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A.B. BECCAJIOB, JI.B. KOBAJIBYYK

CYNNEPCUHI'YJISAPHBIE CKPYUYEHHBIE KPUBBIE 31BAPICA
HAJ IMPOCTBIM ITOJIEM.

I. CYIIEPCUHI'YJIAAPHBIE CKPYUYEHHBIE KPUBBIE 231BAPICA
C j-UHBAPUAHTAMMU, PABHBIMU HYJIIO U 123

AHHoOTanus. /laH aHanu3 yCIOBUI CyHIECTBOBAaHMS CYIEPCHHIYJISIPHBIX CKPY4YE€H-
HBIX KPHUBBIX DJBapjca Haja mpocThiM rojeM. ChopMynupoBaHbl U JIOKa3aHbI Te-
opeMbl 00 YCIIOBHSX CyIIECTBOBAHHMS CYNEPCHHTYISIPHBIX KPUBBIX C j-WHBapHaH-
TaMHy, PaBHBIMH Hym0 M 12°, B pa3HBIX KiaccaX KpUBBIX. Ha ocHOBaHMH >THX
pe3yJbTaTOB IIOIYyYEHbl KOHKPETHBIC MapaMeTpbl Ul HEKOTOPbIX CYIEPCHUHIY-
JSIPHBIX KpUBBIX. [IpuBeneHo 000OIIEHHE MONYYEHHBIX PAHEE PE3YNbTaTOB, HC-
none3yromee n3oMophusM KpuBEIX B (opmax Beitepmrpacca n Dasappca.

KnrodeBble ciioBa: CynepCHHTYJIApHas KpuBas, MONHAs KpuBas DiBapica, CKpy-
YeHHasl KpuBas DpBapjca, KBafpaTW4Has KpuBas DiBapjca, mapa KpydeHUs, Iops-
JIOK TOYKH, CHMMBOJI JIexaHapa, KBAaJpaTHYHBIA BBIYET, KBAJPAaTHYHBI HEBBIYUET.

BBE/IEHUE

Ommnrudeckue Kpusble B (opMme DaBapica HaJl NPOCTHIM IojeM HauOojiee Imep-
CHEKTUBHBI [UI1 COBPEMEHHBIX KPHITOCHUCTEM. IIpOM3BOIUTENBHOCTE OMEpaluy dKC-
TTOHCHLMPOBAHMUSI TOYKH TaKOH KpWBOW B cpeaHeMm Oojyee yem B 1.5 pasa Belme,
yeMm i kKpuBod B ¢opme Beliepmtpacca [1]. IlporpammupoBanue apudmeTnku
9THX KPHBBIX CYLIECTBEHHO YMPOIIAETCs B CBI3M C HAJTMYUEM HEUTPAIBLHOTO dJie-
MEHTa Tpynibl, kak apduaHON Touku kpuBod O = (0,1). YHHBepcalbHOCTh 3aKOHA
CJIO)KEHMS TOYEK JiesaeT UX Oojiee Oe30MacHBIMU K aTakaM OTBOJIHOIO KaHana [2].

CyNepCHHTYIISIPHBIC SIUTHIITHYECKHE KPHUBbIC, HHTEPEC K KOTOPBIM ociad B 90-¢
TOJIBI B CBSI3M C ysi3BUMOCThI0O K MOV-arake n3omopdusma [3], B Hayasie HEIHEITHETO
CTOJIETHS CTaJM OCHOBOM KpHUIITOrpauy Ha CIapUBaHUM TOYEK AIUTMITHYECKOH KpH-
Boii [4]. Kpome TOro, H30T€HHH TaKUX KPUBBIX MOTYT OBITh MEPCIEKTHBHBI JUIS 3a]1a4
MOCTKBaHTOBOI Kkpumntorpadguu [5—7]. TexHojsoruyeckue NnpeuMylIecTBa KPHUBBIX B
(dopme DaBapca aenaroT aKTyalbHOU 3a/1a4y MCCIIIOBAHUS CBOMCTB CYNEPCHHTYIISAP-
HBIX KPHBBIX JTOTrO THIIA.

B HacTosmeil paboTe mpoBeieH aHaJIM3 CBOMCTB CYMEPCHHTYJISPHBIX KPHBBIX B
00001IeHHO# Gopme DaBapsca [1] Hax nmpocThiM mojeM. CTaThsi COCTOUT U3 TPEX pas-
nenoB. B pa3a. 1 BBogsTCs OCHOBHBIE 0003HAYEHUS, a TAKXKe ITOHATHS U OIPEIEICHUs
B COOTBETCTBHMH C HOBOU Kilaccudukarmend KpuBbix Dasapsca [1]. B pa3n. 2 u 3 noka-
3aHBI TEOPEMBI 00 YCIIOBHSX CYIIECTBOBAHUS CYIIEPCHHTYJIISIPHBIX KPUBBIX DJBap/ca C

J-MHBapHaHTAMH, PABHBIMU HYJIO U 123.

