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ТРИКУТНИК ТРЬОХ ЦЕНТРІВ 
ЗОВНІВПИСАНИХ КІЛ 
 
Гетманенко Людмила Миколаївна  
старша викладачка кафедри природничо-математичної освіти і технологій 
Інститут післядипломної освіти 
Київський столичний університет імені Бориса Грінченка, Україна 
 
Анотація. У статті досліджено властивості трикутника, утвореного центрами трьох 
зовнівписаних кіл , , , побудованих для довільного трикутника . Розглянуто 
геометричні залежності між трикутником  і трикутником , , , а також 
властивості, що випливають із цієї побудови. Показано, що трикутник  є 
ортоцентричним до трикутника , , , а описане навколо трикутника  коло є 
одночасно колом Ейлера для трикутника , , . Запропоновано нові формули для 
сторін трикутника , , , а також позиційні задачі на побудову трикутника  за 
заданими точками. Уперше висвітлено зв’язок між елементами цих трикутників і колом 
Ейлера та запропоновані до розв’язку задачі, які раніше не були опубліковані. 
Ключові слова: зовнівписане коло, коло Ейлера, коло дев’яти точок, ортоцентричний 
трикутник, позиційні задачі, півколо на стороні трикутника як на діаметрі. 
 
 

The circumcircle of triangle , with center  and radius , is denoted as  
. 

In addition to the circle , let us consider the excircles , ,  of triangle , 
which are tangent to one of the sides of the triangle , , or   ( , , 
) and to the extensions of the other two sides (Fig. 1). 

 
Fig.1 
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The centers ,  and  of the circles , , , respectively, lie on the angle 

bisectors of the angles ,  and . 
Connecting the points ,  and , we obtain the triangle . Let us explore 

some properties of the triangle , derived formulas, and new positional 
problems related to the construction of triangle  from three given points. These 
problems are published here for the first time. 

Property 1. Since the center of an excircle is the intersection point of the 
internal angle bisector and two external angle bisectors, the angle   (as 
the angle between the bisectors of adjacent angles) (Fig. 2). 

 
Fig. 2 

 
Similarly, the angles  and  are also  This implies that the 

vertices of triangle  lie on the sides ,  and , serving as the feet of the 
altitudes of triangle . Thus, ,  and  are the altitudes of triangle . 

Triangle  is therefore referred to as the orthocentric triangle of triangle 
. The circumcircle , circumscribing triangle , is the Euler circle (or the nine-

point circle) of triangle . The midpoints of the sides of triangle   lie on the 
Euler circle   (Fig. 3). 

 
Fig. 3 
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Property 2. The angles of triangle  are equal to ,  and         

, where ,  and . This result follows from 
triangle  (Fig. 2). 

Specifically, the angles  and , since  and 
  are the external bisectors of the angles at vertices  and  of triangle . 

Property 3. Since the circumcircle  with radius , circumscribing triangle , 
is the Euler circle of triangle , the radius of the circumcircle of triangle ,  
equals , i.e., it is twice as large  

Using the sine rule as a corollary, the sides of triangle : can be expressed 
as follows: 

; 

;                                    (1) 

. 
Let us propose an alternative way to express the sides of triangle  . Refer 

to Figure 4 for this approach. 

 
Fig. 4 

 
Points  and  are the points of tangency of the excircles and   with the 

extension of side . 
From the symmetry of the construction, , and thus . 

The distances from the centers of the excircles to the tangency points are                            
, . 

This configuration forms a right trapezoid   with bases equal to  and 
, and a midline , which equals   ( ). 

                                                       (2) 
From , and the fact that  is the midpoint of side   (Fig. 5), it 

follows that   (as the median to the hypotenuse). Similarly, 
  (see Property 1), so . 

                                     (3) 
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From triangle , we can express  using Equation (2): 

 

Hence,   (using Equation (3)): 
                                                      (4) 

Similarly, ,  . 

Thus, we have derived two distinct formulas, Equations (1) and (4), for the sides 
of triangle . 

In reference [4], the following formula is proposed: 
                                           (5) 

By applying Equations (1) and (4), we obtain: 
. 

The following formula is suggested for independent proof: 

 

Positional problems for constructing triangle  based on three given points 
were studied and compiled by the Ukrainian scholar, educator, and Honored 
Teacher of Ukraine I.A. Kushnir [3]. 

 

 
Fig. 5 

 
I propose new positional problems that have not been previously published 

(see Fig. 5): 
1) , , ; 
2) , , ; 
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3) , , ; 
4) , , ; 
5) , , ; 
6) , , , 
where ; 

 (the incenter of triangle ); 
 is the center of the circumcircle of triangle ; 

, ;  
 is the line perpendicular to side  of triangle  and passing through 

vertex . 
More similar construction problems can be found in article . 
I propose considering the construction of triangle  based on the points , 

, . 
1. Connect points   and   to form side  of triangle . From previous 

results (Equation 3), . This gives point  , the midpoint of  (Fig. 6). 
 

 
Fig. 6 

 
2. The segment  is perpendicular to side  of triangle . By 

connecting the given points ,  , and , we determine the angles  and 
. Accordingly: 

, 
. 

Segments   and   are the hypotenuses of triangles and , 
respectively (Figure 4). 

Thus, the right triangles  and   can be constructed using their 
hypotenuses and one acute angle. This results in the line , where . 
Consequently, . 

3. We apply Property 1 (  and  are the heights of the triangle ), and 
draw the semicircle  with center on the diameter  (Fig. 7). The semicircle  
will intersect the line  at points  and  of triangle . 

 
Fig. 7 
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4. In Fig. 7, triangle  is formed with angle . It is sufficient to extend 

the ray  at angle  from . 
, since is the bisector of the exterior angle  of triangle 

. The triangle  is constructed. 
I suggest solving the following problems independently and deriving great 

satisfaction from it. 
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TRIANGLE OF THREE CENTERS OF EXSCRIBED CIRCLES 
 
Liudmyla Hetmanenko 
Senior Lecturer, 
Department of the Natural Sciences and Mathematics Education and Technologies 
Institute of In-Service Teacher’s Training 
Borys Grinchenko Kyiv Metropolitan University, Ukraine  
 
Summary The paper investigates the properties of the triangle formed by the centers of the three 
excircles, , , , constructed for an arbitrary triangle . Geometric relationships between the 
triangle  and the triangle , ,  are examined, along with the properties arising from this 
construction. It is shown that the triangle  is orthocentric to the triangle , , , and the 
circumcircle of triangle  simultaneously serves as the Euler circle of triangle , , . New 
formulas for the sides of triangle , ,  are proposed, as well as positional problems for 
constructing triangle  given specific points. The connection between the elements of these 
triangles and the Euler circle is revealed for the first time, and previously unpublished problems are 
introduced for solution. 
Keywords: excircle, Euler circle, nine-point circle, orthocentric triangle, positional problems, 
semicircle on a triangle’s side as a diameter. 
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