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.ARTICLE. 
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EXTERNAL BISECTOR OF A TRIANGLE IN 

CONSTRUCTION PROBLEMS 

 
Liudmyla Hetmanenko  

Senior Lecturer, 

Department of the Natural Sciences and Mathematics Education and 

Technologies  

In-Service Training Institute  

Borys Grinchenko Kyiv Metropolitan University, Ukraine   

 
Summary: In this paper, the author thoroughly examines the external bisector of a triangle as an 

important element in construction problems involving triangles. The author proposes original 

methods for solving both classic constructive problems and original problems based on new 

dependencies. 

Keywords: internal bisector of a triangle; external bisector of a triangle; Fursenko's list; construction 

problems; homothety. 

 

 

In 1937, in the journal "Mathematics in School," issues No. 5 and No. 6, an 

article by V.B. Fursenko on triangle construction based on three elements was 

published [1]. In his work, the author arranged all triangle construction problems in 

lexicographic order, solved all problems with solutions, and listed all problems 

without solutions, providing conditions under which the solution to each problem is 

possible. For constructing a triangle based on three elements, the author used 

triangle sides, altitudes, medians, internal bisectors, radii of inscribed and 

circumscribed circles, and the triangle's perimeter. Alongside the internal bisector, 

altitude, and median, the external bisector of the triangle holds a significant place, 

which Fursenko inexplicably omitted. This article addresses new problems involving 

the use of the external bisector of a triangle and expands the list of  

construction problems, which were known to N. Rybkin (1916) [2] and I.I. Alexandrov 

(1950) [3].  

Problem 1. 

(this is a well-known construction problem with a new geometric solution, 

being published for the first time) 

Construct triangle 𝐴𝐵𝐶 given the elements 𝑎; ℎ𝑎;  𝑙𝑎, where 𝑎 is the side 𝐵𝐶 of 

triangle 𝐴𝐵𝐶, ℎ𝑎 is the altitude of the triangle drawn to side 𝐵𝐶, 𝑙𝑎 is the internal 

bisector of triangle 𝐴𝐵𝐶. 

Given: 𝐴𝐿1 = 𝑙𝑎– the bisector of angle 𝐵𝐴𝐶; 𝐴𝐻1 = ℎ𝑎  – the altitude; 𝐵𝐶 = 𝑎 – 

side of ∆𝐴𝐵𝐶 (fig. 1). 

Construct: ∆𝐴𝐵𝐶. 



 

International scientific journal «Grail of Science» | № 36 (February, 2024) 

All rights reserved | Creative Commons Attribution-ShareAlike 4.0 International License 2024 

274 
S

E
C

T
IO

N
 X

IX
. 

P
H

Y
S

IC
S

 A
N

D
 M

A
T

H
E

M
A

T
IC

S
  

 
Fig. 1 

 

Analysis: 

1) In ∆𝐴𝐵𝐶, the bisector 𝐴𝐿1 = 𝑙𝑎 divides angle 𝐵𝐴𝐶 in half (∠𝐵𝐴𝐿1 = ∠𝐶𝐴𝐿1 =
∠𝐴

2
). 

2) 𝐴𝐻1 ⊥ 𝐵𝐶, 𝐴𝐻1 = ℎ𝑎. Angle ∠𝐻1𝐴𝐿1 =
|∠𝐵−∠𝐶|

2
,  ∠𝐴𝐿1𝐵 = 90° −

|∠𝐵−∠𝐶|

2
. 

3) 𝐴𝐿𝑎
′  is the external bisector of angle 𝐵𝐴𝐶; 𝐿𝑎

′ ∈ 𝐵𝐶 (fig. 2). 

 

 
Fig. 2 

 

4) Angle 𝐿1𝐴𝐿𝑎
′ = 90° (as the angle between the bisectors of adjacent angles 

𝐵𝐴𝐶 and 𝐵𝐴𝑇). 

5) The circle circumscribed around ∆𝐴𝐵𝐶 has a tangent 𝐴𝑄 to the radius 𝑅 =

𝑂𝐴 ⊥ 𝐴𝑄, where 𝐴𝑄 is the radius of the Apollonian circle circumscribed around 

∆𝐿1𝐴𝐿𝑎
′  (∠𝑂𝐴𝑄 = 90° = ∠𝑂𝐴𝐿1 + ∠𝐿1𝐴𝑄 =

|∠𝐵−∠𝐶|

2
+ (90° −

|∠𝐵−∠𝐶|

2
)) (fig. 3). 