1. KPUBBIE B OBOBIIEHHOMW ®OPME 3JIBAPACA U CYINEPCHUHI'YJISIPHBIE KPUBBIE

B pabore [8] ckpydennbie kpuBbie JaBapica (twisted Edwards curves) ornpeneneHsr

Kak 000OIIeHne KPHBBIX JjaBapica x?+ y2 =1+dx? y2 [2] myTem BBOZAa HOBOTO

napamMeTpa a B YPaBHCHHUC!:
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E q: ax2+y2 =1+dx2y2, a,der*, d#1, a#d, p#2.

Hapsny ¢ BBomom mapamerpa a B [8] ObUIM CHATHI OrpaHUYEHMs Ha Mapy Hnapamer-

ad ad
poB: @ u d, pomyckas JroOble 3HAYCHHUS []: +1 (3zech (j: +1, cumBon Jle-

p P
skaHzapa npoussenenus a-d [4]). [lpu a =1 takas kpuBasi nonyuwna B [8] Ha3BaHHe
KpuBOl DxBapica, a ecnu ee mnapamerp d — KBagpaTU4YHbI HeBbIUET (T.e.

d N N
[j: —1), To oHa Ha3bIBaeTCs MOJHOM KpuBOW DaBapaca. ITOT TEPMHH ObUI Mpen-
p

JIOKEH B CBSI3W C TOJHOTOW 3aKOHA CJIOXEHUs Touek KpuBoil [2]. B pabore [9]
MPE/IOKEHO MMOMEHSITh MECTaMH KOOPJIMHATHI X M ) B (opMe KpuBOW DiBapica B
LEJISIX COXPAaHEHHS TOPH30HTAIBHOW CHMMETPHH OOpAaTHBIX TOYEK, MPUHATOH B TEO-
pYU SJUIMNTHYECKUX KpUBBIX. Omnupasch HAa 3TO CBOMCTBO, OIMpPEJCIUM KPHBYIO B
0000meHHo# (hopme DnBapica B BUIEC ypaBHEHUS

Eqq:x*+ay” =1+dx®y?, a,deF,, d(d-a)#0, d=1, p#2. (1)

TOF}Ia MO)II/I(i)I/II_II/IPOBaHHLIf/'I yHI/IBepCB.J'[BHLIﬁ 3aKOH CJIOXKCHHA TOYCK HUMCCT BUJ

X1Xp —ay s X1 Y2 X2 0 J )

(xl’)’l)"‘(stJ’Z):( ,
(I=dxjxy y1yp) (+dxpxy y137)

[Ipu coBmajgeHun ABYX TOUEK MOMYYUM M3 (2) 3aKOH YIBOCHMS TOYEK:

2 2
Y~ 210

(—dx}yl) (+dx}y?)

2(xy, »1) = 3)

Ompenensst Teneps 00OpaTHY!O TOUKYy Kak — P = (x|, — )1 ), HOIy4aeM COIJIACHO 3aKO-
Hy (2) KOOpAMHATBI HEHUTPAIBbHOTO 3JIEMEHTa Ipymmsl: (xq, 1)+ (x1,—») =0 =(,0),
KOTOpBIA JeXUT Ha ocu OX, rhe Takke Bceraa JiexuT Touka D = (-1, 0) BTOporo
nopsiaka, s kotopod 2D =(1,0) =0 cornmacHo (3). B 3aBUCHMOCTH OT CBOMCTB
napamMeTpoB @ W d MOXHO TIONyYUTh €IIe JIBE O0COOBbIE TOYKH BTOPOTO IMOPSAKA H
IBe ocoOble TOYkM yeTBeproro mopsaka. Kax cmemyer u3 (1), Ha ocu OY moryt
TaKKe JISKATh HEOCOOBbIe TOUKU 4eTBEepTOro mopsaxa £, = (0,+1/ Ja ), A KOTO-

pix +2F) =Dg =(-1,0). DT TOYKM CYWECTBYIOT Haj IoJeM F,, eciau mnapa-
METp @ SIBISETCS KBAAPATUYHBIM BBIYCTOM.

