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ANGLE
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Summary: For the examination of the triangle discussed in the article, profound
knowledge of plane geometry is required, and grasping the specific approach to solving it can be
quite challenging without prior knowledge of what to rely on. The focus is on a triangle with a 120°
angle, commonly known as the Shebarshin problem. The article presents both computational and
purely geometric methods for solving a problem of elevated complexity. This particular problem
appears in entrance exams for universities and in mathematical Olympiads at the
highest levels. The theme of singular triangles remains constantly relevant in geometry. For
instance, many properties and theorems are known about an orthocentric triangle, which have
been discussed in detail and already proven. | propose to consider in detail the properties and
theorems of an equally interesting triangle, the sides of which connect the bases of
the bisectors of the interior angles of the triangle. The goal of my article is to alleviate the drawback
of complexity while retaining accessibility and originality in the geometric problem
involving a triangle with a 120° angle and an inscribed bisectral triangle with a corresponding 90°
angle.

Keywords: Shebarchin's problem, bisector triangle, triangle bisector property, external bisector of
a triangle, interior angle bisector of a triangle; Gauss line.

In geometry, there are many beautiful problems, including those that have
become classical and renowned. | invite you to consider one such problem, which is
both famous and exceptionally elegant. Initially, this problem had only a
computational solution, but later, alternative methods were introduced that demand
a professional geometric understanding. As a result, the problem found its place in
various collections of mathematical challenges.

The problem statement is as follows: In triangle ABC with angle BAC
equal to 120°, the bisectors AL,, BL,, and CL3 of the internal angles BAC, CBA, and
ACB, respectively, are drawn. Prove that the angle L,L;Ls of triangle L;L,L3 is
equal to 90° (I. Kushnir referred to such a triangle L;L,L3 as bisectral [1]). Here, L,
L,, and Lz are the bases of the bisectors of the internal angles of triangle ABC
(seefig. 1).
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A

L Ls

C Li B

Fig. 1

In this work, | present various methods to prove this problem, with the last
proof being published for the first time and considered original.
First Method.

_ 2ACAB £BAC

ALy = cos
AC+AB 2

(1)

Proof of formula (1):
UL,

From AAL,U: AL, = — (see fig. 2), where UL, = —Ziﬁfg (2)
SIn———
2

ACALy: Spy,c = 5 AC- UL,

A

VIMAYH IHRULYINILYIN-ONUEID IIIAX BITIXNID

C

Fig. 2

ABALy: Say,p =5 AB-VLy,
AABC: Sppc = Sar,c + Sayp =5 AC- ULy +5- AB VL = SUL;(AC + AB),  as
UL, = VL4, since they are the legs of AAUL; = AAVL;.

1 .

2-=AC-AB-'sin ZBAC AC-AB-sin 2BAC

Then, ULl = 2 = (3)
AC+AB AC+AB

Substituting formula (3) into formula (2), we obtain
£BAC /BAC

AL, = Yk _ AC'AB'sin£BAC _ AC-AB-2sIn——C0S——— _ 2.AC'AB £LBAC
! £B2E " (ac+aB)sin“AC (AC+AB)-sin“2AE AC+AB 2
2-AC-AB LBAC
ALy = S0 " Os——
Proof complete.
. AC-AB
Given £BAC = 120°, then AL, = :
AC+AB
BC-AB

It is obvious that segment LB = (using the property of bisector ALy,

AC+AB
. AC AB L4B BC-AB-(AC+AB BC
since — = —), thus =*= = bC-AR(AC+AB) _ BC (4).
CL; BLg AL;  (AC+AB)-AC-AB  AC
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LsB _ BC
LsA  AC
triangle ABC), it follows that L, L5 is the bisector of angle AL, B (see fig. 3);

LB _ L3B .
AL L just as (4) equals (5).

Since (5) (using the property of bisector CL5 of internal angle C in

A

Ls

C Li B
Fig. 3

Similarly, it can be proved that L, L, is the bisector of angle AL, C;, implying that
the angle between these bisectors equals 90° (as the angle between bisectors of
adjacent angles). Therefore, £L,L;Ls = 90°.

Second Method.

Let F be a point on the extension of side AC (Fig. 4). Given that zBAC = 120°,
it follows that ZFAB = 60°, as they are adjacent angles.

SECTION XVIII. PHYSICS AND MATHEMATICS

E

C Li B
Fig. 4

Since £CAL, = £BAL, = £FAB = 60°, AB is the external bisector of angle L{AF
in triangle CAL;. This implies that % = % (property of the external bisector AB of
1 1

triangle CAL,).

Alternatively, AC - L, B = BC - AL,, and from this, 22 = 2%

5L = Be (6).
(7) (from triangle ABC, using the property of bisector CL3 of
ALy _ ALg

—1 =23 This means that
BL, L3B

. AC AL
Since—===—"2
BC L3B

internal angle C), we can compare (6) and (7), yielding

L,L; is the bisector of angle AL, B.

Similarly, it can be proven that L, L, is the bisector of angle AL,C.

Therefore, L,L;Ls; = 90°, being the angle between bisectors of adjacent angles
AL,B and AL,C.

All rights reserved | Creative Commons Attribution-ShareAlike 4.0 International License 2024
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Third Method.

In triangle ACL4, the point LszL_3 is the center of the exscribed circle tangent to
the side AL, (Fig. 5). Lsis the intersection point of the bisector of angle L AF and the
bisector of angle ACL,. Therefore, L,L5is the external bisector of angle AL;B in
triangle ACL;.

C Li B

Fig. 5

Similarly, it can be proven that L, L, is the external bisector of angle AL,C.

The angle L,L;L; = 90° since it is the angle between the bisectors L;L; and
L{L, of adjacent angles.

Fourth Method.

In triangle L;L,Ls (the bisectral triangle), the tangent of the angle 2L,L,L5 is

given by: tgzL,L,L; = 2(stneCHsin2B) g triangle ABC [2]. (The formula proves both

1+2:cosZA
the direct and inverse problem).

Itis evidentthatif 1 +2-cos120° =0, then £L,L,L; = 90°.
Fifth Method.

VIXAYH IHRULYINILYIN-ONUEID IIIAX BITINID

L Ls

C Li B

Fig. 6

DE is parallel to BC (DE is the Euclid's line) (Fig. 6).

2-AC-AB £LBAC AC-AB . 1

AL, = ‘C = since (cos 60° = =);
AC+AB 2 AC+AB AC-AB 2 AC-AB
Now, let's demonstrate that AE = and AD = :
AC+AB AC+AB

Triangles ABL;L, and AAL3E are similar.
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A8 25 _ 2 (4sing the properties of the bisector)
BL, BLs BC

AF = ACBL1 _ ACBCAB _ ACAB,
T BC T BC(AB+AC)  AC+AB
Triangles ACL,L, and AAL,D are similar.
L . AC-AB
Similar calculations show that AD = .
AC+AB

Therefore, in ADL,E, AL, is a median, which is equal to half of the side to which
it is drawn. Thus, £DL,E = 90°.
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