 

 
Fig. 3 
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6) 𝐶𝑄 – tangent to the circle circumscribed around ∆𝐴𝐵𝐶; 𝐵𝑄 – the external 

part of the tangent to the circle circumscribed around ∆𝐴𝐵𝐶: (𝐴𝑄)2 = 𝐶𝑄 ∙ 𝐵𝑄. 

Construction: 

1. Construct ∆𝑙1𝐴𝐻1using a leg and a hypotenuse (𝐴𝐻1 = ℎ𝑎;   𝐴𝐿1 = 𝑙𝑎). We 

obtain ∠𝑙1𝐴𝐻1 =
|∠𝐵−∠𝐶|

2
. 

2. Construct ∆𝐿1𝐴𝐿𝑎
′  using a leg and an acute angle (𝐴𝐿1 = 𝑙𝑎;   ∠𝐴𝐿𝑎

′ 𝐿1 =
|∠𝐵−∠𝐶|

2
). 𝐿1𝑄 = 𝑄𝐿𝑎

′ = 𝐴𝑄 (the median drawn to the hypotenuse equals half the 

hypotenuse). We obtain 𝐴𝑄 (fig. 4). 

 

 
Fig. 4 

 

3. Let 𝐵𝑄 = 𝑥, then (𝐴𝑄)2 = (𝑎 + 𝑥) ∙ 𝑥. Solve the equation and find the length 

of segment 𝐵𝑄 = 𝑥, thus obtaining point 𝐵. 

4. From point 𝐵 on the extension of 𝐿1𝐿𝑎
′ , mark off segment 𝐶𝐵 = 𝑎, and obtain 

point 𝐶. 

Triangle 𝐴𝐵𝐶 is constructed. 

Problem 2 

(The geometric solution to this problem was proposed by V.V. Prasolov (2007) 

[4]) 

Construct triangle 𝐴𝐵𝐶 given the elements 𝑏;  𝑐;  𝑙𝑎,, where 𝑏 and 𝑐 are the sides 

𝐴𝐶 and 𝐴𝐵 of triangle 𝐴𝐵𝐶, respectively, and 𝑙𝑎 is the angle bisector of angle ∠𝐵𝐴𝐶 

(𝐴𝐿1 = 𝑙𝑎 , де 𝐿1 ∈ 𝐵𝐶). 

Given: : 𝑏;  𝑐;  𝑙𝑎  (fig. 5). 

Construct: ∆𝐴𝐵𝐶. 

 
Fig. 5 

 

Construction: 

1. Construct segment 𝐴𝐿1. 

2. Construct circles 𝛾1 = (𝐴; 𝑟 = 𝑐) and  𝛾2 = (𝐴; 𝑅 = 𝑏) (fig. 6). 
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Fig. 6 

 

3. Point 𝐿1 serves as the center of homothety with the homothetic coefficient 

𝑘 = −
𝐿1𝐵

𝐿1𝐶
= −

𝐴𝐵

𝐴𝐶
= −

𝑐

𝑏
. Extend segment 𝐴𝐿1 through point 𝐿1  such that 𝐿1𝑄 =

𝑙𝑎∙𝑐

𝑏
. 

4. ∆𝐿1𝐵𝑄 is similar to ∆𝐿1𝐶𝐴 because (
𝐿1𝐵

𝐿1𝐶
=

𝐿1𝑄

𝐿1𝐴
=

𝑐

𝑏
 and ∠𝐴𝐿1𝐶 = ∠𝐵𝐿1𝑄. 

Hence, 𝐵𝑄 =
𝑐∙𝑏

𝑏
= 𝑐 (fig. 7). 

 

 
Fig. 7 

 

5. Construct circle 𝛾3 = (𝑄; 𝑟 = 𝑐)The intersection of circles 𝛾1 and 𝛾3 is point 

𝐵 (γ_1∩γ_3=B), and the intersection of line 𝐵𝐿1 and circle 𝛾2 is point 𝐶 (𝐵𝐿1 ∩ 𝛾2 = 𝐶). 