CornacHo knaccudukanmu KpuBbix B opme (1), obocHoBanHo# B padorax [1, 10, 11],
CKpY4YCHHAsI KpHBasi UMEET TapaMeTphl a U d , KOTOPBIE SIBISIOTCS KBaJAPATHYHBIMU He-

a d
BblueTaMu: | — [=| — |=—1. A npu a =1 omnpezaeneHsl NONHBIE KpUBbIE DnBap/ca C
P P

d
napamMeTpom d , IBJIAIOIIUMCS KBaAPATUYHBIM HEBBIUCTOM! [ =-1 , 1 KBaApaTUIHbIC
p

d
KpUBBIE DzBapjica, sl KOTOPBIX (] =1. IlonHble KpuBBIE DBapca SBISIOTCS LIUK-
p

JMYECKUMH M HE COIEPIKAT OCOOBIX TOYEK, a HEIMKINYECKHEe CKPYUYEHHbIEe U KBapaTHy-
HBIE KPUBBIE UMEIOT 10 TPH TOYKH BTOPOTO MOPSIZIKA, ABE U3 KOTOPBIX — ocooble. Cre-
JyeT OTMETHUTh, YTO CKPYyUCHHBIC M KBAJpaTHUYHbIE KpUBBIE DIBapica 00pa3yloT Mapsl
KBaZPAaTHYHOIO KPYUEHHs, ITapaMeTphbl KOTOPBIX CBSI3aHBI IMHEHHBIM MTPeoOpa3soBaHUEM
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a'=ca,d =cd,rne [CJ =—1(cm. [1, 11]). Bocnionb3yemcst STUM CBOWCTBOM IIPH aHa-
Z

JIM3€ CYNEepPCHHTYISIPHBIX KPUBBIX TaKUX KIJIACCOB, /ISl KOTOPBIX MIpUMeM @ =1, u orpa-

d
HUYUMCS OJTHUM ITapaMeTpoM d , A7st KOTOPOTO ( =1,d #1. Ipyrumu cioBamu, aHa-

JIN3 CYNCPCUHTYJIIPHBIX KPUBBIX ABYX KJIACCOB — CKPYYCHHBIX W KBaAPAaTHYHBIX KpU-
BBIX 3ILBapI[C3 CBOOMTCS K aHaJIU3y IIOCICAHHUX C OAHHUM IapaMETpOM d.

Hopsiiok N g S/IMITHYECKON KPHBOH HAJl KOHCUHBIM 1oneM £, , g = p™, ompe-
JensieTcss Ha OCHOBe ciena ypaBHeHHs Ppobennyca t: Np =q+1—1¢. Jlng xpusoit
KBAaJPAaTHYHOTO KpydeHns E' COOTBETCTBYIONMMI MOPAIOK OMPEIEIACTCS KAk
N ]tf =g +1+4¢. Dnnunruueckasl KpUBas ABJLETCS CYNEPCUHTYJIIPHON TOT/IAa U TOJIBKO
TOT/A, KOTAa Haj JIIOObIM paclIMpEeHHEM MPOCTOro Tmois [, uMmeeM ciej
t=0mod p [ 4]. HbIMu cri0Bamy, B aIreGpanteckoM 3aMbIKaHUH 0JIs F'), CynepenH-
TyJsipHasi KpUBas HE COICPIKUT TOYCK mopsiaka p. Hax mpocteiv nonem F, taxas
KpHBasi BCETIa UMeeT NOpaaok N g = p+1, a Hag mMOOBIM pacIIMPEHHEM 3TOTO OIS
Ng=lmodp.

Jna xpuson

E:Y?=X?+4X +B )
B KaHOHHMYECKOH (opme Beliepmtpacca ¢ j-mHBapuantom [4, 12]
3 3
. 12°44
JE)=——rF %)
44° +27B
XapakTepHbIMU sIBIsitoTCsL 3HadYeHus J(E)=0 mpu 4=0 u j(E):123 mpu B =0.
OTH 3HAUCHHUs j-WHBApPHAHTA YacTO (P BBIMOJHEHHH H3BECTHBIX YCIOBHH UL MO-
OyJsl p) TOPOXKIAIOT CYNEPCHHTYISAPHYIO KPHBYIO.
Wzomopdusm kpuBbix B Gopmax (1) u (4) nocruraercst NpuOIM3UTEIBHO JHIIb
JUTS YCTBEPTOI 4acTH BCeX KPUBBIX B (opme BeitepmTpacca, cofepkamux OJHY HIH
TPH TOYKH BTOpOro nopsaxa. [lopspok Ny Takux KpUBBIX BCErja KpaTeH YeThIPEM.
Haubosnee yno0HO# dopmoli ux mpejcTaBieHus sBisieTcs KpuBas B popme MoHTroO-
mepu [5]:

