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ON THE IMPORTANT ANGLE OF A 

TRIANGLE  !"#
$  

Liudmyla Hetmanenko

Senior Lecturer,

Department of the Natural Sciences and Mathematics Education and 

Technologies 

In-Service Training Institute Borys Grinchenko Kyiv University, Ukraine   

Summary: This article provides proofs and presents main theorem-related problems concerning 

the angle between the bisector and the height drawn from the same vertex. The article solved 

problems that correspond to the theorems related to this angle and explores the "geography of the 

angle" between the bisector and the height drawn from a single vertex within a circumscribed circle. 

The triangle construction problems with an element of this angle are designed for students studying 

geometry in advanced mathematics classes, as well as for mathematics teachers. This article 

introduces a new formula that has not been published anywhere before. It offers value with new 

problems, the opportunity to become familiar with the element of a triangle formed by the bisector 

and the height drawn from the same vertex.

Keywords: angle between the bisector and the height drawn from a single vertex, half-difference of 

two triangle angles, exterior bisectors of a triangle, interior bisectors of a triangle, mutually 

perpendicular lines.

Alongside the well-known interior angles of a triangle, there exist other types 

of angles, such as exterior angles, angles between cevians, angles between a side 

and a median, and many others. The angle between the height and the bisector 

drawn from the same vertex of the triangle is equal to the difference of two interior 

angles of the triangle.

Let's consider the property of the angle between the height and the bisector 

drawn from the same vertex. There are three such angles. Let's denote them as φ%, 
φ&, and φ', and show that () = |*"+|

, ;       (, = |+"-|
, ; (. = |*"-|

, .       

Fig. 1
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Proof: 

 !" < " #" < " $ (see Fig. 1). 

 !%&'& =  # +
 (

)
 (as an exterior angle of triangle !#%*). 

Hence, 90° , -& =  !%&'& = 90° ,
./1

)
 . 

Triangle !%*'* is a right triangle (by definition of the height), so  %&!'& =
./1

)
= -&. 

Similarly, it can be proven that -) =
1/(

)
2 -3 =

./(

)
 . 

QED. 

Where can we encounter these angles 4*, 45, and 46? 

The "geography of the angle" between the bisector and the height drawn from 

the same vertex within a circumscribed circle (this concept was introduced into 

geometry by Kushnir I. A. [1]). 

I. Let's describe a circle around triangle !$#. Draw the bisector of angle $!#, 

which intersects the circumferential circle at point 7*8 Construct point :, 

diametrically opposite to point 7* (Fig. 2). Chord 7*: is the diameter of this circle, 

implying that 7*: ; $#. Therefore, angles '*!%* and !7*: are equal (since !'* >

:7*2 and !7* is a secant). 

II. From point 7*2 which lies on the circumscribed circle around triangle 

!$#"and the bisector of angle $!#, draw a perpendicular to side !# (7*?*" @ "!#" =

"?*), which intersects side !# at point ?* (Fig. 3). We will prove that the angle ?*7*# 

is equal to -*8 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2                                                           Fig. 3 

 

The angle !7*: is equal to φ* and is based on arc !: (as an inscribed angle). 

The angle :#! is also based on arc :! as an inscribed angle; hence, the angle :#! 

equals -*.  

#7* ; #: (based on the diameter  :#7*), and 7*?* ; !# (by construction), 

which implies  :#!" = " #7*?*" = "-* (as angles between mutually perpendicular 

sides). 

III. Draw the exterior bisector of angle $!#, which intersects side $# at point A 

(Fig. 4). Angle %*!A"is a right angle. In the right triangle %*!A, angle !%*$" = "90°" ,

"-*, so angle !A%*" = "-*8 

IV. Describe a circumferential circle around triangle !$#, and extend the 

bisector of angle"$!# to intersect it at point 7* (Fig. 5). Angle B7*! is equal to -*, 

which implies that angle B!7* is also -* (triangle B!7* is isosceles, with B!" = "B7* 

as the side lengths). 
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Fig. 4                                                                       Fig. 5 

 

Below, we will present key problems to highlight the significance of the angle 

between the bisector and the height drawn from the same vertex. 

Problem 1.  

If the difference between angles $ and # of triangle !$# is 90°, then the 

internal and external bisectors drawn from vertex ! to intersect side $# are equal 

(Fig. 6). 

 

 

 

 

 

 

 

 

 

 

Fig.6 

 

Given:  $" , " #" = "90°2  #!%*" = " %*!$2  $!%C" = " %CD!:. 

Prove: !%*" = "!%CD. 

Proof: From the given condition, E $" , " #FGH" = "IJ°8 

K%*!%CD is a right triangle E %*!%CD" = "90°, the angle between bisectors of adjacent 

angles). 

According to the Third Property of the Geography of the Angle,  !"#
$ "% =

 &' (

)
=

45°. Hence, *"+!",- is also isosceles, leading to !"+. = .!",-/ 

QED. 

Problem 2.  

If the radius of the circumscribed circle of triangle !01 is 2 and equals 
36'76

)#
, 

where 8, 9, and : are the sides of the triangle 01, !1, and !0, respectively, then the 

difference between angles 0 and 1 is ;<°/ 

Given: 2 =
36'76

)#
. 

Prove:  0 >  1 = ;<°/ 

Proof: 8 = ?2 sin!@ ..9 = ?2 sin0 @ : = ?2 sin1 (according to the Law of Sines);  

2 =
36'76

)#
=

AB6CDE6 &'AB6CDE6 (

)F)B CDE G
; 
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42) sin ! = 42)Hsin) 0 > sin) 1I; 

sin ! = JKL) 0 > JKL) 1; 

sin ! =
%'MNC) &

)
>

%'MNC) (

)
; 

? sin ! = >? sinH1 O 0I sinH1 > 0I; 

? sin ! = >? sinHPQ<° >  !I sinH 1 >  0I; 

P = >sinH 1 >  0I; 

 0 >  1 = ;<°. 

QED. 

Problem 3.  

Construct triangle !01.with elements 8R .9 > :R . 0 >  1  , where 8, 9, and : are 

the sides of 01, !1, and !0, respectively, and 9. S .: (Fig. 7). 

 

 

 

 

 

 

 

 

Fig.7 

 

Construction: 

1) T U !1@ 1T = 9 > : , then!T = : = !0R 

2) *!T0 is isosceles (!T = !0 = :).so. !T0 =  !0T = ;<° >
 G

)
R 

3)  10T =  10! >  T0! =  0 > H;<° >
G

)
I =

 &' (

)
; 

4) *1T0.can.be.constructed.using.01R .1T.and.. 10T.which.results.in. 1; 

5) ( 0 >  1) is known from the condition. From the previous step, we find  1, 

and this helps determine  0; 

6) *!01.can.be.constructed.using.8R . 0R . 1. 

Constructed. 

The use of the properties of this angle is quite extensive. In support of this 

thesis, I invite readers to try solving the following problems. 

Problem 4. 

This problem was presented in the Team Olympiad, Junior League 2009-2010 

[2]. In triangle !01, sides !1 and 01 are not equal. Prove that the bisector of angle 

01! divides the angle between the median and the height drawn from the same 

vertex in half if and only if the angle 01! is ;<°/ 

Problem 5. 

If the difference between the angles at the base of a triangle is ;<°, then the 

height corresponding to that base is proportionally equal to the segment between 

the base's ends and the height. Prove this [3]. 
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