Triangle 𝐴𝐵𝐶 is constructed. 

Problem 3 

(a new original problem) 

Construct triangle 𝐴𝐵𝐶 given the elements 𝑏, 𝑐, 𝑙𝑎
′ where 𝑏 and 𝑐 are the sides 

𝐴𝐶 and 𝐴𝐵 of triangle ∆𝐴𝐵𝐶, 𝑙𝑎
′  is the external bisector of angle 𝐵𝐴𝐶 (𝐴𝐿𝑎

′ = 𝑙𝑎
′ , where 

𝐿𝑎
′ ∈ 𝐵𝐶). 

Given: 𝑏, 𝑐, 𝑙𝑎
′  (fig. 8). 

Construct: ∆𝐴𝐵𝐶. 
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Fig. 8 

 

Analysis: 

1) By the property of the external bisector  
𝐶𝐿𝑎

′

𝐵𝐿𝑎
′ =

𝑏

𝑐
  (fig. 9). 

 

 
Fig. 9 

 

2) From vertex 𝐵, draw 𝐵𝑄 parallel to 𝐴𝐶, then ∠𝐵𝐴𝐶 = ∠𝐴𝐵𝑄 (as internal 

alternate angles when 𝐴𝐶 ∥ 𝐵𝑄, 𝐴𝐵 is a secant) (fig. 10). 

 

 
Fig. 10 

 

3) Triangle 𝐴𝐵𝑄 has ∠𝐵𝐴𝑄 = 90° −
∠𝐴

2
   (since 𝐴𝐿𝑎

′  is the bisector of the external 

angle ∠𝐵𝐴𝐶), hence ∠𝐴𝑄𝐵 = 90° −
∠𝐴

2
 . 

Triangle 𝐴𝐵𝑄 is isosceles and 𝐴𝐵 =  𝐵𝑄 =  𝑐. 

We have 
𝐴𝐿𝑎

′

𝑄𝐿𝑎
′ =

𝑏

𝑐
;   

𝑙𝑎
′

𝑄𝐿𝑎
′ =

𝑏

𝑐
; 

𝑄𝐿𝑎
′ =

𝑙𝑎
′ ∙𝑐

𝑏
 . 
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Construction: 

1. Construct 𝐴𝐿𝑎
′ = 𝑙𝑎

′  and point 𝑄 ∈ 𝐴𝐿𝑎
′ . 

2. Draw circle 𝑆1 with center 𝐴 and radius 𝑟 = 𝑐  (𝐴; 𝑟 = 𝑐). 

3. Draw circle 𝑆2 with center 𝑄 and radius 𝑟 = 𝑐  (𝑄; 𝑟 = 𝑐). 

4. 𝑆1 ∩ 𝑆2 = 𝐵, circle 𝑆1  intersects circle 𝑆2 at point 𝐵. 

5. Connect points 𝐵 and 𝐿𝑎
′ , forming line 𝐵𝐿𝑎

′ . 

6. Circle 𝑆3 with center 𝐴 and radius 𝑅 = 𝑏 (𝐴;   𝑅 = 𝑏) intersects line 𝐵𝐿𝑎
′  at 

point 𝐶. 

Triangle 𝐴𝐵𝐶 is constructed. 

Problem 4 

(a new original problem) 

Construct triangle 𝐴𝐵𝐶 given the elements 𝑎, ∠𝐵, 𝑙𝑏
′ , where 𝑎 is the side 𝐵𝐶 of 

triangle 𝐴𝐵𝐶, ∠𝐵 = ∠𝐴𝐵𝐶, 𝑙𝑏
′  is the external bisector of angle 𝐴𝐵𝐶. 

Given: 𝐵𝐿𝑏
′ = 𝑙𝑏

′  - the external bisector of angle ∠𝐴𝐵𝐶; BC = a; ∠𝐵 = ∠𝐴𝐵𝐶  

(fig. 11). 

Construct: ∆𝐴𝐵𝐶. 

 
Fig. 11 

 

Analysis: 

𝐵𝐿𝑏
′  is the external bisector, so ∠𝐴𝐵𝐿𝑏

′ = 90° −
∠𝐵

2
 (fig. 12). 