Ec 4: Dv? =u® +Cu? +u, C=2a+d,
’ a—d

D=t 2 4 C72 2.y (6)
a—d D D

Kax gacTHbIii cryuaii kaHOHWYeckoi KpuBo# (4) B ¢opme BeliepmTpacca, ypaBHe-
Hue (6) YacTo MCHONB3YeTCs MPH aHAIM3€ CBOMCTB KPUBOM B 00OOIICHHOH (opme
Omeapaca (1). Ilockonbky kpusbie (1) u (6) usomopduel (£, 4:Ec 4) [1, 8],
YCIIOBHS CYLIECTBOBAHUS TAKUX CYIEPCUHTYJISIPHBIX KPHUBBIX JKBUBAJICHTHBI.

Jns xpuBoit (1) mmeem j-nnBapmant [13]

16(a? +d? +14ad)?
ad(a—d)*

jla,d) = , ad(a—d)=#0. (7)

Tak Kak j-MHBapHaHT COXpaHIET CBOE 3HAUYCHHE JJIS BCEX M30MOP(HBIX KPUBBIX
rap KBaJpaTUIHOTO KpydeHus [4], OH sBISETCS TOJIE3HBIM HHCTPYMEHTOM IPH TIOUC-
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K€ CYNEPCUHTYJAPHBIX KpUBbIX. [loaTOMy mapamerp a B (7) sIBISETCS N30BITOYHBIM,
T.€. MOJKHO IIPUHATH ¢ =1 ¥ paccMaTpuBaTh CBOMCTBA JIMIIb IIOJIHBIX U KBaJPaTHYHBIX
KkpuBbIX DnBapaca. Eciu kBajgpaTudHas KpuBas — CYIEPCUHIYJIIpHAs, TO U COOTBET-
CTByIOIIasi el CKpydeHHas KpuBas (Kak Iapa KBaJpaTHYHOTO KPydeHMsS) TaKKe
cynepcuHryispHas. Mcxoas w3 3Toro B pJampHeimem OyaeM HCHOIB30BaTh
j-unBapuasT j(1, d). OnHUM U3 €ro CBOWCTB SBJIAETCA

j,dy=j,d7"y. ®)

OTO CBOWCTBO JIETKO JI0Ka3aTh, oOpamiasi syieMeHT d B (7) U yMHOXasl YUCIUTENb U
3HaMeHaTeNlb Ha d 6; B pe3yibpTaTe moiydaeM paBeHcTBO (8). Kak m3BecTHO, 00pa-
meHue mapamerpa d —d~" naer KPUBYIO KBaJ[paTHYHOTO KPYYCHHS IS TIOTHON
KpuBoii OxBapaca [2] W u30MOpPOHYIO KPHBYIO — JUIS KBaJpaTUYHON KPUBOU
Onsapnaca [1].

3ameuanue 1. Ilockoneky mopsitok N p KpuBoit Oxsapzaca E Hax monem F,

BCEra JEIUTCS Ha 4YeThIpe, TO CYNEPCUHIYJISIpHbIe KpUBBIE B (hopMme DaBapica ¢ Io-
psnkoM N g = p+1 cymecTByror mums npu p =3(mod 4). JleficTBUTENBHO, U3 YCIIO-
Busi p+1=4k cnenyer ycnosue p =4k —1numn p=3(mod4). IlosTomMy B HacTosen
CTaThe paccMaTpUBaEM JIMIIb KPUBBIE HAJ MOJMHU F, , e p =3(mod 4) , MOCKOJIbKY
3TO YCJIOBHUE SIBISIETCS HEOOXOIUMBIM JUISI CYIIECTBOBAHMS CYNEPCHUHTYIISIPHBIX KpH-
BBIX OjBapica.

CkpydeHHasi KpuBas D7Bapjca onpezeieHa B padore [1] xak 4acTHBIH ciydait
kpuBoit (1):

E\g: x> +ay? =1+dx?y?, deF,, d(d—a)=#0, [aj=(dj=—1.
p) \p

Jlns aHanm3a ycioBuil CyIIECTBOBAHUS CYNIEPCUHTYJIIPHBIX KPUBBIX 3TOr0 Kjacca
JOCTaTOYHO IIPOBECTH TAaKOH aHaIM3 B KJlacce KBaJIpaTHUHBIX KPUBBIX OIBapica:

Epg: x> +y? =ledx®y?, deF,, dd-1)=0, (dj:_l'
p

XapakTepHbIMH CBOWCTBAMH 3TOr0 KJIacCa KPUBBIX SIBISIOTCS HELMKIMYECKas
CTPYKTypa HOATPYIIT TOYEK YETHOTO MOPSIJIKA U HATUYHE YETHIPEX 0COOBIX TOYEK BTO-
pOro M YeTBEpPTOro MopsakoB [8&].

