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ANGLE BETWEEN INTERSECTING
CIRCLES

Liudmyla Hetmanenko

Senior Lecturer, Department of the Natural Sciences and Mathematics
Education and Technologies
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Borys Grinchenko Kyiv Metropolitan University, Ukraine

Summary: The article demonstrates the concept of orthogonal circles and solves fundamental
theorem problems involving right angles between circles. Special attention is paid to the
orthogonality of two circles as in a right triangle, as well as the perpendicularity of the Apollonian
circle to the respective circles. These problems can be considered both in math olympiads and in
the study of geometry courses.

Keywords: orthogonal circle, Apollonian circle, Mansion circle, internal bisector, external bisector,
planimetry.

The concept of angle between curves is extensively studied in higher mathematics.
Problems related to intersecting circles are often found in collections authored by
Bevz G. P. [1], Skopets Z. A. [2], Popruzhenko M. G. [3], and Przhevalsky E. M. [4]. In his
book, Kushnir I. A. [5] explores the notion of orthogonal circles, which is an important
aspect of geometry. The paper demonstrates fundamental problems and theorems
concerning right angles between circles. Special attention is given to the property of
orthogonality between two circles, both in a right triangle and in the perpendicularity of
the Apollonian circle to the respective circles. These problems can be valuable for
participants of mathematics olympiads as well as students studying geometry.

Two circles are called orthogonal if the tangents to them are perpendicular at
the point of intersection.

The necessary and sufficient condition for circles to be orthogonal is the
equality R? + r? = (0,0,)? where 04, 0, are the centers of the orthogonal circles,
and R, r are their radii (Fig. 1).

Fig. 1
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Let's consider a right triangle.

Theorem 1.

If in triangle ABC («C =90°) the altitude CH is drawn, then the circles
circumscribed around triangles ACH and BCH are orthogonal [5].

Proof:

1) Let's consider triangle CBH, which is right-angled (CH L AB); y; = (Oy;7 =
0,C) - the circle circumscribed around triangle CBH with radius r (Fig. 2).

Fig. 2

2) Triangle CAH is also right-angled, y, = (05;R =0,C) - the circle
circumscribed around triangle CAH with radius R.

3) According to the necessary and sufficient condition R? +72 = (0,0)* +
(0,0)% = (0,0,)% (since angle 0,0, = 90° by condition), (y1;y;) = 90° Circles
y,and y,are orthogonal.

Proof complete.

Problem 1.

Given a right triangle ABC with hypotenuse AB and an arbitrary point X on it.
Prove that the circles circumscribed around triangles AXC and BXC are orthogonal

[5].

SECTION XVII. PHYSICS AND MATHEMATICS

Proof:
1) Lety; = (04;R = 0,C) and y, = (0417 = 0,C) be constructed circles (Fig. 3).

Fig. 3
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2) Let the angle BAC be a, then the angle ABC is (90° — a). The corresponding
central angles are: angle CO;X = 2a, and angle C0_2 X = 180° — a. Therefore, the
sum of angles C0,X and C0,X is 180°.

3) The quadrilateral 0,€0,X is a deltoid, 2C0,X + 2C0,X = 180° hence
20:X0, + £0,C0, = 180°. Since £0,X0, = £0,C0, = 90°.

4) £0,€C0, =90°, then by the necessary and sufficient condition
R% + 1% = (0,0) + (0,0)% = (0,0,)%. Thus, (y;¥2) =90° - the circles are
orthogonal.

Proof complete.

Problem 2.

Prove the orthogonality between the circle circumscribed around triangle ABC
and the Apollonian circle, denoted as y; and y, respectively, where:

v1 = (0; 0A = R) - the circle circumscribed around triangle ABC.

¥2 = (Q; AQ =r) - the circle circumscribed around triangle AAL,L, (where
AL, =1, is the internal bisector of triangle ABC, and AL}, is the external bisector of
triangle ABC) - the Apollonian circle (Fig.4).

Fig. 4
Proof:
1) Theangle LiAH, = 'AB;Acl is the angle between the internal bisector of angle
BAC and the altitude AH;. Triangle L, ALy is right-angled, 2L, AL, = 90° (as the angle

|£B—2+C]|
!

between the bisectors of adjacent angles). Thus, zAL,L, =90°— and

LAL'aL1 _ |LB;LC|
L,Q, has the angle £L;AQ = 90° — @.

2) The circle y4, circumscribed around triangle ABC with center 0 and radius
R = 0A4, has:

2CAO0 = £ACO =90° — 2B (ACAO is isosceles, 2AOC = 24B as a central
angle);

£2BAH; = 90° — 4B,

LCAL, = £BAL, === ==

. The Apollonian circle y,, with center Q and radiusr = L,Q = AQ =

(by definition of internal bisector) (Fig. 5).
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Fig. 5

3) Considering the previous analysis, 2Z0AL, = £L;AH; = 'LB;LCI.