Therefore, ∠𝐶𝐵𝐿𝑏
′ = ∠𝐶𝐵𝐴 + ∠𝐴𝐵𝐿𝑏

′ = ∠𝐵 + 90° −
∠𝐵

2
= 90° +

∠𝐵

2
. 

∆𝐶𝐵𝐿𝑏
′ ∶ 𝐶𝐵 = 𝑎, 𝐵𝐿𝑏

′ = 𝑙𝑏;  ∠𝐶𝐵𝐿𝑏
′ = 90° +

∠𝐵

2
. 

 

 
Fig. 12 

 

Construction: 

1. Construct triangle ∆𝐶𝐵𝐿𝑏
′  (given two sides and the angle between them). 

2. Construct ∠𝐶𝐵𝐴 = ∠𝐵 in triangle ∆𝐶𝐵𝐿𝑏
′ . Obtain point 𝐴, which lies on side 

𝐶𝐿𝑏
′ . 

Triangle 𝐴𝐵𝐶 is constructed. 
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Problem 5 

(a new original problem) 

Construct triangle 𝐴𝐵𝐶 given the elements 𝑏, 𝑙𝑎 , 𝑙𝑎
′ , where 𝑏 is the side 𝐴𝐶 of 

triangle 𝐴𝐵𝐶,   𝑙𝑎  is the internal bisector of angle 𝐵𝐴𝐶 (𝐴𝐿1 = 𝑙𝑎;   𝐿1 ∈ 𝐵𝐶), 𝑙𝑎
′  is the 

external bisector of angle 𝐵𝐴𝐶 (𝐴𝐿𝑎
′ = 𝑙𝑎

′ ;   𝐿𝑎
′ ∈ 𝐵𝐶). 

Given: 𝑏, 𝑙𝑎 , 𝑙𝑎
′  (fig. 13). 

Construct: ∆𝐴𝐵𝐶. 

 
Fig. 13 

 

Analysis: 

Angle 𝐿1𝐴𝐿𝑎
′ = 90° (as the angle between the bisectors of adjacent angles). 

Therefore, ∆𝐿1𝐴𝐿𝑎
′  is a right triangle, where 𝐴𝐿1 = 𝑙𝑎, 𝐴𝐿𝑎

′ = 𝑙𝑎
′  are the legs. 

Construction: 

1. Construct ∆𝐿1𝐴𝐿𝑎
′  (given two legs). 

2. Extend the hypotenuse 𝐿1𝐿𝑎
′  beyond point 𝐿1. 

3. Circle 𝛾 = (𝐴;  𝑟 = 𝑏) ∩ (𝐿1𝐿𝑎
′ ) = 𝐶. 

4. ∠𝐶𝐴𝐿1 = ∠𝐿1𝐴𝐵 =
∠𝐴

2
. Extend ray 𝐴𝐵 from 𝐴𝐿1 at an angle of 

∠𝐴

2
. 

5. 𝐴𝐵 intersects 𝐿1𝐿𝑎
′  at 𝐵 (𝐴𝐵 ∩ 𝐿1𝐿𝑎

′ = 𝐵. 

Triangle 𝐴𝐵𝐶 is constructed. 

The next two problems involving the external bisector of a triangle's angle can 

be resolved by applying solutions from Furstenko's list with detailed explanations. 

Problem 6 

(a new original problem) 

Construct triangle 𝐴𝐵𝐶 given the elements ℎ𝑎 , 𝑚𝑎 , 𝑙𝑎
′  where ℎ𝑎 is the altitude 

to side 𝐵𝐶, 𝑚𝑎 is the median drawn to side 𝐵𝐶, 𝑙𝑎
′  is the external bisector of angle 

𝐵𝐴𝐶. 

Given: 𝐴𝑀1 = 𝑚𝑎, 𝐶𝑀1 = 𝑀1𝐵, 𝐴𝐻1 = ℎ𝑎,  𝐴𝐻1 ⊥ 𝐵𝐶, 𝐴𝐿𝑎
′ = 𝑙𝑎

′ , ∠𝐵𝐴𝐿𝑎
′ = 90° −

∠𝐴

2
 (fig. 14). 