2. CYIIEPCUHI'YJIAPHBIE KPUBBIE 3/IBAPJICA C HYJEBBIM fHUHBAPUAHTOM

[Tockosbky mpu M30MOP(MHBIX MPEOOPa3OBAHUAK IIUTHITHYCCKHX KPUBBIX 3HAYCHHUC
Jj-MHBapUaHTa HE M3MEHSETCS, TO KPUBBIC DIBapica C HYJCBBIM j-HHBAPHAHTOM Oy-
oyt uzomopdHbel KpuBbIM (4) B ¢opme Beiliepmirpacca ¢ j-unHBapmantom (5), pas-

HbIM HyIt0. M3 (5) crnemyeT, 4TO 3TH KpUBBIE UMEIOT BUJ Y 2= x3 +B. Xors mo-
0asi KpuBasi ATOrO0 BUJAa UMEET HYJICBOW j-WHBApUAHT, HE BCE OHU CYNECPCHHTYJISP-
Hbel. KpoMme Toro, He nmo6asg u3 3TUX KpHUBBIX cBoguTcs K ¢opme MoHTromepu (6)
U, ClIeZoBaTelbHO, n3oMopdHa KpuBoil B (opme Dapapica.

Teopema 1. ITycts kpusas (1) Hax monem /), ¢ mapamerpom a =1 umeer j-uHBa-
puant j(1, d)=0. Torna npu p=-1(mod12) oHa sIBIIsIETCS MOJHON CyNEepCUHTYJISP-
HOW KpuBOH DnBapjca ¢ mapaMeTpoM d =—(2J_r\@ )2.

Joxa3zarennbcTBo. CoriacHo (7) uz ycnosusa j(l, d) =0 cinemyer paBeHCTBO

d* +14d +1=0. )
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DTO BO3MOXKHO TOTraa W TOJIBKO TOTrAa, KOorjga MTAUCKPUMHHAHT JICBOM YacTH SIBISETCS
KBaAPpAaTUYHBIM BBIYETOM MHOXCECTBA Qp, T.C. IIpU YCJIOBHUHU

D=14*-4=38¢Q,,

9TO OKBHBAICHTHO ycnoBuio 3 €(Q,. CormacHo [14] 5T0 BO3MOKHO JHIIb IPH
p=1l(mod12). Ho mpm p=1(mod12) mmeer mecto cpaBHeHHe p =I1(mod4),
a TOrJa COIJIAaCHO 3aMEyaHHui0 | He CYIIECTBYeT CYNEePCHHIYJSAPHBIX KPHUBBIX
OnBapaca Ham moneMm F p - Ilo3TOMy OCTaeTCs BO3MOXKHBIM TOJIBKO YCIIOBHE
p=-1(mod12); ogHO W3 yTBEPXKAECHUH TEOPEMBI JOKa3aHO. 3aMETHM, YTO B ITOM
cllydyae MMeeM pelIieHust ypaBHeHHS (9):

diy =-T+43.

[lanee, MOCKOJIBKY j-WHBAPHAHT HE M3MEHSETCS MPU MEePEXOAe OT OJHOU (POPMEI
KpUBOM K Jpyroil, To j-uHBapuaHT (5) »ToM KpuBOi B Qopme Beiiepmrpacca
y2 = x> + Ax + B Toxe OyJeT paBeH HYJIIO, T.C. BBIMOJIHEHO paBeHCTBO A =0, u 3Ta

kpuBas B (opme Beiiepmrpacca Oyaer uMeTb BHJ
y2=x3+B. (10)

U3 ycmoBust p=-—1(mod12) cregyer p=-1(mod3), oTkyJga BBITEKaeT, 4TO
| F ; |=p—1 nHe nmemurcs nHa Tpu. CienoBarensHo, orobpaxenue ¢: F, - F,