The angle 0AQ is equal to the sum of angles OAL;and L{AQ, or £OAQ = 2OAL_1
+2L 1AQ = |£B-2C|/2+90° - |£B - 2C|/2 =90°.

Proof complete.

Problem 3.

Prove the orthogonality between the circles circumscribed around triangles
AAL,C and ABIC, where AL, represents the internal bisector of triangle ABC and I is
the incenter, the point of intersection of the angle bisectors of triangle ABC, denoted
as follows:

y1 = (01;0,C = R) - the circle circumscribed around triangle AAL,C,

CI - the angle bisector of angle BCA, where £ACI = £BCI = %C

SECTION XVII. PHYSICS AND MATHEMATICS

v, = (Wy; Wi C =1r) - the circle circumscribed around triangle BIC (Mansfield
circle),
¥3 = (0; 0A = Rypc) — the circle circumscribed around triangle ABC (Fig. 6).

Fig. 6
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Proof:
Let's prove that IW; = CW; = BW;.
AW, = BBW,; = CW,; = BW; (equal arcs, which pull equal chords) (Fig. 7).

W,
Fig. 7

ACW W, = AIW, W, (by side W; W, and two adjacent angles, which rely on equal
arcs 2CWyW, = 2AW W, and 2CW,W, = 2BW, W)= CW, = IW;.

Thus, IW; = CW, = BW; (Trident Theorem) [5].

The angle bisector of angle BAC is extended until it intersects the circumcircle
of triangle ABC at point W;, and further extended until it intersects the external
bisector of angle BCA, CI, (Fig. 8).

VIMAVH IHRVLYINILYN-OXMEID TIAX BITINID

L 72
Fig. 8

Angle £ICI, = 90° - as the angle between the bisectors of adjacent angles. The
circle y,, circumscribed around triangle BIC, with center at Wyand r = [W; = CW; =
BW,; = W1, is also the circumcircle of triangle AICI,.

For triangle AAL,C, circle y, (Mansion circle) is the Apollonian circle (proof
analogous to problem 2). Therefore, the circle circumscribed around triangle
AACLqand the circle circumscribed around triangle BIC are orthogonal.
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Proof complete.

Similarly, the orthogonality between the circle circumscribed around triangle
ABAL, and the circle circumscribed around triangle BIC, where AL, represents the
internal bisector of angle BAC in triangle ABC and point I is the incenter of triangle
AABC - the point of intersection of the angle bisectors, can be proved.

Problem 4.

Prove that if sin?24 + sin?2£B + sin?4C = 1, then the Euler circle is orthogonal
to the circle circumscribed around triangle ABC [6].

Proof:

Let y, = (0g; Ry = OgH,) be the Euler circle.

Let y; = (0; R = 0A) be the circle circumscribed around triangle ABC (Fig. 9).

A

Fig. 9

Proof by contradiction:

If the circles are orthogonal, then R? + (Rq)? = (004)?.

Since Ry = SR, then 00, = g ‘R.

Let H be the orthocenter of triangle ABC (the intersection point of altitudes).
Since HOy = 040 (by definition of the Euler line), then OH = Rv/5. On the other hand,
OH? = 9R? — a? — b? — c? (where a, b, c are the sides of triangle ABC).

Considering OH = RV5, we have a? + b? + ¢? = 4R?,

thus sin?£A4 + sin?£C + sin?2B = 1. The assumption was correct.

Proof completed.

References:

[11 BeB3T.T1. (2009). lfeomempis mpukymHuka i mempaedpa. Jlyupk: Bexa.

[2] Ckonel, 3. A. & Xapos, B. A (1962). 3adayu u meopemsl no 2eomempuu. MOCKBa:
Yynearus.

[3]1 MonpyxeHko, M. . (1966). 36ipHuk 2eomempuyHuUx 3a0ay. Kui: PaasHcbka Wkona.

[4] MpxeBanbckuid, E. M. (1909). CobpaHue 2eomempuyeckux meopem u 3a0a4. Mocksa: Tun.
. lnccHepa u [. Cobko.

[5] V. A KywHup (2017). IMoyuoHansHas ceomempus. Xapbkos: OCHOBaA.

[6] W. A KywHup (2020) YuebHuk ¢popmynsHol eeomempuu. AHenp: CepeaHsk T. K.

All rights reserved | Creative Commons Attribution-ShareAlike 4.0 International License 2024