Construct: ∆𝐴𝐵𝐶. 

 
Fig. 14 
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Analysis: 

1) 𝐴𝐿1 is the internal bisector of angle 𝐵𝐴𝐶 (fig. 15). 

2) ∠𝐻1𝐿1𝐴 = ∠𝐵𝐶𝐴 + ∠𝐶𝐴𝐿1 = ∠𝐶 +
∠𝐴

2
= 90° −

|∠𝐵−∠𝐶|

2
. 

3) ∠𝐻1𝐿𝑎
′ 𝐴 = ∠𝐿1𝐴𝐻1 =

|∠𝐵−∠𝐶|

2
, because ∆𝐿1𝐴𝐿𝑎

′  is right-angled. 

 

 
Fig. 15 

 

Construction: 

1. Construct ∆𝐻1𝐿𝑎
′ 𝐴 using the leg 𝐴𝐿𝑎

′ = 𝑙𝑎
′  and the cathetus 𝐴𝐻1 = ℎ𝑎.  Obtain 

∠𝐻1𝐿𝑎
′ 𝐴 =

|∠𝐵−∠𝐶|

2
. 

2. Construct ∆𝐿1𝐴𝐻1 using the cathetus 𝐴𝐻1 = ℎ𝑎 and the acute angle 𝐿1𝐴𝐻1 =
|∠𝐵−∠𝐶|

2
. Obtain 𝐴𝐿1. For triangle 𝐴𝐵𝐶, 𝐴𝐿1 is the internal bisector of angle 𝐵𝐴𝐶,  𝐴𝐿1 =

𝑙𝑎. 

3. Using the elements ℎ𝑎, 𝑚𝑎 , 𝑙𝑎 construct ∆𝐴𝐵𝐶. 

Triangle 𝐴𝐵𝐶 is constructed. 

Problem 7 

(a new original problem) 

Construct triangle 𝐴𝐵𝐶 given the elements 𝑙𝑎 , 𝑙𝑎
′ , 𝑟, where 𝑙𝑎 is the internal 

bisector of angle 𝐵𝐴𝐶, 𝑙𝑎
′  is the external bisector of angle 𝐵𝐴𝐶, and 𝑟 is the radius of 

the inscribed circle in triangle 𝐴𝐵𝐶. 

Given: 𝐴𝐿1 = 𝑙𝑎, 𝐿1 ∈ 𝐵𝐶, 𝐴𝐿𝑎
′ = 𝑙𝑎

′ , 𝐿𝑎
′ ∈ 𝐵𝐶, 𝐼𝐾1 = 𝑟, 𝛾 = (𝐼; 𝐼𝐾1 = 𝑟) (fig. 16). 

Construct: ∆𝐴𝐵𝐶. 
 

 
Fig. 16 

 

Analysis: 

1) Angle 𝐿1𝐴𝐿𝑎
′ = 90°, as the angle between adjacent bisectors. 

2) 𝐴𝐿1  and 𝐴𝐿𝑎
′  are the legs of triangle 𝐿1𝐴𝐿𝑎

′ . 

3) 𝐴𝐻1 ⊥ 𝐿1𝐿𝑎
′  and 𝐴𝐻1 is the height of triangle ∆𝐿1𝐴𝐿𝑎

′  (fig. 17). 
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Fig. 17 

 

Construction: 

1. Triangle ∆𝐿1𝐴𝐿𝑎
′  can be constructed using its two legs, 𝐴𝐿1 and 𝐴𝐿𝑎

′ . This 

yields ∠𝐿1𝐿𝑎
′ 𝐴 = ∠𝐿1𝐴𝐻1. 

2. Triangle ∆𝐿1𝐴𝐻1 can be constructed using 𝐴𝐿1 as the hypotenuse and 𝐿1𝐴𝐻1 

as the acute angle, resulting in the leg 𝐴𝐻1. For triangle 𝐴𝐵𝐶, 𝐴𝐻1 = ℎ𝑎  is the height 

drawn to side 𝐵𝐶. 

3. Using the elements ℎ𝑎, 𝑙𝑎 ,  and 𝑟,  triangle ∆𝐴𝐵𝐶 can be constructed. 

Triangle 𝐴𝐵𝐶 is constructed. 
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