%
Q(x) =x3 , siBisiercst oueknuei. [ToaToMy, koraa x mpoberaeT Bce 3HaueHUs u3 F ),

npasasi 4acth (10) Taxxke npoOeraer Bce 3TH 3Ha4deHUs. Cpeau ITUX 3HAUYEHUH

CyHmI€CTBYE€T TOYHO pT KBaJAPATUYHBIX BBIYETOB, I Ka)XXIOTO M3 HHUX HMMEEM [IBa

3HA4YEHUs] )-KOOPAMHATHI TOUYKH KpUBOil. TakuM 00pa3oM, ¢ y4eTOM TOUKH (\3/B, 0)u

TOYKH Ha OCCKOHCYHOCTH IIOJy4aeM, UYTO KOJMUYECTBO TOYCK KPUBOHW pPaBHO
-1 o
2-%+1+1= p+l, re. Ng =p+1 n KkpuBas sABjIseTCS CyIEPCHHIYJISPHOM.
HoxaxeM, 4ro E| ; — noiaHas KpuBas OjBapiaca. 3aMeTUM, 4YTO IpH
p =3(mod4) snement —1 sBisieTcsi KBaapaTudHbIM HeBbraeToM. Cormacho (9) mapa-
METp 3TOH KpHBO# ompezaensercs (HopMmyIioi

dy 5 =—(TmF 43) = —(4mF2x2x3+(V3)2) = —2m33)% . (11)

[MockonbKy BbIpaxkeHUsl B ipaBoid 4acTu (11) sSBISIFOTCS KBaIpaTUYHBIMHU HEBBIYE-
Tamu, T.. djp €0, , TO KpHBas SBISETCS MOJHOH KpHBOH DiBapica.

Teopema nokaszana.

CaencrBue 1. Cpeau KpuBbIX DJBapica ¢ HyJIEBbIM j-HHBAPHAHTOM HE CYIIECT-
ByeT CKPYYEHHBIX U KBaJpPaTUYHBIX KPUBBIX.

[eiicTBUTENIBHO, KaK J0Ka3aHo B TeopeMe 1, qro0as kpuBas DaBap/ca ¢ HyJIEBbIM
j-uHBapuanTtoM mpu p =3(bmod4) cormacHo (11) sBiseTCS TONHOM.

3. CYHEPCUHI'YJISIPHBIE CKPYUEHHBIE KPUBBIE 31BAP/ICA
C fUHBAPUAHTOM, PABHBIM 123

PaccMOTpHM yCIIOBHS CYIIECTBOBAHHS CYNEPCHHTYJISPHBIX KPUBBIX C j-MHBAapUaH-
TOM, PaBHBIM 123,

Jliist asibHERIIIero U3JI0MKESHHS TOHATOOUTCSI CIISIYIONICe YTBEPKICHUE, TOKA3aH-
HOe B [12].
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YrBepxaenue 1 [12]. [lycte p — mpoctoe, p =3(mod4), £ — snauntuyueckas
KpuBas Haja [, , 3ajaHHasl ypaBHEHHEM y2 = x> + Ax s Hekoroporo 4 € F), . Torna

Ng =p+l1, T.e. E gBIseTcsl CyNEepCHHIYJSIPHON KPUBOM.
C UCIONIB30BAHUEM ATOrO YTBEPKACHUS IIOJTYYHUM JIBa CIEIYIOLINX pe3yIbTaTa.
Yreepuxaenue 2. [Iycrs p — npocroe, p=3(mod4), E, ; — Kpusas Jasapjca

Haj [, ¢ mapameTpamu a u d , 3aJlaHHasi ypaBHCHHEM x2 +ay2 =1+dx> yz, IIpUYeM
j(a, d)=123. Torna xpusas E, ; — CyNCpCHHTYISIPHAs.

Joxa3zaresnbcrBo. Jlns soboit kpuBoil E B Qopme IaBapiaca CyLIECTBYeT
kpuBass E' B ¢popme Beliepmirpacca, eif u3omopdHas u 3amaHHas ypaBHeHHEeM (4).
[Ipu 5TOM j-MHBapHAHTHI H30MOP(HBEIX KPUBEIX COXPAHSIOT CBOE 3HAYCHHE, TOITOMY

WHBapHaHT KpuBOH E', 3amaHHbIN coryacHo (5), Takke paBeH 123

3 3
= 127 -44 _123
44°% +27B
Otcroa noiyyaem 443 =44° +27B* , T.e. B =0, u xkpuBasg E' 3ajjaHa ypaBHCHHU-
eM y2 =x3 + Ax , a Takas KpUBas COIJACHO YTBEP)KIACHHUIO | SBJISETCS CyHNEpPCHHIY-

JISIPHOM.

