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.ARTICLE.

DOI 10.36074/grail-of-science.04.10.2024.052

ON THE DISTANCE BETWEEN THE 

CENTERS OF THE INSCRIBED AND 

CIRCUMSCRIBED CIRCLES FOR A 

TRIANGLE AND A QUADRILATERAL

Liudmyla Hetmanenko

Senior Lecturer,

Department of the Natural Sciences and Mathematics Education and Technologies

Institute of In-Service Teacher’s Training

Borys Grinchenko Kyiv Metropolitan University, Ukraine

Summary. This article discusses two well-known and widely popular formulas. The first formula 

was discovered and proven by the English mathematician William Chapple in 1746 and was named 

after the great Leonhard Euler, which is why it is rightfully called the Euler-Chapple formula. An 

analogue of this formula was found and proven by Euler's student, Nikolai Fuss (1755–1825), and 

the proof of this formula can be found in mathematical literature. At an open mathematical 

seminar, the Ukrainian scientist, renowned educator, and founder of formulaic geometry I. A. 

Kushnir, together with his student O. A. Cherkassky, discovered their own method for proving this 

formula. We are pleased to present it in this article.

Keywords: Euler's formula; Fuss's formula; distance between the centers of the inscribed and 

circumscribed circles of a triangle; distance between the centers of the inscribed and circumscribed 

circles of a quadrilateral; product of chord segments.

Euler's formula is as follows:  !" = #" $ 2#%,

where  ! is the distance between the centers of the circumscribed circle around the 

triangle and the inscribed circle within the triangle; # and % are the radii of the 

circumscribed and inscribed circles around the triangle, respectively (Fig. 1).

Fig. 1

Proof. Point  is the center of the circumscribed circle around triangle &'( with 

radius #; point ! is the center of the inscribed circle within triangle &'( with radius %.
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Let us perform an additional construction: the diameter )*)" contains the 

segment  !. Using the chord segment product theorem (Fig. 2):

Fig. 2

)*! + !)" = &! + !,*  (*)

Let’s consider each segment: )*! = # -  !; !)" = # $  !.

Then expression (.) can be rewritten as:

/# -  !0/# $  !0 = &! + !,*,

#" $  !" = &! + !,*,

#" $ &! + !,* =  !
"  (**)

&! =
1

345
 !"#
$
= %

&'( "$
  (Fig. 3).

Fig. 3

)*+ = ,*+, because -*.)*+ = *.,*+ (they are equal due to the common 

side *+*. and two adjacent angles  ,*+*. =  )*+*.,  ,*.*+ =  )*.*+, as they 

subtend equal arcs (Fig. 4)).

                              
Fig. 4                                                     Fig. 5



International scientific journal «Grail of Science» | № 44 (October, 2024) 
ISSN 2710–3056

All rights reserved | Creative Commons Attribution-ShareAlike 4.0 International License 2024

382
S

E
C

T
IO

N
 X

V
II

.
P

H
Y

S
IC

S
 A

N
D

 M
A

T
H

E
M

A
T

IC
S

 

From triangle ,/*+ (Fig. 5): ,*+ = 20 134  567. = 20 134  6. .

Therefore, the product is: 8) 9 )*+ = %
&'( "$

9 20 134  6. = 20:.
Formula (;;) can then be rewritten as: 0. < 20: = >)..

Proven.

At the 4th International Mathematical Olympiad, the following problem was 

presented.

Problem. Given an isosceles triangle 8?,, where 0 is the radius of the 

circumscribed circle, and : is the radius of the inscribed circle, prove that the 

distance @ between the centers of the circles is: @ = A0B0 < 2:C.
In other words, prove Euler’s formula: >). = 0. < 20:.
Now, let us consider the (analogous) distance between the centers of the 

inscribed and circumscribed circles for a quadrilateral.

If a quadrilateral is inscribed in a circle with radius 0 and circumscribed around 

a circle with radius : , and the distance between the centers of these circles is @, 

then:
+

BDEFC$ G
+

BDHFC$ =
+
%$.

Proof.

1) 8*+ I ,*. = ) — the center of the inscribed circle in quadrilateral 8?,/;

 /8*+ =  ?8*+ = J; 

 /,*. =  ?,*. = KL° < J; 

(since  /8? G  /,? = MNL°).

Fig. 6

2) > O *+*. (Fig. 6): point > is the center of the circumscribed circle around 

quadrilateral 8?,/.

Since   *.,*+ =  *.,? G  ?,*+ =  ?,*. G  ?8*+ = J G KL° < J = KL°.
Similarly,  *+8*. = KL°, which means *+*. is the diameter of the 

circumscribed circle around quadrilateral 8?,/ or point > O *+*..

3) Consider triangle *+)*..

)> is the median, >) = @, *+*. = 20
We have: P>). = 2BB)*+C. G B)*.C.C < B*+*.C.,

P@. = 2BB)*+C. G B)*.C.C < P0. (***)

Note that 8) 9 )*+ = B0 < @CB0 G @C as the product of chord segments 

(Fig. 7).
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Fig. 7

Similarly, ,) 9 )*. = B0 < @CB0 G @C. 
Thus, )*+ = BDHFCBDEFC

6Q , )*. = BDHFCBDEFC
7Q .

From Fig. 8: 8) = %
&'( R, ,) = %

&'(BST°HRC =
%

UV&R.

Rewriting the expressions: )*+ = BDHFCBDEFC
% 134 J, )*. = BDHFCBDEFC

% WX1 J.

Thus, equation (;;;) becomes:

P@. = 2YZBDHFCBDEFC% 134 J[. G ZBDHFCBDEFC% WX1 J[.\ 4!",
4#" = 2 $

%

&'
(!  #)"(! + #)"  4!",

4(#" + !") =
"

&'
(!  #)"(! + #)".

Now, 2(#" + !") = (! + #)" + (!  #)".

We also have: (! + #)" + (!  #)" =
%

&'
(!  #)"(! + #)"

or  
%

(*,-)'
+

%

(*.-)'
=

%

&'
.

Proven.
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ПРО ВІДСТАНЬ МІЖ ЦЕНТРАМИ ВПИСАНОГО І ОПИСАНОГО КІЛ 

ДЛЯ ТРИКУТНИКА ТА ЧОТИРИКУТНИКА

Гетманенко Людмила Миколаївна

старша викладачка кафедри природничо-математичної освіти і технологій

Інститут післядипломної освіти

Київський столичний університет імені Бориса Грінченка, Україна

Анотація. У статті йде мова про дві відомі й популярні у світі формули. Першу формулу 
було відкрито й доведено англійським математиком Уільямом Чаппелом у 1746 р. та 
названо на честь великого Леонарда Ейлера, тому її справедливо називати формулою 
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Ейлера-Чаппела. Аналог цієї формули було знайдено і доведено учнем Ейлера Ніколаєм 
Фуссом (1755-1825 рр.), доведення цієї формули наведено у математичній літературі. На 
відкритому математичному семінарі український вчений, відомий педагог, засновник 
формульної геометрії І. А. Кушнір разом зі своїм учнем О.А. Черкаським знайшов власний 
спосіб доведення цієї формули. Його із задоволенням надаємо у цій статті.
Ключові слова: формула Ейлера; формула Фусса; відстань між центрами вписаного і 
описаного кіл трикутника; відстань між центрами вписаного і описаного кіл 
чотирикутника; добуток відрізків хорд.


