogaHUX mepmie liH28ICMUYHUX 3MIHHUX, 5Ki 8idrosidatoms
makum criogam , sk "Oyxe", "6inbw — MeHW", "3Ha4yHe binbwe" abo "3HauyHe MeHwe" ma ompumaHi ¢ghopmynu Ons ix pospaxyHkie. lNpusedeHi enacmusocmi
OKa3HUKig po3mumocmi mepmie niHe8icmu4HUX 3MIHHUX (Hedimkux 3miHHUX). [TposedeHo aHani3 3MiH KoedpiujeHmie po3mumocmi yux oyHKUit HanexHocmi ma
ompumaHi 8idrnosioHi gpopmynu.

BacuneBwuu J1., kaHA. TexH. HaykK, Aou.
KneBckun yHnBepcutet umenn Bopuca MpuHyeHko, Kues

®YHKUMU NPUHAONEXXHOCTU MOAU®PULIMPOBAHHbLIX TEPMOB
JIMHFBUCTUYECKUX NEPEMEHHbBIX U UX AHANIU3

B pabome npednoxeHb! cemaHmuyeckue rnpoyedypbl Haxox0eHUs1 GhyHKUUL NMpuHaoexxHocmu MoougUUUPOBaHHbIX MEPMO8 NUH28UCMUYECKUX MepPeMEHHbIX,
Komopble coomeemcmesyom maKkuM crioeaM KaKk "3HadumeribHo", " 6oriee — MeHee", "cyuecmeeHHo borblie"” unu "cyuecmeeHHo MeHblwe" ma rosyYeHsl popMyIibi
ansi ux pacyemos. [NpusedeHb! ceolicmea rokasameneli pasmMbImocmu MepMo8 JIUH2BUCMUYECKUX MEPeMeHHbIX (Hedemkue repemerHble). [pusedeH aHanus
U3MeHeHuUU Ko3aghehuyueHmo8 pa3mbimocmu amux ¢hyHKUUU ma rory4eHb! coomeemcmeayrouue ¢hopmyrib.

OBCIEHKO CEPIrii ADAMOBUY (01.05.1953 - 25.01.2016)

Ceprin Agamosuy OBCieHKO HapoaAMBCS Yy CTapoBUHHOMY ceni 'epmaHiBka
(y 1944-87 pp. — ceno KpacHe-2) ObyxiBcbkoro panoHy KuiBcbkoi obnacri.
Moro 6aTbku — 3@ OCBITO (HINIONOMM — paHO NOMITUIM MaTeMaTUYHI 30i6HOCTI
CcvHa i BCINSKO cnpusanu ix possuTkoBi. Y 1967 p. Ceprin BcTynae no
Pecny6nikaHcbkol isvko-maTeMaTUYHOI LUKONU-iHTepHaTy npu KuiBcbkoMy
aepxaBHoMy yHiBepcuTeTi iMm. T. . LeByeHka, sky 3akiHuye B 1970 p. i3
sonotolo  mepanmio. WMoro BunTenem wmatematukn y  OMLW  6ys
B. A. BuweHcbkuin. Y wkinbHi pokn Ceprii 6paB akTMBHY ydvacTb B
YkpaiHCbkux Ta BcecowsHux MaTtemMaTuyHux oniMniagax Ans LKONspis,
3aBxamn byB cepeq nepemoxLuiB.

Y 1970 p. C. A. OBcieHkO BCTynae Ha MexaHiko-MmaTeMaTU4Hu hakynbTeT
KuiBcbKkoro yHiBepcuteTy. Yke 3 nepLioro Kypcy, Hacamnepes, nig BnNAvBOM
npodecopa J1. A. KanyxHiHa, no4yMHae akTMBHO UikaButucst anrebpoto. Micns
3akiH4eHHs 3 Big3Hakoto B 1975 p. MexaHiko-matemMaTuyHoro dakynbTeTy
Ceprii ApamoBuWdy BCTynae Ao acnipaHtypu IHCTUTyTYy matematukun AH YPCP
(HaykoBMI KepiBHWUK — [OOKTOp @i3MKO-MaTtemMaTuyHuX Hayk, npodecop
A. B. Pontep), Ae B 1978 poui ycnillHO 3axMCTUB KaHAMAATCbKY AucepTauito
Ha Temy "KBagpaTtuyHi copmn B Teopii 306paxeHb”. Y 1978-1982 pp.
npautoe B IHCTUTYTI MaTtemaTtuku, cnovatky iHKeHepoM, MOTiM MOSOALLUM
HaykoBuM cniBpobiTHMKoMm. Y 1982 p. C. A. OBcieHkO noBepTaeTbCA Ha
MexaHiko-mMaTeMaTuyHMn  bakynbTeT, 3 AkuM OGinblle He po3ny4aeTbes.
CnouaTky BiH Npautoe B HAyKOBO-AOCMIAHIA YaCTUHI yHiBEpCUTETY Ha nocagax
MOJIOALIOro i 3rofOM CTapLUOro HayKoBOro cniBpoOiTHMKa, a noTiM cTae 3asigyBadeM nabopatopii. Y 1988 p.
C. A. OBcieHko nepexoanTb Ha BUKNagaLbKy poboTy Ha Kadeapy anrebpu i MaTemMaTMyHOI NOrikv, Ae NPOMLIOB YCi Wabni:
acCuUCTEeHT, OoueHT, npodecop. BiH OyB AckpaBuM i HeOpAMHAPHMM nedarorom, Garato KOMULIHIX CTYAEHTIB MeXaHiKo-
MaTeMaTUYHOro hakynbTeTy 3 BASYHICTIO 3ragyroTb Moro nekuii 3 anrebpm i Teopii yncen, niHinHOT anrebpu, npyknagHoi
anre®pu, pi3HOMaHITHMX CNELKYPCIB, AKi BiH YATAB 3 HATXHEHHSAM, EHTY3ia3MOM i IMMBOKMM NOYYTTSM ryMOpYy.

Y 2006 p. Ceprin AgamoBu4 yCMilLHO 3axMCTUB [OKTOPCbKYy AucepTauiilo Ha Temy "KaTeropHi metogu B Teopii
300paxeHb" (HayKoBUI KOHCYNbTaAHT — OOKTOp diduko-MaTeMaTuyHux Hayk, npodpecop 0. A. po3a). o cdepun ioro
HayKoBUX iHTEpeciB Hacamnepen Hanexana Teopis 3o0paxeHb — BiH OyB OgHWM i3 MPOBIAHMX MpeacTaBHUKIB Oo6pe
BiJOMOI B MaTtematu4HoMmy cBiTi KuiBcbKoi WwKonu 3 Teopii 3o6paxeHb. Pasom i3 0. [lpo3aom i B. PyTopHMM BiH yBiB HOBUIA