YTBepkaeHue 2 n0Ka3aHo.

B crnenyromieiit TeopeMe MPUBOAATCS HEKOTOPbIE CYNEPCHHTYIISIPHBIC KPHBBIC B
KJlacce CKPY4eHHBIX KPUBBIX DJBapaca.

Teopema 2. ITyctp p = 7(mod 8) . Torna ckpydeHHas kpuBas DaBapjca Hall 10-

nem F'), ¢ mapamerpamu a =—lud;, =—(3 +242 )2 UMEeT j-WHBapUAHT, PaBHBIH 123,

W SIBISICTCS CYTEPCUHTYJIISIPHOM.

Joka3zatesbcTBO. BHauane mokaxem, 4To TeopeMa cGOpMyIHpOBaHA KOPPEK-
THO, T.€. YKA3aHHbIC IAPAMETPBI d| 5 ACHCTBUTEILHO SBISIOTCS YIEMCHTAMHU 10JIsL £,
W KpUBas C TaKMMHU MapaMeTpaMH SIBISAETCS CKPY4YCHHOM.

Tak, npu p = 7(mod 8) s5ieMeHT 2 ABIAeTCS KBaJIPaTHUYHBIM BBIYETOM, OCKOIBKY
B 3TOM ciy4ae p =8k + 7 11st HEKOTOporo k € N M COrJIacHO KBaJpaTUIHOMY 3aKOHY
B3anMHOCTH [aycca

(8k+6)(8k+8)

[2}(—1) 8 =1.
p

CrienoBarenbHoO, NapameTphbl djp ONPEENeHbl KOPPEKTHO.

Hanee, ecmn p=7(mod8), to p=3(mod4), orkyna —-1¢Q,, . [lostomy a €0,
dip Q) ¥ KPHBBIC C STHMH [1apAMETPaMH SIBISIIOTCS CKPY4YCHHBIMH COIIIACHO KIac-
cudpukarmu B [1, 10, 11].

JlokaxxeM CyNepCHHTYJISIPHOCTb TaKMX KPHBBIX. [t 3TOTO coriacHo yTBepie-
HUsM | ¥ 2 10CTaTOYHO MMOKa3aTh, YTO j~-WHBAPUAHTHI TAKUX KPUBBIX PaBHBI 123.

3aMeTHM, 4TO B CHIIy M30MOp(H3Ma COOTBETCTBYIOLIMX KPHBBIX
Ja,d)=j(-a,-d), a,deF,.
[losToMy n0CTAaTOYHO BBIMHMCIUTH MHBapuaHthl j(l,—d) ;).
Myers dy =—-(3+2v2)%, dy =—(3-2+2)2. O6osnaunm t; = —d; = (3+2+2)2,
th=—d,=(3 —2\6)2 u BeryucnuM uHBapuaHtel (1, 11), j(l,¢5).

IIyreM HeclOXHBIX HpeoOpa3oBaHUIl IOIydaeM paBEHCTBA
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f = (B+2v2)2 =17+12V2, 1 +1=18+12V2 =6(3+22) =6,/1, ,
oTkyzaa (4 +1)2 =364 .
AHAJIOTHYHO 1 —1=6\[ -2, OTKyJIa
2
(t; =1)% =361, =24t +4 =361, +4—4(t; +1) =321, .
Toraa 16((1 +1)2 +124)° 160361, +12¢1) _16-48%
1 (t -D* 11 (32t1)? 322

123,

J(L t1)=

AHaJIOrMYHBIMY pacyeTaMy IodydaeM paBeHCcTBO j(1, 1) = 123 . CrnenoBaTenbHO,
j=Ldy)=j(-Ldy)= 123 un KpUBbIE C napameTpamu a = —1u d = d| 5 ABIsIOTCS Cy-
MEPCUHTYISIpHBIME. TeopeMa JoKazaHa.

3aMeTuM, 4TO B KJIacce MOJIHBIX KPUBbIX DaBapaca j-uHBapuanrt j(1, d) = 123 1o-
pOXIaeTcsl eAMHCTBEHHBIM 3HaYeHHeM mapamerpa d =—1 npu p =3(mod8) [cm. 15].
Takum 06pazom, Bcero uMeercst mecTb Kopaer ypasuenus j(l, d) =123 (em. (7)): mo

JIBa KOpHS Ul KBaJPAaTUYHBIX M CKPYYCHHBIX KPUBBIX U MO OJHOMY KOpHIO d =—1
KpaTHOCTH JBa JUIS TIOJHBIX KPHUBBIX OJBapica.

