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Summary: For the examination of the triangle discussed in the article, profound 

knowledge of plane geometry is required, and grasping the specific approach to solving it can be 

quite challenging without prior knowledge of what to rely on. The focus is on a triangle with a 120° 

angle, commonly known as the Shebarshin problem. The article presents both computational and 

purely geometric methods for solving a problem of elevated complexity. This particular problem 

appears in entrance exams for universities and in mathematical Olympiads at the 

highest levels. The theme of singular triangles remains constantly relevant in geometry. For 

instance, many properties and theorems are known about an orthocentric triangle, which have 

been discussed in detail and already proven. I propose to consider in detail the properties and 

theorems of an equally interesting triangle, the sides of which connect the bases of 

the bisectors of the interior angles of the triangle. The goal of my article is to alleviate the drawback 

of complexity while retaining accessibility and originality in the geometric problem 

involving a triangle with a 120° angle and an inscribed bisectral triangle with a corresponding 90° 

angle.

Keywords: Shebarchin's problem; bisector triangle; triangle bisector property; external bisector of 

a triangle; interior angle bisector of a triangle; Gauss line.

In geometry, there are many beautiful problems, including those that have 

become classical and renowned. I invite you to consider one such problem, which is 

both famous and exceptionally elegant. Initially, this problem had only a 

computational solution, but later, alternative methods were introduced that demand 

a professional geometric understanding. As a result, the problem found its place in 

various collections of mathematical challenges.

The problem statement is as follows: In triangle ABC with angle BAC 

equal to 120°, the bisectors AL , BL!, and CL" of the internal angles BAC, CBA, and 

ACB, respectively, are drawn. Prove that the angle L!L L" of triangle L L!L" is 

equal to 90° (I. Kushnir referred to such a triangle L L!L" as bisectral [1]). Here, L , 

L!, and L" are the bases of the bisectors of the internal angles of triangle ABC 

(see fig. 1).
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Fig. 1 

 

In this work, I present various methods to prove this problem, with the last 

proof being published for the first time and considered original. 

First Method. 

#$ =
!"#$"#%

#$&#%
" cos

'%#$

!
                                            (1) 

Proof of formula (1): 

From ()* +:  )* =
,-.

/01
'234

5

  (see fig. 2), where +* =
!"6(324

#$&#%
   (2) 

(7)* :89#-.$ =
 

!
" )7 " +*, 

 

 

 

 

 

 

 

 

 

 

Fig. 2 

 

(;)* :89#-.% =
 

!
" ); " <* , 

();7:89#%$ = 9#-.$ > 9#-.% =
 

!
" )7 " +* >

 

!
" ); " <* =

 

!
+* ?)7 > );@, as 

+* = <* , since they are the legs of ()+* = ()<* . 

Then,  +* =
!"
.

5
"#$"#%"/01'%#$

#$&#%
=

#$"#%"/01'%#$

#$&#%
   (3). 

Substituting formula (3) into formula (2), we obtain  

)* =
,-.

/01
'234

5

=
#$"#%"/01'%#$

?#$&#%@"/01
'234

5

=
#$"#%"! /01

'234

5
"AB/

'234

5

?#$&#%@"/01
'234

5

=
!"#$"#%

#$&#%
" cos

'%#$

!
. 

)* =
!"#$"#%

#$&#%
" cos

'%#$

!
. 

Proof complete. 

Given ';)7 = CDE°,  then )* =
#$"#%

#$&#%
. 

It is obvious that segment * ; =
%$"#%

#$&#%
 (using the property of bisector )* , 

since 
#$

$-.
=

#%

%-.
), thus 

-.%

#-.
=

%$"#%"?#$&#%@

?#$&#%@"#$"#%
=

%$

#$
   (4). 
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Since 
-F%

-F#
=

%$

#$
 (5) (using the property of bisector 7*G of internal angle 7 in 

triangle );7), it follows that * *G is the bisector of angle )* ; (see fig. 3); 

 
-.%

#-.
=

-F%

-F#
, just as (4) equals (5). 

 

 

 

 

 

 

 

 

 

 

Fig. 3 

 

Similarly, it can be proved that * *! is the bisector of angle )* 7 , implying that 

the angle between these bisectors equals  HE° (as the angle between bisectors of 

adjacent angles). Therefore,  '*!* *G = HE°. 

Second Method. 

Let I be a point on the extension of side )7 (Fig. 4). Given that ';)78 = 8CDE°J 

it follows that 'I);8 = 8KE°J as they are adjacent angles. 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4 

 

Since '7)* = ';)* = 'I); = KE°, ); is the external bisector of angle * )I 

in triangle 7)* . This implies that  
#$

#-.
=

%$

-.%
  (property of the external bisector ); of 

triangle 7)* ). 

Alternatively, )7 " * ; = ;7 " )* , and from this, 
#-.

%-.
=

#$

%$
 (6). 

Since 
#$

%$
=

#-F

-F%
   (7) (from triangle );7, using the property of bisector 7*G of 

internal angle 7), we can compare (6) and (7), yielding 
#-.

%-.
=

#-F

-F%
. This means that 

* *G is the bisector of angle )* ;. 

Similarly, it can be proven that * *! is the bisector of angle )* 7. 

Therefore, *!* *G = HE°, being the angle between bisectors of adjacent angles 

)* ; and )* 7. 
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Third Method. 

In triangle )7* , the point *GL_3 is the center of the exscribed circle tangent to 

the side )*  (Fig. 5). *Gis the intersection point of the bisector of angle * )I and the 

bisector of angle )7* . Therefore, * *G8is the external bisector of angle )* ; in 

triangle )7* . 

Fig. 5 

Similarly, it can be proven that * *! is the external bisector of angle )* 7. 

The angle *!* *G = HE° since it is the angle between the bisectors * *G and 

* *!88of adjacent angles. 

Fourth Method. 

In triangle * *!*G (the bisectral triangle), the tangent of the angle '*!* *G is 

given by: tg'*!* *G =
!?/01'$&/01'%@

 &!"AB/'#
 for triangle );78[2]. (The formula proves both

the direct and inverse problem). 

It is evident that if C > D " cosCDE° = E8, then '*!* *G = HE°. 

Fifth Method. 

Fig.  

LM is parallel to  ! ("# is the Euclid's  line) (Fig. 6). 

$%& =
'()*()+

)*,)+
( cos

-+)*

'
=

)*()+

)*,)+
since (cos 60° =

&

'
);

Now, let's demonstrate that $# =
)*()+

)*,)+
and $" =

)*()+

)*,)+
: 

Triangles . %/%& and .$%/# are similar. 
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)1

+23
=

)24

+24
=

)*

+*
  (using the properties of the bisector) 

$# =
)*(+23

+*
=

)*(+*()+

+*(5)+,)*7
=

)*()+

)*,)+
; 

Triangles .!%'%& and .$%'" are similar. 

Similar calculations show that $" =
)*()+

)*,)+
. 

Therefore, in ."%&#, $%& is a median, which is equal to half of the side to which 

it is drawn. Thus, -"%&# = 90°. 

 
References: 

[1] Кушнір, І. А. (2007). Тріумф шкільної геометрії. Київ: Наш час. 

[2] Кушнір, І. А. (1994). Трикутник у задачах. Київ: Либідь. 

  