3AK/IIOYEHUE

B crarbe copmynupoBaHbl U JI0Ka3aHbl YCJIOBUS CYIIECTBOBAHMS CYHNEPCHHIYJLIP-
HBIX KPUBBIX HPU HEKOTOPBIX [OMOJHHUTENBHBIX YCIOBHSX IJISl j-MHBapHaHTa KpH-
BOH. DTH yCIIOBUS MO3BOJSIIOT MOTYYaTh BCE CYNEPCHHTYISIPHBIC KPUBBIC C (DUKCH-
pOBaHHBIM 3HaueHHeM j-uHBapuaHta. OtmeruMm, uro 3HaueHusMH j(l, d)=0 u
g, al)=123 HE HCUEPNBIBAIOTCS BCE CYNEPCHHIYJISIpHBIE KpHuBBIE. B wacTHOCTH,
B pabotax [1, 12] ObuiM OOHAPYKCHBI MOJHBIC CYNEPCHHTYIISPHBIC KPHUBBIC C j-WH-
BapUaHTOM, PaBHBIM 66>, a TawKke IIPUBE/ICHBl OCHOBHBIE TE3HChHI JOKa3aTeIbCTBA
TEOpPEMBbl O CYNEPCHHIYJIAPHOCTH TaKUX KPHUBBIX C IapaMeTpamMu d=2*1.B po-
JOJDKeHHE 3TOM paboThl (dacTh 2, pasa. 4) OyneT NpUBEICHO IO0Ka3aTelIbCTBO CY-
[IECTBOBAHMS CKPYYCHHBIX M KBAJIPATHYHBIX CYIEPCHUHTYIIPHBIX KPUBBIX DJBapica

C J-MHBapHWaHTOM, PaBHBIM 66°.
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Haoitiwna oo peoarxyii

A.B. Beccasos, JI.B. KoBanbuyk

CYNEPCUHI'YJIAPHI CKPYYEHI KPUBI EJIBAPACA HAJl TPOCTUM IOJIEM.
I. CYHEPCUHI'YJISIPHI CKPYYEHI KPUBI EJBAP/ICA

3 FIHBAPIAHTAMM, SKI JOPIBHIOIOTb HYJIIO TA 123

AHoTanisi. Hagano anaimi3 yMOB iCHYBaHHS CYNEPCHHTYJSIDHHX CKPYYEHUX KpH-
Bux ExBapnca nHajy npoctum nosieM. CHopMysIbOBaHO Ta JOBEICHO TEOPEMH IIPO
YMOBU iCHYBaHHS CyNEPCHUHTYISIPHUX KPUBHX 3 j-iIHBapiaHTaMH, Kl JOpPiBHIOIOTH
Hymo Ta 12°, B pi3HHX Kiacax KpuBuUX. Ha OCHOBI mHX pe3ynbTaTiB OTPHMAaHO
KOHKPETHI NapaMeTpu I AESKUX CYIEpCHHIYJSIpHHX KpuBuX. HaBeneno ysa-
raJbHEHHS OTPHUMAHHUX paHillle pa3yJjbTaTiB, IO BUKOPHCTOBYE i30MOp(}I3M KpH-
Bux y ¢opmi Beiepmrpaca ta Ensapnca.

KnrodoBi cioBa: cynepcunrymnspHa KpuBa, NMoBHa kpuBa EnBappca, ckpyueHa
kpuBa EnBapnca, kBagparmdana kpuBa ExBapica, mapa KpydeHHS, MOPSIIOK TO4Y-
ku, cumBou Jlexanzapa, KBaJpaTHYHUH JIMIIOK, KBAaIPaTUYHHUI HEJIMILIOK.
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A.V. Bessalov, L.V. Kovalchuk

SUPERSINGULAR TWISTED EDWARDS CURVES OVER PRIME FIELDS
I. SUPERSINGULAR TWISTED EDWARDS CURVES

WITH j-INVARIANTS 0 AND 12°

Annotation. The analysis is given of the conditions of the existence of
supersingular twisted Edwards curves over prime fields. Theorems are
formulated and proved about these conditions for supersingular twisted Edwards
curves with j-invariants 0 and 123, for different classes of curves. Parameters

for some supersingular curves are obtained using these results. Also
generalization of some previously obtained results is given, using isomorphism
of curves in Weierstrass form and Edwards form.

Keywords: supersingular curve, complete Edwards curve, twisted Edwards
curve, quadratic Edwards curve, twisted pair, order of point, Legandre symbol,
quadratic residue, quadratic non-residue.
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